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PREFACE 


The  fourth  International  Conference  on  Squeezed  States  and  Uncertainty  Relations  was 
held  at  Shanxi  University,  Taiyuan,  Shanxi,  China  on  June  5 - 8,  1995  This  conference 
was  jointly  organized  by  Shanxi  University,  the  University  of  Maryland  (U  S A),  and  the 
Lebedev  Physical  Institute  (Russia).  The  first  meeting  of  this  series  was  called  the 
Workshop  on  Squeezed  States  and  Uncertainty  Relations,  and  was  held  in  1991  at  College 
Park,  Maryland  The  second  and  third  meetings  in  this  series  were  hosted  in  1992  by  the 
Lebedev  Institute  in  Moscow  and  in  1993  by  the  University  of  Maryland  Baltimore 
County,  respectively 

The  first  three  meetings  in  this  series  were  called  workshops,  and  the  fourth  meeting  was 
an  international  conference  sponsored  by  the  International  Union  of  Pure  and  Applied 
Physics  (IUPAP)  and  by  the  International  Center  for  Theoretical  Physics  (ICTP).  At  this 
meeting,  there  were  a large  number  of  Chinese  and  Japanese  participants 

The  scientific  purpose  of  this  series  was  initially  to  discuss  squeezed  states  of  light,  but 
in  recent  years  the  scope  is  becoming  broad  enough  to  include  studies  of  uncertainty 
relations  and  squeeze  transformations  in  all  branches  of  physics  including  of  course 
quantum  optics  and  foundations  of  quantum  mechanics.  Quantum  optics  will  continue 
playing  the  pivotal  role  in  the  future,  but  the  future  meetings  will  include  all  branches  of 
physics  where  squeeze  transformations  are  basic  transformation.  This  transition  took 
place  at  the  fourth  meeting  of  this  series  held  at  Shanxi  University  in  1995 

The  fifth  meeting  in  this  series  will  be  held  in  Budapest  (Hungary)  in  1997,  and  the 
principal  organizer  will  be  Jozsef  Janszky  of  the  Laboratory  of  Crystal  Physics,  P O 
Box  132,  H-1052  Budapest,  Hungary 
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SECTION  I COHERENT  AND  SQUEEZE  STATES 
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SQUEEZED  STATES  AND  PARTICLE  PRODUCTION 
IN  HIGH  ENERGY  COLLISIONS 


Bindu  A.  Baznbah 
School  of  Physics 

Univ.  Of  Hyderabad  Hyderabad- 5001 34 , India 


Abstract 

Using  the  ‘quantum  optical  approach’  we  propose  a model  of  multiplicity  distributions  in 
high  energy  collisions  based  on  squeezed  coherent  states.  We  show  that  the  k-mode  squeezed 
coherent  state  is  the  most  general  one  in  describing  hadronic  mulitipiicity  distributions  in 
particle  collision  processes,  describing  not  only  pp  collisions  but  e+e~,  up  and  diffractive 
collisions  as  well.  The  reason  for  this  phenomenological  fit  has  been  gained  by  worring  out 
a microscopic  theory  in  which  the  squeezed  coherent  sources  arise  naturally  if  one  considers 
the  Lorentz  squeezing  of  hadrons  and  works  in  the  covariant  phase  space  formalism  . 

1 INTRODUCTION 

Although  Quantum  Chromodynamics  is  widely  believed  to  be  the  theory  of  Strong  Interactions, 
very  few  experimental  results  support  this  claim.  In  particular  the  behaviour  of  QCD  at  small 
momentum  transfer  i.e  low  energies  is  not  understood.  This  lack  of  understanding  reflects  itself  in 
the  fact  that  particle  production  in  high  energy  collisions  cannot  be  explained  within  QCD.  Given 
the  absence  of  a detailed  dynamical  theory  of  strong  interactions  , one  can  adopt  a statistical 
outlook  and  try  to  forecast  macroscopic  behaviour  of  a strongly  interacting  system  given  only 
partial  information  about  their  internal  states. Experimental  information  about  hadronisation  in 
high  energy  collisions  comes  from  the  observation  of  jets  of  hadrons  and  the  distributions  of  the 
final  state  particles.  By  using  analogies  with  quantum  optical  systems  one  can  get  information 
about  the  types  of  sources(  Chaotic,  coherent,  etc)  that  are  responsible  for  hadronic  emission. 
Also,  by  using  adapting  another  quantum  optical  effect  such  as  the  Hanbury-Brown  Twiss  effect 
one  can  study  the  size  and  lifetime  of  the  emitting  region.  This  information  can  then  be  used  to 
put  restrictions  on  the  microscopic  theory  pursued  from  the  quark-parton  end  [lj. 

The  experimental  quantities  amenable  to  the  quantum  statistical  approach  are:  the  multiplicity 
Distribution  of  final  state  particles  (PIONS)given  by 

Pn  - (1) 

GwuU 

where  on  ti-pion  cross-section,  the  number  of  particles  produced  per  unit  rapidity  dN/dy  , where 
V ~ >«  the  rapidity  which  plays  the  role  of  time  in  pion  counting  experiments,  the 

moments  of  P«  and  the  two  pion  correlations  which  are  analogous  to  Ilanbury  Brown  Twiss  effect 
for  pions  in  rapidity  space. 
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In  particular,  the  quantum  optical  models  are  based  on  the  assumption  that  multiparticle 
production  takes  place  in  two  stages.  In  the  initial  stage  formation  of  an  excited  system  (fireball) 
which  consists  of  a number  of  well  defined  phase  space  cells  or  ’sources’  which  then  hadronize 
independently.  In  these  models  an  ansatz  is  made  about  the  statistical  nature  of  these  sources 
and  the  resulting  multiplicity  distributions  are  compared  with  data  [2],  [3].  Table  1.  gives  the 
comparison  of  various  quantum  optical  models. 


Thble  1:  Comparison  of  Quantum  Optical  Models  of  Multiplicity  D 

distributions 

I Nature  Of  Source 

Density  matrix 

Probability 

Two  pion 

| One  Source 

(Coherent  State  Rep) 

Distribution 

Correlations 

fjrwT^aiMl 

Pnm  — °nm 

Geometrical 

<r!(0)  = 2 

P(o)  = 62(a  - o') 

Poissonian 

s*(0)  = 1 

P(o)  = 

Glauber-Lachs 

1 < 0*(O)  < 2. 

K sources 

Q Gaussian  (Chaotic) 

MKamurana 

Negative  Binomial 

nn 

Coherent  + Chaotic 

Perina-McGill 

»nn» 

2 The  Phenomenological  model 

Experimentally  there  exists  a large  class  of  data  (up)  and  low  mass  diffractive  data  that  have 
mulplicity  distributions  with  sub-Poissonian  Statistics.  Thus  we  seek  a more  general  distribution 
than  the  ones  given  in  table  1.  A clue  as  to  the  appropriate  distribution  is  that  charged  pious 
occur  in  pairs  Furthermore  the  most  general  Gaussian  source  characterised  by  Gaussian  Wigner 
Function  . These  facts  point  to  the  use  of  Squeezed  Coherent  states. 

We  find  that  the  k-mode  squeezed  state  |a,r  >=  Jai.rj  > |c*2, r2  > • • • |a*,r*  > 
characterised  by  the  multiplicity  distribution: 

a*  = nfa,  • £*=»  (2) 


2 

m!(n  - 2m)! 


y = (2!U±£il)l 

7 = *J1;  7rn  = (7+  l)  '(7  + (m-  1))  ; In  - 1 
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and  the  second  order  correlation  function: 


9*(  0)  = 1 + 


2 sinh*(r)  + (2a2  + l)sinh2(r)  - sinh(2r) 
fc(a 2 + sinh,2(r))2 


(3) 


is  the  most  general  distribution  that  fits  a wide  range  of  data  (4).  If  r > 0 there  are  regions  where 
g2( 0)  < 1 and  the  distribution  is  narrower  than  Poissonian.  If  r < 0;  g2{ 0)  is  always  greater  then 
1 showing  distributions  which  are  broader  than  Poissonian. 

Hadronic  distributions  in  pp  collisions  show  broader  than  Poisonnian  multiplicity  distributions 
with  a long  multiplicity  tail,  which  gets  broader  and  broader  with  the  increase  of  energy.  The 
k ~ 3 mode  distribution  for  ft  = 13.6,  x = -0.20  and  fi  = 26.1,  x = -0.35  respectively  fit 
corresponding  1SR  (62.2 Gev)  and  UA5  (540Cei/)  data,  a for  each  of  these  is  thus  fixed. 

To  fit  neutrino  induced  collisions  in  which  the  distribution  is  supcr-Poissonian  ((— *)  < 1),  k = 
3,x  = 0.5  fit  data  well.  e+e"  collisions  are  fit  by  the  k=2  squeezed  coherent  distribution  with  r 
close  to  zero  . (nearly  Poissonian.) 


3 The  Statistics  confronts  the  Dynamics 

We  would  now  like  to  conjecture  on  the  reason  for  this  success  and  find  an  overlap  with  dyamical 
models.  We  search  for  incoming  states  of  the  hadronic  fireball  which  will  give  rise  to  SQUEEZED 
COHERENT  DISTRIBUTION.  The  candidate  dynamical  model  of  hadrons,  which  we  find  is 
appropriate  is  the  covariant  phase  space  model  for  hadrons  which  is  a revival  of  Feynman  et.  al’s 
relativistic  harmonic  oscillator  model(5]  Kim  and  Wigner  pointed  out  that  the  covariant  harmonic 
oscillator  model  is  the  natural  language  for  a covariant  description  of  phase-space  {6],  [7].  In  this 
paper,  we  use  the  covariant  phase  space  distribution  description  of  relativistic  extended  particles 
to  give  a phenomenological  description  of  multiplicity  distributions  in  the  high  energy  collisions 
of  hadrons 

Wave  functions  without  time-like  oscillations  can  be  constructed  by  using  the  unitary  repre- 
sentations of  the  Poincare  group  and  imposing  a covariant  condition[8].  In  this  model  two  quarks 
bound  together  by  a relativistic  harmonic  oscillator  potential  mapped  onto  0(3,1)  invariant  har- 
monic oscillator  equation.  The  ground  state  wave  function  xfy  in  the  Lorentz  boosted  (primed) 
frame  is 

t'-o(x')  = \e-*K*)M*)  (4) 

where  K$  boost  generator  along  the  z axis, 

A-3  = .(4  + ‘|)  (5) 

and  t/  - Tanh~x(3) 

In  ‘Quantum  Optica!1  language,  using  light-  cone  variables  we  have: 

u =■  (t  f z)/y/ 2 t-  - (t  - z)/y/ 2 l*‘) 

Then  in  the  Lorentz- transformed  frame: 

<L  - ( V (lv  ^ e~\ 

u --  t~”u  v'  = rvv  (7) 
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Introducing  creation  and  annihilation  operators 

d d 

«.  = «+_....a.  = » + s; 

, » , a 

< = 

we  find  that  the  wave  function  rf£  = is  a two  mode  squeezed  state. 

v')  = |O,0  >=  |0,i|  >«•  |0,  -if  >„ 

The  excited  state  is  given  by: 

\n,0  >=  (<£no,i?  > («i*)w|o,  -n  > 

The  condition  for  absence  of  time-like  oscillations  in  the  hadronic  rest-frame 


(8) 

(9) 


The  physical  wave  functions  are 

V^(u',  v')  = \n,0  >=  Y,  ^ ^ I”  “ m.*J  >*  lm-  -V  >✓ 
in  the  Fock-space  representation 

= E E ( 1 ) G»l .n-m(r})Gn3,m(-V)4>nM)^2(V) 

R|,»im=0  \ / 


(10) 


(11) 


(12) 


Where  [9J: 


for  n,m  even  and 


Gn,„  = (-  l)"t*( 


x E 


m!n! 

cosh(ij) 


)( 


tanh(f}) 


)*t* 


(2A)!(m/2  - A)!(n/2  - A)! 


(13) 


G„,m  = (_1)=e-3fl(_^!_)(‘i^<2))=^-. 


X E 


cos/i(jj); 

( nnh?{T)) ) 


(2A  + l)!(m  - 1/2  - A)!(n  - 1/2  - A)! 


(14) 


for  n,m  odd.  G„,m  is  non  zero  for  both  n,m  even  or  both  n,m  odd  , thus  excitations  of  quarks 
occur  in  pairs,  and  tne  Lorentz  squeezed  vacuum  is  a many  particle  state  . The  above  suggests 
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the  identification  of  Hadronic  sources  in  terms  of  squeezed  states. 

In  the  ‘fireball  picture  ’ the  Wigner  function  of  the  source  is  , (10) 

W*(u,v,qH,qv)  = (i)Vi(e‘,uS+<"^+<‘,wi+€,,92> 

IT 

x £ f “ ) <-l>-i.—[eV  - e-tflUt-V  " eVl  (15) 

m=0  \ / 

The  number  distribution  for  1 particles  in  the  n0*  excited  state. 

ft-  E t f ” ) ('«) 

h+h=l  rft-0  \ / 


ryn.sq  _ 


(m)H2!  (tanh(-q)  h 
(cosh(-ri))*i+l  ( 2 ' 


x F(-i;tl2,m)cos2(^m  2^*) 


07) 


where: 


F{-ti,l2,m)  = £ 


( »inh?(—ri)  ) 


A=0 


(A)!(/2  — 2A)!(m  — f2  — 2A)! 


(18) 


Hie  cosine  terms  imply  Pj  vanishes  when  jm  — /2|  or  |n  — m — /i|  is  odd.  so  that  the  excited  each 
of  oscillator  modes  is  excited  in  pairs. 

If  each  pair  is  associated  with  a two  quark  bound  state(pion),  the  excited  state  con- 
tains pair  correlated  pions!!! 


4 Results  and  Conclusion 

The  picture  emerging  is  as  follows  the  distribution  of  the  fireball  results  from  the  excitation  of 
oscillator  modes  of  the  colliding  hadrons.  This  excitation  takes  place  in  pairs.  Modes  de-excite 
statistically  emitting  2 pairs  of  quarks  which  we  identify  as  two  pions  The  phase  space  distribution 
of  the  fireball: 

1 < n,0\n,—tf  > l2  = (2?r)  J dudvW^{uyvtqu,qv)W^(u,v,q^qv)  (19) 

Probability  of  emission  of  m particles  from  two  independent  populations  1 and  2 corresponding 
to  each  of  the  incident  hadrons,  forming  an  overlapping  distributions  is  given  as: 

ft.  = i;  ftUA  (M) 

mf—  0 

Total  probability  distribution  thus  becomes  a product  of  the  probability  distribution  of  four 
squeezed  sources: 

ft.=  E TC,MC(-o)ft..('i')ft*(->i') 

iri  j -f  -mj  itrij  -f  TTI4 — tm 
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For  target  Projectile  collisions  f¥  = 0 thus  the  probability  of  emitting  n’  particles  is: 


"-55(;)(;) 

X (-l)a!^(p!(n-m)!m!(n<-p)!),/2 


_J .tan/ifa).  n^j» 

cosh{yi)K  2 ' 


(2/i)!(p/2  - - M)!(m/2  - A)!(*p  _ A)! 


As  0 increases  the  distribution  gets  broader  . 

For  Central  Collisions  0 — ff  and  by  plotting  mPm  vs.-— ^ for  different  values  erf  0 we  see  that 
the  distributions  become  wider  and  skew  symmetric  as  the  value  of  0 becomes  larger.  This  is 
consistent  with  the  variation  seen  in  experimental  data. 

The  total  probability  distribution  for  the  two  nucleon  system  for  n pions  is: 


fc/2  fc/2 

e nw  e ri'SHrt 

£«i=«  • E"*™  * 


(21) 


where  k— 6 for  nucleon-nucleon  collisions  , k-4  for  xjt  collisions  and  k— 3 for  up  collisions  (with  rj 
positive). 

We  include  final  state  interactions  in  a simple  fashion  by  assuming  that  the  effect  of  interaction 
is  to  add  coherence  into  the  final  state.  This  is  consistent  with  the  fact  that  in  particle  collisions 
experimental  data  shows  some  amount  of  coherence,  especially  in  the  low  energy  region  , among 
the  emitted  particles.  With  the  resulting  density  matrix  we  obtain  the  mutiplicity  distribution  for 
a variety  of  collisions  and  compare  to  data.  The  distribution  we  get  is: 

fc/2  fc/2 

pz=  e n e ner’,,CT”>.-o)  (22) 

52«i=n  » * 

Where  the  average  number  of  particles  emitted  by  each  mode  is  given  by:Tt*  = a2  + Sinh2(q) 
Above  distribution  fits  the  CERN  ISR  62.2  GeV  and  UA5  540  GeV  data.  The  k— 3 distribution  is 
compared  with  up  data.  The  data  is  well  reproduced  by  the  distribution.  For  e+e~  collisions  we 
take  k=2  because  the  intermedeate  state  is  the  virtual  qq  state  formed  by  the  colliding  electron 
and  positron. 


In  terms  of  hadronic  final  states  the  LEP  energy  ( y/s  ~ 100  GeV)  is  equivalent  to  the  SPS 
energy  ( y/s  --  546  GeV  ) as  far  as  total  mutiplicitics  are  concerned,  in  so  far  as  ?ic+e  (LEP) 
« il^SPS)  «26  . 

For  the  same  value  of  n much  narrower  distribution  for  e+e_  distributions  than  the  J5 p distributions. 
This  is  consistent  with  recent  LEP  data  [11]. 

We  can  make  some  predictions  for  higher  energies  such  as  those  observed  at  the  LHC  and 
SSC.  Since  widening  of  the  distributions  is  related  to  the  squeezing  parameter  77  the  lorcntz  boost 
of  the  hadronic  fireball,  at  C.M.S.  energies  of  20  TeV  arid  above  we  have  a large  0 value  and 
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higher  modes  will  be  excited.  The  multiplicity  distribution  for  ultra-high  energies  is  very  broad 
and  skew-symmetric,  plot  HPnvs.%  for  pp  collisions  for  ft  = 50 

We  can  also  calculate  the  Bose-Einstcin  Correlations  of  pions  in  this  model  by  using  the  two 
mode  state.  Ongoing  work  is  in  progress  to  establish  the  connection  of  this  model  with  QCD 
using  the  light  cone  formalism  (12].  In  this  formalism  it  is  also  easy  to  incorporate  temperature 
dependence  by  using  Thermal  Squeezed  Coherent  states.  These  would  be  erf  interest  in  heavy  ion 
collisions. 
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Abstract 

We  introduce  and  study  the  properties  of  a class  of  coherent  states  for  the  group  SU(1,1) 
X SU(1,1)  and  derive  explicit  expressions  for  these  using  the  Clebsch-Gordan  algebra  for  the 
SU(1,1)  group.  We  restrict  ourselves  to  the  discrete  series  representations  of  SU(1,1)-  These 
are  the  generalization  of  the  ‘Barut  Girardello*  coherent  states  to  the  Kronecker  Product 
of  two  non-compact  groups.  The  resolution  of  the  identity  and  the  analytic  phase  space 
representation  of  these  states  is  presented.  This  phase  space  representation  is  based  on  the 
basis  of  products  of  ‘pair  coherent  states’  rather  than  the  standard  number  state  canonical 
basis.  We  discuss  the  utility  of  the  resulting  ‘bi-pair  coherent  states’  in  the  context  of  four- 
mode interactions  in  quantum  optics. 


1 FORMULATION 

1.1  Coupling  of  Pair  coherent  states  in  the  fock  state  basis 

For  two  inode  systems  the  traditional  SU(1,1)  coherent  states  which  have  been  extensively  studied 
in  the  context  of  squeezing  have  been  the  Caves-Schumaker  states  [1],  defined  by  the  relation 

j£  >=  exp((aW  - £*a6)|0,0  >,  (1) 

In  addition  to  these  states  many  authours  [2]  [3J  have  considered  the  SU(1,1)  coherent  states  of 
two  mode  systems  or  the  ‘pair  coherent  states’  which  were  simultaneous  eigenstates  of  ab  and 
a hi  — 6*6 


ab\Co>  - 

Q\\Cq>  = 9ilC.9>-  (2) 

These  can  be  mapped  onto  the  SU(1,1)  group  by  means  of  the  two  Boson  realisation: 

Kf  = aV  , A'f  = ab  , I<\  = Ua'a  + 6*6  + 1)  , (3) 


II 


which  form  an  SU(1,1)  algebra  with  the  commutation  relations 

The  conservation  law  for  Qi  is  related  to  the  Casimir  operator  C for  the  SLT(1 ,1)  group;  which 
can  be  written  as 

c = i(l  - (a'a  - W)  = i(l  - Q\).  (5) 

Thus  the  eigenstate  of  Q i is  also  an  eigenstate  of  C and  the  pair  coherent  state  is  related  to  the 
eigenstate  of  by  Barut  and  Girardello. 

These  generate  a representation  Dqx  that  correspond  to  the  positive  discrete  series  representa- 
tion of  SU(1,1)  (4].  In  the  number  state  basis,  this  corresponds  to  the  basis  states  |ni  + gi,«i  >, 
where 

|«i  + <7i,ni  >= 

The  pair  coherent  state  in  the  number  state  basis  labelled  as  |Ci,9t  > is 

OO 

ICi»9i  >=  ^ii  51  - /'•  if — ==T« ln>  + 9l,ni  >’  (7) 

«,=o  + gi)l 

with 

JV„  = [<K.iri/„<2|<.l)]"1/S  ■ (8) 

These  states  constitute  a complete  set  in  each  sector  g*  and  the  completeness  relation  is  given  by 

/ dJCi-/„(2|(,|)/f„(2!C1|)l(„9.  X (9) 

J 7T 

for  the  normalized  states  . 

We  now  consider  the  group  obtained  by  the  addition  of  two  SU(1 ,1)  generators  defined  for  four 
modes  a,b,c,d. 


(at)»i+«»(6l)m 
((r*i-)(ni  + gi)!)- 


|0,0>, 


K+  = aW  + cW  = K+  + A-+  , 
K~  = ab  + cd  — Ky  + K2  , 

Kz  = i(afa  + tfb  + cfc  + d'd  + 2)  = K[  + Kz2. 

(K+K-+K-K+)  2 

2 *' 


The  ‘bi-  pair  coherent  states’  or  the  coherent  states  for  the  Kronecker  Product  are  now  the  eigen- 
states of  K~  ,C\,  C2  and  C . If  we  restrict  ourselves  to  the  positive  discrete  series  representations 
of  SU(1,1)  then  the  Kronecker  Product  DqiXDn  i.e  the  Clebsch  Gordan  scries  for  S U ( 1 , 1 ) given 

by 

D'l'XDqi  - V (11) 

U Vl  ^ V2  "t  1 

Thus  a given  representation  in  the  Kronecker  product  is  fixed  by  g,gi,g2 
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(12) 


The  eigenvalue  problem  that  we  wish  to  solve  is 

K'lC.?  >=  <l<,9  > ,C\(,q  >=  (1/4  - 9a/4)IC,9  > ■ 

In  terms  of  the  product  number  state  basis  |ni  + 91,7^  > |n2  + g2l u2  > we  get: 

OO 

IC,«.9i,92>  = 

k=0 

* 5Z  "l"  9l.Tll  ^ ln2  + 92.  U2  > . (13) 

nj.nj 

we  get  an  expression  for  the  Kronecker  Product  states  in  terms  of  the  CG  coefficients  in  the  photon 
number  basis. 

1.2  Clebsh  Gordan  Problem  in  the  pair  coherent  state  basis 

Consider  the  four  mode  bases  of  the  Hilbert  space  characterised  by  the  product  of  two  pair 
(SU(1,1)  coherent  states  |Ci.9i  > IC2. 9a  > • Since  these  coherent  states  form  an  overcomplete  set 
any  vector  in  the  four  mode  Hilbert  space  can  be  expanded  in  terms  of  these  states.  In  particular 
the  coherent  state  of  the  product  SU(1,1)  X SU(1 ,1)  |£,g  > can  be  expanded  directly  in  terms  of 
the  unnormalized  states 

00  y-n 

ICi.9i»  = £ 7 --1-  Jn  + 9i,w>  , 

n=o  y/n'.{n  + gi)! 

00  sm 

|<2,92»  = £ ~/  „ - Jm  + 92,m>  . (14) 

m=o  + g2)! 

The  completeness  relation  for  the  unnormalised  states  |£*t  q%»  can  be  deduced  from  (2.18)  to  be 

/ d!<,;|<1r/f.(2|(,|)|C,,«  »«  (,,*1  = 1.  (15) 

J 7T 

The  unnormalised  states  have  tb-  .dvantage  that  the  operators  K*  and  K*  can  be  expressed  as 
differential  operators.  The  completeness  relation  and  resolution  of  the  identity  ensures  that  the 
product  states  |Ci» 9i  >>  IC2.92  >>  form  the  bas;<*  states  for  Dq' X Dq2  and  any  four  mode  state 
It/'  > can  be  expanded  as 

Itf  >=  / « Ci. 9i  « > ICi9t  » ICz.92  » d*<y(Ci)d®ff(Ca).  (16) 

In  this  representation  the  quantity  <<  Ci» gi,2efa2,g2|?/'  > is  an  analytic  function  ^(C* .C2.91.92) 
and  the  operators  K\  and  K2  act  as  ifferential  operators  on  this  function.  In  particular  the 
coherent  state  vector  |C,  9 > in  this  four  mode  hilbert  space  can  be  written  as: 

1C. 9. 9i. 92  >-  J « Ci.9i  « C2.92IC.9  > ICi9i  » IC2.92  » d2ff(Ci)<i2o(C2).  (17) 

This  becomes  the  equivalent  of  the  Clebsch  Gordon  equation  in  the  pair  coherent  state  basis 
and  the  quantity  The  overlap  function  <<  Ci . IC272IC. 9 >=  /(Ci . Ca»C9i. 92)  is  the  equivalent 


(C£ 

[(k)\(k  + 2n  + 91  + 92  + 1)!J‘ 
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of  the  Clebsch  Godon  coefiient  for  the  SU(1,1)  COHERENT  STATE  BASIS.  The  action  of  the 
generators  of  SU(1,1)  X SU(1,1)  on  f is  given  by 


(Kt  + K})f  = («  + «)/ 

<*r+Jw  - !<&*.+ 


On  the  other  hand 

*■/  = </  |C/  = |(l-92)/4]/ 

Thus  we  get  the  following  two  differential  equations  for  f: 


and 


d . , d . d . , 3 

g^(«»  + C»5^)  + 5g(ft  + C.gQ)j 


/ = c/, 


fV-f— -2— — + — ) 

.^acr2  acraci 

(<7i  + - ^t)  - (92  + “ acJ^J 


£ 
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(9i  + 92  + l)2’ 


(18) 

(19) 


Solving  these  two  equations  we  get  {5]: 

/ = <<  <l,?l,C2,92l<>9  » 

= w««; + + cjKcr + <»> 

N is  the  normalisation  . Thus  the  state  |C ,9  > can  be  obtained  from  the  relation: 

|<,9  >=  Al / Aj^«(2|(ll)^«(2|(2i)  « <l,9l.<2,»K.9  » 10.9.  » 10.92 » (21) 

This  is  the  Clebsch  Gordon  form  for  the  product  basis  of  Coherent  states  of  SU(1,1)  X SU(1,1)- 
It  is  interesting  to  note  that  by  substituting  the  values  of  |Ci.9i  >>  and  IC2, 92  >>  given  in 
equations  (14)  and  using  the  expansion  for  the  Jacobi  Polynomial  as  well  as  the  expansion  of  the 
Bessel  function  Iq  and  carrying  out  the  various  integrations  we  have: 

<* 


ICi9>  - N'  ^2  7777777  rrrr 

fe=o  (fc!(*  + 9)04  n..«a 

[n,!n2!t(ni  + 9i)?(n2  + 92)!^]  * 


{k  + 9)! 


((n  + 9i)!(n  + 92)!) 

1 


^ ^ H(9 2 + /)!(n  - /)!(n2  - l)l(ni  -n  - l)\(n  + 91  - /)• 


|ni  +9i.ni  > l”2  + 92»n2  #2) 
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By  comparison  with  expression  [13]  in  the  previous  section  we  have: 


/~«n .«.»» 
°ni,«a  ,n+fc 


nj!n2!,(ni  +g,)!(n2  + 92)^ 


{k  + 2n  + qi  + q2  + 1)! 

D-D" 


((n  + qi)\(n  + g2)!),/2 
1 


(23) 


(72  + m)!(n  — m)!(n2  - m)!(ni  — n — m)!(n  + qi  - m)! 

Which  is  the  Clebsch  Gordon  coefficient  for  the  canonical  number  state  basis  for  SU(1,1)XSU(1,1) 


2 SubPoissonian  Properties  of  SU(1,1)XSU(1,1)  coher- 
ent states 

To  give  an  idea  of  the  Sub-Poissonian  nature  of  these  states  let  us  consider  a special  c&ec  which 
is  useful  in  physical  applications.  Consider  the  case  = g2  = 0 ; q=l  ; £ f-  0 
In  this  special  case  , we  start  with  equal  number  of  photons  in  the  modes  a and  b and  in  c and  d. 
Then  k 

|C,  1,0,0  >=  AT,  5" ^ 1 


where 


Vl(fc+l)!(fc)!],/2n^(fc+l)1/2 

(ICI)'/! 


^m+na^fclwi.ni  > |n2,n2  > , 


Nt  = 


[A(2|CD] 


1/2  * 


(24) 


(25) 


The  single  mode  probability  distribution  Pni  and  the  mean  number  of  photons  < ni  > are  given 
by 

a,«)  = wf|<r  £ — ; . (26) 


and 


„3  (n2  + n,  + l)!2 

i<|/2(2|CI) 


1 2/,(2|C|)  ( * 

A measure  of  the  non-classical  nature  of  the  distribution  is  given  by  Mandel’s  Q parameter  , which 
for  the  mode  a is  given  by 


Q — < ni  > ~(<  wi  >)2~~  < fti  > 

= 2|C|/3(21C|)  1c|/t(2KI) 

3/2(2|C|)  2/ ] (2|C[)  • 


(28) 

(29) 


In  fig.  I we  plot  Q .vs.  |(|.  For  values  of  |C|  < 2,  Q is  negative  showing  the  departure  from 
the  Poisonnian.  The  joint  probability  distribution  P„l+nj  can  be  calculated  from  Pni>n , by  the 
relation: 

p _ y"  c p _ ^12K12  /OQ\ 
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The  average  value  < k > is  given  by: 


E*^  = 


KI/»(2KI) 

/»(2|CI) 


(31) 


In  figure  2 we  plot  Pk.vs.k  and  compare  it  to  the  corresponding  Poisscnian  with  mean  value  < k> 
and  it  is  dear  that  the  distribution  is  sub  Poissonian. 


3 Physical  Applications 

SU(l,l)XSU(l,l)  states  are  useful  states  in  dealing  with  physical  systems  involving  four  inodes 
of  the  radiation  fields.  The  physical  problem  could  be  the  passage  of  two-beams  of  light  each 
having  two  polarisation  inodes  passing  through  a medium  in  v.'hich  there  is  a competition  between 
the  non-linear  gain  due  to  an  external  pumping  field  and  the  non-linear  absorption[7)  (8), [9]-  The 
states  generated  are  precisely  the  states  considered  in  this  paper.  Let  each  beam  contain  both  left 
and  right  circularly  polarised  photons.  Let  a,b,  a ,b  denote  the  creation  and  annilation  operators 
for  RIGHT  circularly  polarised  photons  from  beam  1 and  beam  2 and  c,d,c*,  (^denote  the  creation 
and  annihilation  operators  for  LEFT  circularly  polarised  photons  in  beam  1 and  beam  2.  The 
master  equation  describing  the  dynamic  behaviour  of  the  fields  resulting  from  the  competition 
between  two  photon  absorption  and  four  wave  mixing  can  be  shown  to  be: 

dp/dt  = -K/2{0'0p  - 20pOt  + pO'O)  - i [G(Ot  +0),p]  [3J  (32) 

Where  G denotes  the  four  wave  mixing  susceptibility.  Where  K is  related  to  the  cross-section  for 
two  photon  absorption  and  O = ab+cd.  Defining  an  operator  C=0-f  2iG/K  We  have: 

dp/dt  = -K/2{C'Cp  + pC'CC  - 2 CpC*)  (33) 

Whose  steady  state  solution:  Cp  — 0 with  p = ><  ip\  so  that:  C|^>  >=  0 implying  that 

0\ip  >=  ~2iG/K\i>  > or  (o6  + cd)\^>  >=  A|t(»  > Where  A = -2iG/K  Thus  the  steady  state 
solutions  of  the  master  equations  are  eigenstates  of  the  operator  0.  Furthermore,  if  we  now 
impose  the  condition  that  the  initial  state  is  one  in  which  the  difference  in  the  in  the  the  number 
of  photons  in  the  two  polarisation  modes  of  each  beam  is  a constant,  with  q being  the  constant 
for  the  right  circularly  polarised  photons  and  q being  the  constant  for  the  left  circularly  polarised 
photon  in  beam  1 and  beam  2,  the  states  |V>  > are  just  the  SU(1,1)  X SU(1,1)  coherent  states. 

Another  examples  of  processes  where  four  inodes  of  the  radiation  field  are  important  involve 
phase  conjugate  resonators  and  the  process  of  down  conversion  in  the  field  of  a standing  pump 
wave[6]  .In  the  latter  case,  the  forward  wave  will  produce  the  modes  a and  b and  the  backward 
pump  will  give  the  modes  c and  d.  The  Hamiltonian  for  such  interactions  will  have  the  form 

H - (t'jab  + ejed  + c.c),  (34) 

where  < / and  c*  are  the  forward  and  backward  fields.  Again  the  relevant  coherent  states  are  the 
eigenstates  of  the  operator 

K~  = ( ab  + cd)  = K~  + K; . (35) 
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Abstract 

We  consider  a model  for  non  degenerate  cavity  fields  interacting  through  an  intervening 
Boson  field.  The  quantum  correlations  introduced  in  this  manner  are  manifest  through  their 
higher-order  correlation  functions  where  a type  of  squeezed  state  is  identified. 


1 Introduction 

Squeezed  state  generation  of  electromagnetic  fields  provides  a means  of  reducing  uncertainty  in  one 
electric  field  quadrature  at  the  expense  of  a larger  uncertainty  in  its  conjugate  partner  [1,  2].  It  is 
one  realization  of  nonclassical  states  (ideally,  minimum  uncertainty  states)  that  has  received  wide 
attention.  Ordinarily,  in  single  or  multi-mode  squeezing,  the  fluctuations  of  linear  combinations 
of  the  field  operators  are  considered  [1];  however,  Hillery  {3]  introduced  quadratic  combinations 
of  the  field  operators  as  a type  of  higher-order  squeezing  [4].  The  higher-order  combinations  me 
examined  to  help  elucidate  the  nature  of  the  phase  space  occupied  by  the  squeezed  states. 

We  consider  a two-mode  model  originally  developed  to  study  stimulated  Raman  scattering 
(5,  6].  In  a cavity  environment  the  model  has  features  of  amplifiers  (7,  8]  in  which  quantum  states 
are  rendered  macroscopic  and  therefore,  classically  measurable,  while  at  the  same  time  the  fields 
retain  some  quantum  mechanical  correlations.  The  introduction  of  both  Stokes  and  anti-Stokes 
fields  indirectly  coupled  through  a Boson  field,  whose  origin  stems  either  from  phonons  or  weak 
atomic  excitation  of  the  medium,  is  an  interesting  two-mode  quantum  system.  It  differs  from 
several  previous  two- mode  systems,  eg.  [1,  8,  9],  because  the  two  modes  are  coupled  through  the 
intermediate  field  that  acts  like  a reservoir. 

The  emphasis  of  this  paper  is  placed  on  higher-order  squeezing  found  in  the  fields  because 
squeezing  of  the  linear  combinations  of  the  operators  is  not  present  in  this  model.  A more  complete 
discussion  of  the  results  can  be  found  in  [10].  The  type  of  higher-order  squeezing  found  is  in  the 
variance  of  the  variables  defined  by  Hillery,  so-called  sum  or  difference  squeezing  variables;  they 
are  used  to  infer  that  quantum  correlations  exist  between  the  electromagnetic  fields  and  the  Boson 
fields. 
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2 Model 


We  investigate  the  model  Hamiltonian  for  a stimulated  Raman  scattering  process  with  undepleted 
laser  field  ei,  which  can  be  treated  classically.  The  fields  in  the  interaction  are  the  Stokes  field, 
subscript  S,  and  anti-Stokes  field,  subscript  A,  that  are  coupled  through  a Boson  field  with 
multiple  modes  [5,  6]: 

H = hu}Safsas  + hujAa\aA  + £ hu>Bia*BpBi  ~ ]£(ft0*eIasaBi  + hK*eLa\aB i + h.c.).  ( 1 ) 

i i 


This  model  has  a bath  of  Bosons,  eg.,  phonons  that  have  excitation  energies  spread  over  a range 
of  frequencies.  In  this  model  the  Bosons  are  responsible  for  coupling  the  electromagnetic  fields 
and  for  introducing  damping,  as  well. 

In  order  to  calculate  various  moments  we  determine  the  characteristic  function  of  the  operators 
in  normal-ordered  form.  The  normal  characteristic  function  after  reducing  the  intermediate  reser- 
voir in  the  dynamical  equations  is  expressed  as  an  average  over  an  initial  distribution  of  complex 
amplitudes  {£s,£/t},  which  is  the  coherent-state  representation  for  the  initial  field  operators. 


Cn{0s,  0a,  t)  ~ 


(2) 


where  we  assume  that  the  detuning  parameter  A = u /*,  — (u>s  + u?^)/2  is  equal  to  zero  and  define 


£s(0  = «s(*Ks  + vs(06»>  6»(*)  = 

The  angular  brackets  denotes  the  average  over  the  initial  states  of  the  Stokes  and  the  anti-Stokes 
fields.  The  coefficients  in  the  above  expressions  are  obtained  from  solution  of  the  Heisenberg 
equations  of  motion  and  the  subsequent  reduction  of  the  Boson  modes  in  the  normal  characteristic 
function  using  disentangling  theorems.  Letting  T = (ys  — 1a)\El\2 /2,  where  the  laser  field  is 
Ei  = e&exp(iu>{,f)  and  the  parameters 

7s  = 2*!0(u/b)|2p(u;b),  7a  = 27r|/c(u>B)|V(u;e), 


introduced  from  the  Markoff  approximation  with  the  Boson  excitation  frequency  u>b  = — <^s, 

the  results  are 


«s(0 

vs(t) 

Bs(t) 

Ba(  t) 
Dsa(1) 


— 1 (7ser<  - 7a);  «a(*)  = - (7s  - 7aen); 

7s  - 7,4  7s  - 7,4 

- t)A(t ) = -^7— -(ert  - 1 )«•'<**+**-**>; 

7s  - 7 A 


1 


(7s~7a)2 


(-r!(em  - 1)  + 2-k-mU  - er'))  + _ 1); 

' Is  - 1a 


_!2i<  (en_1)I  + J^*L„.en 

(7s- 7a)2  is -Ha 

( — ! — (ert  - - 7ser')  + Sv(ein  - l)) 

7s  - 7a  \7s  ~ 7a  / 


(3) 


The  phases  are  defined  by  El  = |£ijexp(i^£,),g  = |<j|exp(i^s)  and  k = |«jexp(t^>i). 
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The  usual  definition  of  the  two-mode  operators  is  a linear  combination  of  the  creation  and 
annihilation  operators.  However,  we  find  that  the  model  discussed  here  does  not  yield  the  usual 
squeezed  state  correlations  between  the  Stokes  and  anti-Stokes  fields.  The  coupling  through  the 
reservoir  is  aiso  expected  to  degrade  the  coherence  developed  between  the  Stokes  and  the  anti- 
Stokes  fields  during  evolution.  It  is,  therefore,  surprizing  that  the  fields  do  display  quantum 
coherences  in  the  higher-order  correlations  between  the  fields.  To  show  this  we  adopt  of  the 
definitions  of  sum  squeezing  and  difference  squeezing  used  by  Hillery  [3]. 

2.1  Sum  Squeezing 

For  sum  squeezing  we  define  the  operators 

Vi  = \(A\a\  + AsAa),  V2  = (A'sA'a  - ASAa).  (4) 

The  product  of  their  standard  deviations,  A Vi,  satisfies  the  Heisenberg  inequality 

AF,AVi>i{^  + iVs  + l).  (5) 

The  operators  are  in  a quantum  state,  said  to  be  sum  squeezed  in  the  Vj  direction  when  the 
variance  of  Vi  satisfies  the  inequality 

(AVi)2  < ^ (Na  + Ns  + l) . (6) 

To  determine  whether  the  dynamics  produces  a higher-order  squeezed  state,  we  define  the  shifted 
variance 

5V2  = (AVi)2-i{^  + Ars+l>;  (7) 

4 

which  is  negative  in  the  region  of  the  quantum  state. 

The  moments  of  these  operators  are  calculated  by  using  the  characteristic  function  and  the 
result  for  the  sum  squeezing  shifted  variance  of  Vj  is 

6V ? = \ <[Us(0^(0)2  + 4 DSAms(t)Mt)  + 2 (Dsa)2  + 2D^s(t)U0  + c.c.] 

+ 2 [Ks(OUOI2  + Bs(t)\Ut)\2  + BAms(t) I2  + \DSA(t) I2  + Bs(t)BA(t)})  (8) 

- \{Mt)Mt)  + D$A(t)  + cx.)\ 

2.2  Difference  Squeezing 

For  the  definition  of  difference  squeezing,  define 

W,  = \(ASA\  + A'sAa ),  W2  = \(ASA\  - aUa).  (9) 

The  state  is  difference  squeezed  in  the  W\  operator  when  the  variance  of  the  operator  satisfies  the 
inequality  {(Ns)  > (Na)) 

<NW\)2  <\  (Ns-  N a).  (10) 
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The  moments  are  calculated  from  the  characteristic  function,  as  discussed  already  is  tne  previous 
subsection.  We  also  define  a shifted  variance  of  in  analogy  with  Eq.  (7) 

SW*  = (&Wt?-j{NA-Ns)  (11) 

which  is  negative  when  the  state  is  squeezed  along  the  Wi  direction.  For  the  difference  squeezing 
variable  Wi  we  have  the  following  expression 

6W?  = i ( [«s(i>«(<))!  + iD-stmsWUt)  + C.c.|  + 2 (feOtOMI1  + BsWIWOI*  (12) 
+ Ba«)I<s(I)I!  + |£>«(<)IJ  + Bs(l)BA(t)  + + A.(<)]>  - j te(<)G(0  + c.c.)2 . 

3 Results 

There  are  several  parameters  occuring  in  the  model  and  appearing  in  Section  2.  The  dynamical 
parameters,  i.e.  those  appearing  in  the  evolution  equations  have  been  previously  defined.  We  note 
that  the  detuning  is  assumed  to  be  small  in  our  model  and  this  parameter  is  set  to  zero.  The 
initial  states  of  the  fields  represent  another  set  of  important  parameters.  The  choice  of  an  initial 
state  for  the  Stokes  and  anti-Stokes  fields  is  dictated  by  experimental  conditions.  We  restrict  our 
discussion  to  combinations  of  two  experimentally  useful  initial  states:  the  coherent  state  and  the 
chaotic  state.  Using  one  of  the  choices,  we  examine  the  quantum  correlations  developed  betwwen 
the  electromagnetic  fields;  of  course,  other  situations,  such  as,  a Fock  state  or  a squeezed  vacuum 
state  could  also  be  identified.  The  Boson  field  is  considered  to  be  in  a chaotic  state  with  an  average 
number  of  excitations  hg;  when  the  Stokes  and/or  anti-Stokes  fields  are  in  a chaotic  state,  then 
their  phases  are  randomized  and  their  statistical  properties  are  also  represented  by  their  average 
photon  number  ns  and  n^,  resp.  When  the  Stokes  and  anti-Stokes  fields  are  in  coherent  states, 
in  addition  to  the  average  photon  number,  the  phase  of  the  fields,  <f>$  and  <f>A,  is  also  needed. 

The  plot  of  Figure  1 is  a display  of  the  shifted  variance  of  the  operator  Vi  versus  the  interaction 
time  t for  the  three  different  values  of  the  phase  <f>  = 2 <j>i  — %'s  — iI?a-  The  Stokes  and  anti-Stokes 
fields  are  both  initially  in  a coherent  state,  ns  = n^  = 2,  and  the  reservoir  is  in  the  vacuum  state 
nv  = 0.  The  time  has  been  scaled  to  the  product,  7) El\2,  where  El  is  the  laser  field  amplitude 
and  in  the  results  presented  here  we  set  7 = 7s  = 7,4,  i.e.  the  damping  constants  are  equal.  The 
region  of  the  curves  with  negative  ordinate  values  corresponds  to  the  case  when  light  is  Vi  -sum 
squeezed.  The  phase  value  of  <P  = ff /2  continues  to  decrease  as  the  interaction  time  increases  which 
means  that  for  large  times  squeezing  occurs  near  the  point  <f>  = tt/2.  As  the  average  number  of 
excitations  is  increased  in  the  Boson  reservoir,  the  region  for  squeezing  deteriorates. 

When  both  the  Stokes  and  the  anti-Stokes  fields  are  initially  in  a chaotic  state,  the  sum 
squeezing  variable  Vj  still  shows  squeezing  and  the  phase  <j>  = tt/2  is  very  robust  to  the  values  of 
the  initial  state  (Figure  2).  We  note  that  th^  initial  value  of  the  shifted  variance  has  been  changed 
by  the  initial  chaotic  state  of  the  variables. 

No  squeezing  was  found  for  the  variable  W7,  either  with  coherent  or  chaotic  initial  states. 
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Figure  1:  Plot  of  the  sum  squeezing  shifted  variance  versus  the  interaction  time  for  initially 
coherent  Stokes  and  anti-Stokes  fields.  The  phase  <f>  = 2<Pl  + ^>5  — ^4  has  the  values  0,  «/2  and 
r. 


4 Summary 

In  this  paper  we  have  examined  a special  model  for  the  interaction  between  two  modes  in  a 
cavity  mediated  by  a Boson  reservoir  field  [5,  6].  We  find  sum  squeezing,  a form  of  higher-order 
squeezing,  over  a range  of  interaction  times  and  initial  states.  There  are  two  salient  features  of  our 
results;  first,  the  intermediate  field  has  a continuous  spectrum  of  a reservoir,  but  still  the  two  fields 
develop  quantum  mechanical  correlations;  and  second,  the  quantum  nature  of  the  correlations  is 
not  manifest  through  the  usual  first  order  or  even  simple  higher-order  correlations  among  the 
operators,  but  through  special  combinations  of  the  field  operators. 

There  are  other  models  where  the  fields  are  mediated  by  either  electronic  or  acoustic  fields, 
eg.  a polariton  or  Brillouin  scattering  model  (5,  6,  11];  these  processes  are  analogous  to  the 
present  model  where  the  directly  coupled  fields  are  not  detected  in  an  experiment.  In  such  cases 
experiments  designed  to  measure  higher-order  correlations  can  reveal  the  underlying  quantum 
correlations  induced  through  the  fields. 
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Abstract 

I define  a two-sided  or  forward-backward  propagator  for  the  pseudo-diffusion  equation  of  the 
“squeezed”  Q function.  This  propagator  leads  to  squeezing  in  one  of  the  phase-space  variables 
and  anti-squeezing  in  the  other.  By  noting  that  the  Q function  is  related  to  the  Wigner  function 
by  a special  case  of  the  above  propagator,  I am  led  to  a new  interpretation  of  the  Wigner  function. 


1 Introduction 


The  Wigner  representation  of  any  operator  A is  defined  by 

W(A,p,q)  = r(q-a\A\q  + a)e2^da  = Tr(AW(p,q)),  (1) 

J- OO 

where  the  rounded  kets  are  eigenstates  of  the  position  operator,  Q |ar)  = x |x),  and  W (p,q)  = 

| q + a)  (q  - a | e2iapda  is  a unitary  and  also  a Hermitian  operator,  which  can  be  interpreted  as  a 
displaced  parity  operator  [2J.  The  Wigner  representation  yields  functions  of  two  variables,  p and 
q,  . '’h  may  be  looked  upon  as  phase-space  variables.  These  “Wigner  functions”  have  interesting 

propt  :es  and  are  useful  for  various  calculations  (1).  The  Wigner  functions  are  often  referred  to 
as  pscuao-probability  functions,  because  they  can  take  negative  values,  even  when  A is  a positive 
operator,  A > 0,  such  as  the  density  operator  p. 

In  contrast,  the  Husimi  or  Q representation  (3j  yield  nonnegative  functions  for  positive  operators 
A:  These  functions  are  defined  as  follows 


Q(A;p,q;0  = {PQ\<\  A\pq;Q  = Tr(ATUj)q;Q) , where  n(p,  9;  A)  =|  pq\  ()(pq;  < | (2) 

are  projection  operators  on  the  squeezed  states  |pg;0>  which  are  defined  by  (4) 

\pq-,0  = D(p,<7)S«)|0)  , where  < = ye1*  (-00  <y  < 00)  (3) 

and  |0)  is  the  ground  state  of  a specific  harmonic  oscillator,  a|0)  = 0.  (i.e.  a is  the  annihilation 
operator  with  a definite  frequency  te0;  Henceforth,  we  set  h = m = u>o  = 1)  for  simplicity.)  In  (3) 


D (p,q)  = exp(-t(<7P  - pQ)|  , 

is  the  displacement  operator  which  generates  the  coherent  states  when  applied  to  |0),  and 


S(C)  - exp 


(4) 


(5) 


is  the  squeezing  operator,  where  the  squeeze  parameter  y vanishes  in  the  coherent-state  limit. 
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If  A is  a density  matrix  p,  then  its  Q function  Q{p\  p,g;()  can  naturally  be  interpreted  as  a 
probability  distribution.  To  emphasize  this  fact,  the  Q functions  were  denoted  by  P in  [5,  6], 
instead  of  Q here. 

For  simplicity,  I shall  from  now  on  discuss  only  squeezings  which  are  pure  boosts,  without 
rotation,  i.e.  with  \p  s 0 in  (3),  and  use  the  squeezing  parameter  A :=  e2®  Instead  of  y. 

The  Q and  the  Wigner  functions  are  related  as  follows  (1,6): 

Q(A;p,q;  A)  = fj  exp|-A_1(p  - p')2  - A (q  - <f)2\  W(A\p',if).  (6) 

In  this  paper,  I shall  first  recall  in  Sec.2  that  the  Q functions  (2)  satisfy  the  partial  differential 
equation  (7).  This  equation  describes  how  the  Q functions  Q(p,q;  A)  get  changed  in  phase  space 
(p,  q)  as  the  squeezing  parameter  A is  increased.  In  Sec.3  I define  a forward-backward  propagator 
for  this  equat'on.  Finally,  in  Sec.4  I show  that  the  Gaussian  factor  in  the  integral  (6)  is  equal  to 
a special  case  of  the  above  propagator.  This  fact  will  yield  th~  new  interpretation  of  the  Wigner 
function. 


2 The  Pseudo-Diffusion  Equation 


In  previous  papers  {5, 6],  it  was  shown  that  the  Q functions,  and  other  quantities,  obey  the  following 
partial  differential  equation 


S>(p»g;  A)  Q(A;p,q;  A) 


d_  _ 1 (&__  V 

dX  4\5p2  A 29q2) 


Q(A,p,q,\)  =0  , 


where  A :=  e2tf  , (7) 


where  y is  the  squeezing  parameter,  as  defined  in  (3).  Eq.  (7)  was  called  {5,  6]  pseudo-diffusion 
equation,  because  (a)  it  resembles  the  diffusion  equation  in  2 dimensions  [7],  where  the  parar » *er  A 
plays  the  role  of  time,  and  (b)  the  coefficients  of  jp  and  & in  (7)  have  opposite  signs.  Tht  ’ • .ore, 
this  equation  describes  a diffusive  process  in  the  p variable  and  an  infusive  one  in  the  q variable 
for  all  A.  In  this  way  a thin  distribution  along  the  4-axis  get  continuously  deformed  into  a thin 
distributi  >n  along  the  p-axis,  as  A is  increased  from  0 to  00. 


3 Solutions  by  Separation  of  Variables 


The  pseudo-diffusion  equation  (7)  was  solved  by  two  methods  (6]:  by  Fourier  transform  and  by 
separation  of  variables.  I shall  now  recall  the  latter  method:  Writing  the  solution  as  a product  of 
two  functions,  Q(p,q;  A)  = 9{p,  X)ip(q,  A),  where  0 depends  only  on  p and  A,  and  xp  depends  only 
on  q and  A,  we  get 


_ 1 


= ±( 

“ 6ip\d A 4 [dp2  X2  dq2\) 


(8) 


Since  the  first  term  in  (8)  depends  only  on  p and  A,  while  the  second  term  in  (8)  depends  only  on 
q and  A,  we  conclude  that  each  of  them  must  be  equal  .0  a function  of  A only,  which  we  denote 
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by  /(A).  In  (6]  the  solutions  for  /(A)  ^ 0 were  discussed.  But  for  my  purposes  here,  I shall  only 
consider  the  case  /(A)  = 0.  For  this  case  equation  (8)  yields  the  following  two  equations: 


2_\ 
4A2  9q2  ) 


V»(g;A)  = 


A2 


(«-&)*<**>  - 0 
(sFT-w)^^  = °' 


(9) 

(10) 


where  jjj  = -jfxjpr  was  used  in  (10).  We  see  that  0 obeys  a 1-dimensional  diffusion  equation  in 
p,  where  £A  plays  the  role  of  time.  Similarly,  ^ obeys  a diffusion  equation  in  q,  but  with  £A-1 
playing  the  role  of  time.  The  solutions  of  the  diffusion  equation  are  well  known  (7|.  In  particular, 
the  propagators  of  Eqs.  (9)  and  (10)  are  specific  solutions,  given  by 


Gi(p-p',  X-p) 


Gi(q-q',X~l  -<r~l) 


(p  - p021 


exp 


A-p  J ’ 

X-i-a-i  ’ 


for  A > p , (11) 

for  A < a . (12) 


Clearly,  the  products  of  the  above  two  propagators  yield  a different  solution  of  the  pseudo-diffusion 
equation  (7)  for  every  4-tupel  (j/,  (f,p,o): 


G(p-pf,q-<f;  A ,p,a) 


Giip-p'A-fi)  Gt(q-<f,\ 

1 

TT^(k-~n)(X-1  -<7-^eXP 


(P-J/)2 
A - p 


for  p < A < a f * 

(?-«V 1 

X'-i  — ' ■ ■ ’ 


I shall  call  these  G functions  two-sided  or  forward-backward  propagators  of  the  pseudo-diiiusion 
equation  (7),  because  they  involve  the  two  squeezing  parameters,  p and  <7,  which  are  on  opposite 
sides  of  A.  In  particular,  these  G solutions  have  the  proper  limit  when  A is  approached  from 
opposite  directions: 


lim  C(p-p':g-g';A,p,<r)  = «(p-p')%-g')  ■ (15) 

/i— *A-e  , a— *A+c 

Since  the  heart  operator  <3  is  a linear,  any  superposition  of  the  above  2-sided  propagators  will 
also  be  a solution  of  the  pseudo-diffusion  equation.  In  particular,  if  we  fix  the  squeezing  parameters 
p and  o and  integrate  only  over  p'  and  qr,  we  get  solutions  of  the  form 

f{p,  q\  A,  A)  = JJ  dp'd(f  G{p  - p',  g - g';  A,  p,  o)  fip',  g';  p,  a),  for  o > A > p , (16) 

for  any  given  function  f(p}q;p,o),  provided  that  the  integrals  (16)  exist. 


4 The  New  Interpretation  of  the  Wigner  Function 

An  extreme  case  of  the  2-sided  propagators  (14)  is  obtained  by  choosing  p = 0 and  a = oo.  These 
squeezing  parameters  correspond  to  the  values  -oo  and  +oo  of  the  y = ^ In  A variable,  respectively. 
For  this  choice  of  p and  <r,  A is  free  to  take  any  positive  value  oo  > A > 0.  Moreover,  the  square-root 
factors  in  the  two  propagators  cancel  out.  For  this  case,  Eq.  (16)  becomes 

/(p,  g;  A,  A)  = JJ  ^^-exp|-A-1(p-p')2-A(g-g,)2)/(p'.g';0,oo), 


for  A > 0 . (17) 


If  we  compere  (17)  with  the  well  known  relation  (6)  between  the  Q function  Jtd  the  Wlgner 
function,  we  realise  immediately  Uuu  these  twc  functions  are  simply  related  by  the  special  2-sided 
propagator  G(p  — p'.q  - </;  A,0,  oo).  Therefore,  we  are  lad  in  a natural  way  to  the  interpretation 
that  the  Wigner  Junction  is  a Q function,  which  is  squeezed  to  y = +oo  tn  the  q variable  and 
anti-squeezed  to  y - -oo  in  the  p variable. 

Note  that  by  applying  the  following  relation 

J ^j-exp|-A'1(p-pOa|ffO»')  = «P  S(p)  . f°r  A > 0 , (18) 

to  (17),  we  obtain  a formal  solution  /(p,q;  A,  A)  of  the  pseudo-diffusion  equation  (7),  in  terms  of  a 
differential  operator  applied  to  an  arbitrary  function  g{p,  q)  s /(*>,?;  0,oo)  of  p and  q: 

/(P»T,  A,  A)  = exp  |i  0, oo)  . (19) 

One  can  easily  check,  by  simple  differentiation  with  respect  to  A,  that  this  formal  solution  satisfies 
the  pseudo-diffusion  equation  (7).  In  particular,  if  g{p,  q)  is  equal  to  the  Wigner  function  of  an 
operator  A,  then  f{p,q\  A, A)  is  the  corresponding  Q function.  This  formal  relatonship  between 
*hese  two  functions  was  noted  by  Husimi  |3). 

As  an  application,  we  note  that  the  relation  (6)  bolds  for  every  operator  A,  so  that  the  corre- 
sponding two  operators  in  Eqs.  (1)  and  (2)  are  also  related  by  the  above  special  propagator: 

n(p,q;  A)  = / f ^ expj- A-‘(p  - ^)2  - \{q  - g')2j  Wtf,  tf)  . (20) 

5 Conclusions 

A one-sided  propagator,  which  we  would  get  for  example  from  (14)  by  choosing  < A,  is  not 
suitable  for  the  pseudo-diffusion  equation  (7),  because  one  of  the  Gaussian  factors  in  (14)  will  Mow 
up  at  infinity.  By  showing  that  a special  2-sided  propagator  takes  the  Wigner  function  into  a Q 
function,  I concluded  that  the  Wigner  function  can  be  regarded  as  a Q function,  which  is  squeezed 
backwards  (/*  = *»)  in  the  p variable  and  forwards  (<r  = oo)  in  q variable. 
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Abstract 

Generalized  coherent  states  for  general  potentials,  constructed  through  a controlling 
mechanism,  can  also  be  obtained  applying  on  a reference  state  suitable  operators.  An  explicit 
example  is  supplied. 


1 Introduction 

After  the  seminal  works  of  Glauber,  Klaudcr  and  Sudarshan  [1],  relevant  generalizations  and 
extensions  of  coherent  states  have  been  introduced,  both  in  a group-theoretical  framework  (2), 
mid  in  the  direction  of  squeezing  phenomena  [3]. 

Moreover,  a celebrated  approach  for  general  potentials  was  given  in  the  case  of  classically 
integrable  systems  by  Nieto  and  collaborators  (4). 

We  have  tackled  the  problem  of  building  generalized  coherent  states  from  a point  of  view  which 
can  be  useful  also  in  a wider  context  [5].  In  fact,  if  an  interesting  physical  behaviour  has  been 
singled  out  for  a quantum  system,  one  can  search  for  a controlling  device  which  allows  for  its 
realization;  we  call  this  approach  Controlled  Quantum  Mechanics  (CQM)  [6). 

To  this  aim  we  use  the  methods  of  stochastic  mechanics  (7]  [8];  however,  we  will  show  that 
these  states  can  also  be  obtained  in  the  standard  operatorial  approach. 

2 The  coherence  constraint 

We  proceed  now  to  appiy  the  scheme  of  CQM  to  the  problem  of  generalized  coherent  states.  We 
will  use  in  the  following  the  notations  E{.)  and  < . >,  respectively,  for  the  stochastic  mechanics 
and  quantum  mechanics  mean  values,  sending  back  to  [6}  for  the  code  of  correspondence. 

We  search  for  states  which  are  constrained  to  follow  classical-like  dynamics: 

jt  <p>=  F(<q>,Aq,t) 


(1) 
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■j£&q  = G(<q>,&q,t), 

where  F,  G are  known  functions  and  Ag  is  the  dispersion.  A particular,  but  interesting,  case  is 
associated  to  constant  dispersion. 

If  4 denotes  the  potential  associated  to  our  states,  the  Ehrenfest  equation 

4 < p >=  - < V*  > (2) 

at 

always  holds.  Then  we  can  write  the  above  classical-like  constraint  in  the  more  transparent  form 

< >=  V$(x,  «)!*-<«>  + $F(<  q >,&q,t) 


(3) 


^Ag  = G(<g>,Ag,t), 

where  6F  is  a known  function.  We  note  that  for  harmonic  potentials  this  condition  is  always 
satisfied  in  the  strict  sense,  that  is  with  6F  = 0. 

However,  Ecu'  non-harmonic  potentials  the  above  condition  becomes  a true  constraint.  How 
this  constraint  can  be  imposed? 

In  the  framework  of  stochastic  mechanics  the  mean  deterministic  motion  of  the  quantum 
process  is  ruled  by  the  current  velocity  v(x,t),  while  quantum  fluctuations  are  associated  to  the 
osmotic  velocity  u{x,t). 

A given  choice  of  v(x,  t)  singles  out  a whole  class  of  quantum  states,  all  sharing  a common 
mean  motion.  In  our  case,  then,  the  constraint  must  be  imposed  through  a suitable  choice  of  the 
current  velocity. 

The  natural  choice  is  given  by  the  following  form  of  v(x,  t) 


•(*.«- + (4) 

which  is  associated  to  the  standard  harmonic  oscillator  coherent  and  squeezed  states  [9].  We  can 
expect,  in  fact,  that  these  states  are  a sub-set  of  the  whole  class  of  states  selected  by  the  form  (4), 
and  that  all  these  states  exhibit  mean  classical-like  motion  in  the  sense  of  Eq.s  (3). 

Note  that,  in  conventional  quantum-mechanical  formalism,  choice  (4)  corresponds,  through 
mv  = VS,  to  t».-»  well  known  quantum  mechanical  coherent  phase 


S =<  p > x + 


(<  {<?.p}>/2)-<g><P> 
2(A# 


(z-  < q >)2  + &(t)- 


(5) 


In  order  to  find  explicitly  the  form  of  the  searched  states,  we  must  take  into  account  the 
constitutive  couple  of  equations 

dtp  = -V(pv), 

(6) 

dtS  + ^v2  - ^u2  - ^Vu  = -$>, 

2 2 2 
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that  is  the  continuity  equation  and  the  Hamilton-Jacobi-Madelung  (HJM)  equation  respectively. 

Inserting  expression  (4)  in  the  first  of  the  Eq.s  (6),  the  selected  states  result  to  be  all  the  states 
with  a (normalizable)  probability  density  of  the  (” wave-like”)  form 


/Ki»*)  = ^c2p{2/i(0}  . £ = I~A~| 

with  the  corresponding  form  for  the  associated  osmotic  velocity 


(7) 


(8) 


{.From  the  expressions  (5),  (7)  for  S and  p we  obtain  the  wave  functions  of  the  generalized  states 

#0 M)  = ^^exp{/?(C)}exp{^S}.  (9) 


Now,  inserting  Eq.s  (4),  (8)  in  the  HJM  equation  (6),  taking  the  gradient  tom  by  term,  and 
computing  the  resulting  identity  in  z =<  q > (or  in  x = 0 if  the  potential  is  angular),  we  can 
simply  verify  that  the  classical-like  constraint  is  fulfilled.  Then,  our  aim  is  reached. 

Finally,  the  HJM  equation,  with  the  inputs  of  Eq.s  (4),  (8),  gives  as  output  the  controlling 
potential  $. 

It  is  immediately  seen,  however,  that  $ must  be  in  general  a function  $(x,f|  < q >,Aq)  also 
of  < q > and  A q;  namely,  in  order  to  control  the  coherence  of  the  wave  packet,  it  is  needed  a 
feed-back  mechanism,  which  allows  for  readjusting  the  system  at  any  time. 

Let  us  now  look  with  greater  detail  at  the  problem  of  spreading.  Two  choices  are  possible, 
that  is  constant  or  time-dependent  dispersion. 


a)  Constant  dispersion 

If  we  require  A q = const.,  the  general  relation 

AqJt^q  = m(E(qv)  ~ Eto)£(u)}  (10) 

forces  the  current  velocity  to  assume  the  "classical”  value  v = dE(q)/dt  = E(v),  which  is  exactly 
expression  (4)  when  dAq/dt  = 0.  Then  our  states  in  this  case  are  the  unique  solution  of  the 
problem.  Note  that  the  right  member  of  the  last  equation  is  connected  to  the  quantum  average 
of  the  position-momentum  anticommutator  (9). 

b)  Squeezing 

If  a time  dependence  is  allowed  for  Aq,  one  can  ask  the  following  question:  are  states  (9)  the 
natural  generalization  of  the  harmonic  oscillator  squeezed  states?  The  answer  is  positive,  due  the 
following  considerations. 

First  of  all,  a "stochastic  squeezing  condition"  AqAu  = Kh/2m  is  satisfied,  where  K2  = 

Moreover,  if  we  consider  the  whole  quantum  uncertainty  product  for  our  states,  it  is  immedi- 
ately proved  (10j,  using  Eq.s  (4),  (8),  (10),  that 

(A«: )2m‘  3 mJ(A,)3{(Au)2  + (A*)2}  = !<‘j  + ^)2(±A^.  (11) 
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We  see,  then,  that  the  uncertainty  structure  in  this  case  has  the  same  form  as  in  the  harmonic 
oscillator  squeezing  states,  with  the  only  difference  of  a rescaled  Heisenberg  part. 

Finally,  the  dispersion  satisfy  the  equation  [10} 


—A  q = 
dt2  q 


K2h2  «-<$>„* 
4m2A^  < A q >f 


which  is  the  natural  generalization  of  that  of  the  harmonic  case  (9|. 
Eq.s  (11),  (12)  assure  controlled  squeezing. 


(12) 


3 Displacement  and  squeezing  operators 

One  can  now  asks  two  questions: 

-can  we  construct  states  (9)  directly  in  the  standard  quantum  mechanical  formalism? 

-how  we  can  choice  in  the  whole  class  of  states  (9)  the  physically  interesting  states? 

We  can  answer  both  questions  in  the  following  way  (10). 

Consider  a reference  stationary  state  $o,  for  example  the  ground  state  of  a physically  relevant 
potential  V. 

Consider  moreover  the  standard  displacement  and  squeezing  operators 


Da  = exp{aa t - a *a), 


(13) 


= e*p{|(a2  - a*2)}, 

which  are  used  to  construct  the  harmonic  oscillator  coherent  and  squeezed  states,  and  write  them 
in  terms  of  the  position  and  momentum  operators 


with 


Da  = exp{^So(t)}exp{j^Pq}exp{-lQp}, 

= exp{i\^{qtp}  + ^^g2]}, 

Q =<  q > — < q >o  , P =<  p >. 


Then  it  is  simple  to  verify  that  the  states 


Ko-xii-wr^- 


9c(x,l)  = {Da%){x,t) 


(14) 


(15) 


(16) 
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and 


(DaS^%)(x,t)  (17) 

belong  to  our  class  (9)  respectively  i.i  the  case  of  constant  dispersion  and  in  the  case  of  squeezing. 

This  answers  not  oniv  the  first  question,  obviously,  but  also  the  second  one.  In  fact,  we  now 
have  the  following  scheme,  which  will  be  clarified  by  the  subsequent  example. 

Given  a physical  system  described  by  a potential  V , we  can  choice  as  reference  state,  for 
example,  its  ground  state  ^o- 

Applying  cm  it  operators  (14),  we  obtain  generalized  coherent  packets,  whose  centers  follow 
the  classical  dynamics  ruled  by  the  potential  V. 

Inserting  then  the  current  and  osmotic  velocity  associated  to  these  states  in  the  HJM  equation 
(6),  we  obtain  the  controlling  potential  $ which  allows,  through  the  feed-back  mechanism,  to 
retain  states  (9). 

V and  $ must  not  be  confused:  the  first  (V),  in  fact,  is  the  original  potential,  for  example  a 
molecular  one,  for  which  we  want  to  construct  generalized  coherent  states,  while  the  second  ($) 
simply  describes  the  controlling  device,  that  is  it  supplies  the  feed-back  prescriptions  needed  to 
retain  coherence. 


4 Example 

We  develope  now  an  explicit  example. 

Putting  for  simplicity  h = m = 1 in  the  following,  let  us  consider  the  potential 

V(x)  = ^u2x2  + ^ (18) 

and  choose  as  reference  state  its  ground  state 

^o(x)  = N0^x2e3rp{—^ujx  2)  (19) 

where  N0  is  a normalization  constant. 

Applying  on  (19)  the  operators  (14),  we  obtain  the  generalized  coherent  states 

*<•’(*,  0 = (O.SM*o)(i.l)  = (20) 

where  S is  the  phase  (5)  and 

R(0  = -o£2  + 2 ln(ai2)  + Inb,  (21) 


with  a,  b suitable  functions  of  u\ 

Inserting  in  the  HJM  equation  (6)  expression  (4),  and  the  osmotic  velocity  asrnxnaled  to  (20) 
through  Eq.  (8),  we  obtain  for  the  center  the  classical  equation 


d_ 

dt 


< p >= 


-u2(t)  < q> 


7(f) 

<q>3' 


(22) 
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and  for  the  controlling  potential  the  form 


*(x,  !|  < <j  >,  A»)  = + h(t)x  + Ir-^'La  + 9<«).  (23) 

where 

^(1)  = 2|a2  - , 7d)  - 6(A$)‘.  (24) 

We  see  from  Eq.  (22)  that  the  center  follows  just  the  classical  motion  associated  to  the  potential 
V,  Eq.  (18),  as  previously  claimed. 
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Abstract 

Lorentz  boosts  are  squeeze  transformations.  While  these  transformations  are  similar  to 
those  in  squeezed  stages  of  light,  they  are  fundamentally  different  from  both  physical  and 
mathematical  points  of  view.  The  difference  is  illustrated  in  terms  of  two  coupled  harmonic 
oscillators,  and  in  terms  of  the  covariant  harmonic  oscillator  formalism. 

The  word  “squeezed  state”  is  relatively  new  and  was  developed  in  quantum  optics,  and  was 
invented  to  describe  a set  of  two  photon  coherent  states  [1).  However,  the  geometrical  concept  of 
squeeze  or  squeeze  transformations  has  been  with  us  for  many  years.  As  far  as  the  present  authors 
can  see,  the  earliest  paper  on  squeeze  transformations  was  published  by  Dirac  in  1949  [2],  in  which 
he  showed  that  Lorentz  boosts  are  squeeze  transformations.  In  this  report,  we  show  that  Dirac’s 
Lorentz  squeeze  is  different  from  the  squeeze  transformations  in  the  squeezed  state  of  light.  The 
question  then  is  how  different  they  are.  In  order  to  answer  this  question,  we  shall  use  a system  of 
two  coupled  harmonic  oscillators. 

Let  us  look  at  a phase-space  description  of  one  simple  harmonic  oscillator.  Its  orbit  in  phase 
space  is  an  ellipse.  This  ellipse  can  be  canonically  transformed  into  a circle.  The  ellipse  can  also 
be  rotated  in  phase  space  by  canonical  transformation.  This  combined  operation  is  dictated  by  a 
three-parameter  group  Sp( 2)  or  the  two-  dimensional  sympluctic  group.  The  group  Sp{ 2)  is  locally 
isomorphic  to  5(7(1, 1),0(2, 1),  and  SL(2,r),  and  is  applicable  to  many  branches  of  physics.  Its 
most  recent  application  was  to  single-  mode  squeezed  states  of  light  [1,3]. 

Let  us  next  consider  a system  of  two  coupled  oscillators.  For  this  system,  our  prejudice  is  that 
the  system  can  be  decoupled  by  a coordinate  rotation.  This  is  not  true,  and  the  diagonalization 
requires  a squeeze  transformation  in  addition  to  uie  rotation  applicable  to  two  coordinate  variables 
[3,  4|.  This  is  also  a transformation  of  the  symplectic  group  5p(2). 

If  we  combine  the  Sp{ 2)  symmetry  of  mode  coupling  and  the  Sp{ 2)  symmetry  in  phase  space, 
the  resulting  symmetry  is  that  of  the  (3  + 2)-dimensional  Lorentz  group  |5j.  Indeed,  it  has  been 
shown  that  this  is  the  symmetry  of  two-mode  squeezed  states  [6,  7).  It  is  known  that  the  (3  + 
2)-dimensional  Lorentz  group  is  locally  isomorphic  to  Sp(4)  which  is  the  group  of  linear  canonical 
transformations  in  the  four-dimensional  phase  space  for  two  coupled  oscillators.  These  canonical 
transformations  can  be  translated  into  unitary  transformations  in  quantum  mechanics  [7]. 
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In  addition,  for  the  two-mode  problem,  there  is  another  Sp(2)  transformation  resulting  from 
the  relative  size  of  the  two  phase  spaces.  In  classical  mechanics,  there  are  no  restrictions  on 
the  area  of  phase  space  within  the  elliptic  orbit  in  phase  space  of  a single  harmonic  oscillator. 
In  quantum  mechanics,  however,  the  minimum  phase-space  size  is  dictated  by  the  uncertainty 
relation.  For  this  reason,  we  have  to  adjust  the  size  of  phase  space  before  making  a transition 
to  quantum  mechanics.  This  adds  another  Sp(2)  symmetry  to  the  coupled  oscillator  system  (8]. 
However,  the  transformations  of  this  Sp(2)  group  are  not  necessarily  canonical,  and  there  does  not 
appear  to  be  a straightforward  way  to  translate  this  symmetry  group  into  the  present  formulation 
of  quantum  mechanics.  We  shall  return  to  this  problem  later  in  this  report.. 

If  we  combine  this  additional  Sp(2)  group  with  the  above-  mentioned  0(3,2),  the  total  sym- 
metry of  the  two-oscillator  system  becomes  that  of  the  group  0(3, 3),  which  is  the  Lorentz  group 
with  three  spatial  and  three  time  coordinates.  This  was  a rather  unexpected  result  and  its  math- 
ematical details  have  been  published  recently  by  the  present  authors  [8].  This  0(3,3)  group  has 
fifteen  parameters  and  is  isomorphic  to  SL(4,r).  It  has  six  Sp(4)-’ike  subgroups  and  many  Sp(2) 
like  subgroups. 

Let  us  consider  a system  of  two  coupled  harmonic  oscillators.  The  Lagrangian  for  this  system 
is 

L = - {mixf  -l-  m2±2  - A'x2  + + Cx jx2}  » (1) 

with 

/l'>0,  ^>0,  44'fl' - C*  > 0.  (2) 

Then  the  traditional  wisdom  from  textbooks  on  classical  mechanics  is  to  diagonalize  the  system 
by  solving  the  eigenvalue  equation 


A‘  - fr»iu/2  C' 
C & - 


= 0. 


(3) 


There  are  two  solutions  for  u2,  and  these  solutions  indeed  give  correct  frequencies  far  the  two 
normal  modes.  Unfortunately,  this  computation  does  not  lead  to  a complete  solution  to  the 
diagonalization  problem.  The  above  eigenvalue  equation  seems  similar  to  that  for  the  rotation, 
but  it  is  not. 

Let  us  go  back  to  Eq.(l).  This  quadratic  form  cannot  be  diagonalized  by  rotation  alone. 
Indeed,  the  potential  energy  portion  of  the  Lagrangian  can  be  diagonalized  by  one  rotation,  but 
this  rotation  will  lead  to  a non-diagonal  form  for  the  kinetic  energy.  For  this  reason,  we  first  have 
to  replace  ij  and  x2  by  yt  and  y2  with  the  transformation  matrix 


/x,\  = /(ma/m,)174  0 \(Vi\ 

V*2/  \ 0 (mi/mi)l/4 ) \ya) ' 


In  terms  of  these  new  variables,  the  Lagrangian  can  be  written  as 


with 


l ® + y|}  — ^ {Ay2t  + By]  + C7y,pa}  , 


f yjma/mi  0 ()\  / A' \ 

0 v/mi/m2  0 M- 

V 0 0 1/  \c  / 


(4) 

(5) 
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(6) 


The  Lagrangian  of  Eq.(5)  can  now  be  diagonalized  by  a simple  coordinate  rotation: 


/ \ _ / cos  a sin  q W yj  \ 

\ Z2  / \ - sin  a cos  a ) V J/2  / 

with 

tan(2a)  = (7) 

In  this  Lagrangian  formalism,  momenta  are  not  independent  variables.  They  are  strictly  propor- 
tional to  their  respective  coordinate  variables.  When  the  coordinates  are  rotated  by  the  matrix 
of  Eq.(6),  the  momentum  variables  are  transformed  according  to  the  same  matrix.  When  the 
coordinates  undergo  the  scale  transformation  of  Eq.(4),  the  momentum  variables  are  transformed 
by  the  same  matrix.  Thus,  the  phase-space  volume  is  not  preserved  for  each  coordinate. 

Let  us  approach  the  same  problem  using  the  Hamiltonian 

H = 5 (—  + — + A'x j + B'x a + C'xiar2} . (8) 

2,  f m,\  m2  J 

Here  again,  we  have  to  rescale  the  coordinate  variables.  In  this  formalism,  the  centred  issue  is 
the  canonical  transformation,  and  the  phase-space  volume  should  be  preserved  for  each  mode.  If 
the  coordinate  variables  are  to  be  transformed  according  to  Eq.(4),  the  transformation  matrix 
for  the  momenS  should  be  the  inverse  of  the  matrix  given  in  Eq.(4).  Indeed,  if  we  adopt  this 
transformation  matrix,  the  new  Hamiltonian  becomes 


H = + ^ + s ^ + BA + Cx‘I2> ' (9) 

As  for  the  rotation,  the  rules  of  canonical  transformations  dictate  that  both  the  coordinate  and 
momentum  variables  have  the  same  rotation  matrix.  The  above  Hamiltonian  can  be  diagonalized 
by  the  rotation  matrix  given  in  Eq.(6). 

We  can  now  consider  the  four-dimensional  phase  space  consisting  of  variables  in  the  following 
order. 

(Xl>X2,X3,X4)  = (3l,X2,Pl,P2).  (10) 

For  both  the  non-canonical  Lagrangian  system  and  the  canonical  Hamiltonian  system,  the  mode- 
coupling rotation  matrix  is 


R(a)  - 


( cos  a 
- sin  a 
0 
0 


sin  a 
cos  a 
0 
0 


0 

0 

COSO 

— sin  a 


0 \ 

0 

sin  a 
cos  a) 


01) 


On  the  other  hand,  they  have  different  matrices  for  the  scale  transformation.  F:r  the  canonical 
Hamiltonian  system,  the  matrix  takes  the  forn. 


s-ii)  = 


/e" 

0 

0 

0 \ 

0 

e~v 

0 

0 

o 

0 

e~v 

0 

Vo 

0 

0 

ev  / 

(12) 
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Here,  t'  2 position  and  momentum  variables  undergo  anti-parallel  squeeze  transformations.  On 
the  other  hand,  for  non-canonical  Lagrangian  system,  the  squeeze  matrix  is  written  as 


S+{V)  = 


(en 

0 

0 

0 ^ 

0 

e~v 

0 

0 

0 

0 

en 

0 

U 

0 

0 

e~nj 

(13) 


We  use  the  notation  S+  and  SL  for  the  parallel  and  anti-  parallel  squeeze  transformation  respec- 
tively. 

If  we  rotate  the  above  squeeze  matrices  by  45°  using  the  rotation  matrix  of  Eq.(ll),  the  anti- 
parallel squeeze  matrix  become 


S.{r,)  = 


r cosh  77 
sinh  77 
0 
0 


sinh  77  0 

cosh  77  0 

0 cosh  77 
0 — sinh  77 


0 

0 

— sinh  77  ’ 

cosh  77  > 


Mid  the  parallel  squeeze  matrix  takes  the  form 


f cosh  77  sinh  77  0 0 > 

sinh  77  cosh  77  0 0 

0 0 cosh  77  sinh  77 

< 0 0 sinh  77  cosh  77/ 


(14) 


(15) 


Now  the  difference  between  these  two  matrices  is  quite  clear.  The  squeeze  matrix  of  Eq.(14)  is 
applicable  to  two-mode  squeezed  states  of  light  [7,  9,  10]. 

As  for  the  squeeze  matrix  of  Eq.(15),  let  us  consider  the  Lorentz  transformation  of  a particle 
along  the  z direction: 


z'  = (cosh  77)2  + (sinh77)f,  t1  = (sinh  77)2  + (cosh  rj)t.  (16) 

Then  the  momentum  and  energy  are  transformed  according  to 

P*  = (cosh?7)P  + (sinh  77)1?,  E?  — (sinh77)P  + (cosh77)E.  (17) 


If  we  regard  z and  t as  the  two  coordinate  variables,  the  four-  component  vector  of  Eq.flO)  takes 
the  form 

(X1.X2.X3,  *4  )^{z,f,P,E).  (18) 

Thus,  the  parallel  squeeze  matrix  performs  a Lorentz  boost.  According  to  classical  mechanics 
of  coupled  harmonic  oscillators,  this  transformation  appears  like  a non-canonical  transformation. 
Then,  is  the  Lorentz  boost  a non-canonical  transformation?  The  answer  is  NO. 

We  would  like  to  show  that  the  Lorentz  boost  is  an  uncertainty-  preserving  transformation 
using  the  covariant  oscillator  formalism  which  has  been  shown  to  be  effective  in  explaining  the 
basic  hadronic  features  observed  in  high  energy  laboratories  [11].  According  to  this  model,  the 
ground-state  wave  function  for  the  hadron  takes  the  form 

i’o (2j)=(“)  CXP  { “ r;  (z2  + ^2)  } > (19) 
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where  the  hadron  is  assumed  to  be  a bound  state  of  two  quarks,  and  z and  i are  space  and  time 
separations  between  the  quarks.  If  the  system  is  boosted,  the  wave  function  becomes  [11] 

expj-^(e-2V+  7 (20) 

where 

u = (z  + t)/y/ 2,  v = (z  - t)/\/2. 

The  « and  v variables  are  called  the  light-cone  variables  [2j.  The  wave  .unction  of  Eq.(19)  is 
distributed  within  a circular  region  in  the  uv  plane,  and  thus  in  the  zt  plane.  On  the  other  hand, 
the  wave  function  of  Eq.(20)  is  distributed  in  an  elliptic  region.  This  ellipse  is  a “squeezed”  circle 
with  the  same  area  as  the  circle.  The  question  then  is  how  the  momentum-energy  wave  function 
is  squeezed. 

The  momentum  wave  function  is  obtained  from  the  Fourier  transformation  of  the  expression 
given  in  Eq.(20): 

<Mft,ft)  = (^)  j ifn{z,t)  exp  {-i{qMz  -qot)}dxdt.  (21) 

If  we  use  the  variables: 

q u = ( qo  - ftj/v^,  ft  = {qo  + ft)/ (22) 

In  terms  of  these  variables,  the  above  Fourier  transform  can  be  written  as 

&?(ft>ft)  = / tM-M)exo{-t(ftit  + qvv)}.  udv.  (23) 

The  resulting  momentum-energy  wave  function  is 

<Mft» qo)  - (“)  exp  j-i  (e~2l>ql  + e^ql)  J . (24) 

Because  we  are  using  here  the  harmonic  oscillator,  the  mathematical  form  of  the  above  momentum- 
energy  wave  function  is  identical  with  that  of  the  space-time  wave  function  given  in  Eq.(20).  The 
Lorentz-squeeze  properties  of  these  wave  functions  are  also  the  same.  This  certainly  is  consistent 
with  the  parallel  squeeze  matrix  given  in  Eq.(15),  and  the  Lorcntz  boosts  appears  like  a non- 
canonical  transformation. 

However,  we  still  have  to  examine  how  conjugate  pairs  are  chosen  from  the  space-time  and 
momentum-er.srgy  wave  functions.  Let  us  go  back  to  Eq.(21)  and  Eq.(23).  It  is  quite  clear  that 
the  light-cone  variable  u and  v are  conjugate  to  ft  and  ft  respectively.  It  is  also  clear  that  the 
distribution  aleng  the  ft  axis  shrinks  as  the  u-axis  distribution  expands.  The  exact,  calculation 
leads  to 

< u2  ><  ql  >~  1/4,  <v2  ><ql>=  1/4.  (25) 

Planck’s  constant  is  indeed  a Lorentz-invariant  quantity,  and  the  Lorentz  boost  is  a canonical 
transformation. 

Because  of  the  Minkowskian  metric  we  used  in  the  Fourier  transformation  of  Eq.(21),  the  non- 
canonieal  squeeze  transformation  of  Eq.(15)  becomes  a canonical  transformation  for  the  Lorcntz 
boost.  Otherwise,  it  remains  non-canon ical.  Then,  does  this  noil-canonical  transformation  play 
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a role  in  physics?  The  answer  is  YES.  The  best  ki.own  examples  are  thermally  excited  oscillator 
states  (12)  Mid  coupled  oscillator  system  where  one  of  the  oscillator  is  not  observed  [13, 14].  These 
systems  serve  as  simple  mod  Js  for  studying  the  role  of  entrm/  in  quantum  mechanics  [IS,  16). 

These  examples  are  for  the  cases  where  the  phase  space  volume  for  each  mode  becomes  larger 
than  Planck’s  constant.  In  the  classical  mechanics  of  two  coupled  harmonic  oscillators,  the  phase- 
space  volume  of  each  oscillator  fluctuates.  If  one  becomes  larger,  the  other  shrinks.  In  quantum 
mechanics,  we  do  not  have  a theory  of  shrinking  phase-space  volumes.  Without  this,  we  cannot 
have  a complete  understanding  of  coupled  oscillators  in  quantum  mechanics. 
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Abstract 

We  introduce  the  antibunching  effect  for  the  q-dectromagnetic  held,  and  study  this  kind 
nonclassical  properties  of  fc-component  q-coherent  states  given  by  Kuanget  al.[Phys.Lett.Al73(1993)l|. 
The  results  show  that  all  of  them  show  antibunching  effect. 

Recently,  coherent  states  of  quatum  algebras*1-3*  (q-CSs)  have  attracted  a lot  of  attention  due 
to  their  maybe  applications  in  many  fields  of  physics  and  mathematical  physics*4-5*.  The  Glauber- 
typed  q-CSs*5-7*  have  been  studies  in  great  detail  and  applied  widely  to  various  concrete  physical 
problems*8*.  In  the  refrences*9-10*,  the  even  and  odd  q-CSs  representations  were  constructed  and 
the  squeezing  properties  of  them  were  discussed.  The  even  and  odd  q-CSs  are  defined  to  be  the 
eigenstates  of  the  square  (n2)  of  the  q-annihilation  operator.  More  recently, Ic-component  q-CSs 
were  introduced  and  their  properties  were  investigated  by  Huang  et  al.*11*.  On  the  basis  of  this 
work,  in  this  paper,  we  study  the  antibunching  effect  of  them,  because  of  this  effect  has  the  typical 
nondassical  property.  Squeezing  properties  of  them  were  investigated  by  us*12*. 

The  fc-component  (fc  is  an  integer  and  fc  > 3)  g — CSs  were  given  by  *n* 

| z, k, i >q=  A7,/2(|  2 p.tjf -t*  | fcn  + t >,,(*  = 0,1, •••,*-  1),  (1) 

„=o  J|fcn  + 1„! 


■4.(1  -!2,*)  = £ 


| 2 |2( fcn+i) 

y/[kn  + ij,! 


,(i  = 0,l,2,  *,fc  — 1) 


(2) 


where  2 is  a complex  number,  the  q-fractorial  [nj,!  = [n|,[n  — lj,  - - - (l)v  with  the  q-number 
pfj,  = {qx  - q~x /(q  - g-1).  Their  actions  on  the  basis  vectors  are 


a*  = yj\ n + 1],  I n + 1 >„a,  j n >,=  yjnj^  | n - 1 >,  . (3) 

It  is  easy  to  prove  that  the  k states  of  (1)  aie  all  the  eigenstates  of  the  operator  aq{k  > 3)  with 
the  same  eigenvalue  zk. 

It  is  well  known  that,  when  the  second-order  correlation  function  of  a light  field*13*g(2)(0)  < 1,  one 
says  that  the  light  field  exhibits  an  antibunching  effect.  In  a similar  way,  we  introduce  a second- 
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order  q-correlation  function  for  tlie  q-light  field, 


(,)  ; <1  >«  (4) 

If  the  second-order  q-cor  elation  function  of  the  q-light  field  </*2)(0)  < l,we  say  that  the  q-light 
field  exhibits  the  antibundling  effect.  Now,  we  study  the  antibundling  effect  of  the  k states  given 
by  (1). 

Using  the  relations*11*, 

a”  | 2,  k,  0 >,=  2*'*  | 2,  k,  k - m >„  (m  = 1, 2,  ■ • • , k),  (5) 

for  the  k states  of  (1),  it  is  easy  to  prove  that  the  relations  hold: 

, < z,k, 0 j a+a,  | z,k, 0 >,=}  z (2  Ak.ifAo,  (6) 

, < z, k,  m | o^o,  | z,  k,  m >,=|  z |2  Am^i/Am, (m  = l, 2,  • • , k - 1),  (7) 

,<  Z,k, 0 I a+2aj  J z,k,0  >,=|  z j4  Ak-i/A^,  (8) 

« < z,k,  1 | a+2a2  J z,k,  1 >„=|  z |4  Ak-x/Ax,  (9) 

« < 2,lt,tn|  aj2aj  | z,k,m  >,=|  z |4  4 .2/dm,(m  = 2,3,--,fc- 1).  (10) 

By  means  of  (6)-(10)  tlie  q-coherent  degrees  of  the  second  order  of  the  k states  given  by  (1)  can 
be  obtained, respectively,  they  are 

f < I av2«*  I >,  _ AoAk.3  /tt% 

9«°  W , < z,k,0  | \z,k, 0 >|  “ A\.x  ’ 

9ql  {0)~  ,<r  z,k,  1 | a+a,  | z.fc.l  >2  ' dg  (12) 

«m  = - 2.3,-  1).  (13) 

q < 2,  fc,  til  I <1^  Of  | Z,  a,  TTI  ' 4,n—  1 

Substituting  (2)  into  (11),  we  obtain 


(0)  **  [nr,.  **"  **/«»<*>' 

where  x =|  * |2.Consider  A:  > 3;  while  [nj,  ">  [n  - lj,  > 1,  therefore  we  have 

m | TO  | 

[fcn),!{fcm  - kn  + k-  2],!  > (fcn  + fc  - l],!(fcm  - kn  + k-  ll,!’ 

and  hence  /,i(x)  > /,2(x),  so  that  y$  > 1 when  x < 1.  However,  when  x > 1,  there  surely  exist 
values  of  x (e.g.,x*  > /,i(x)//,2(x))  for  which  the  relation  holds: 

& ;o)  - Mk  < 1 (16) 


^■”-0  [HU  j lJrm  _ fqljX) 


**ES»o  ET-o' 


fe-  iLM/tm-S 
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Thcrfore,  the  state  | z,k,0  >„  may  exhibis  antibunching  effect  when  x > !.  Substituting  (2)  into 
(12),  we  have 


»*/«»(*) 
Mr)  ' 


(17) 


Obviously, 


TO 


„,o  \kn  + l]v!(fcm -kn-t  k-  1 [,!  < £ “ Mt! ' 

so  that  /,3(x)  < /„(x).  Therefore  ^(0)  < x*,i.e.,  when  x < l.jjJi^O)  < 1.  FVom  (2)  and  (13), 
we  obtain 


(18) 


{2)  _ E”-0  [SUo  |fcn+m-2l<<|L«-fcn+,.,lT^l  lfcW 

flgm(O)  ~oo  f^n'  1 1 -kg’ 

l*n'=0  [£-n-0  [kM+TH-JJ,!|*.4'-fcn+tn-l|,!  J x 


'30 

^n=0  |m~2] 


sr,.  w. 


Obviously, 

lim  52  (n  + l^x*"  = |1),  = 1,  (20) 

x — *0  “ 
n=0 

^From  Eq.(l9),we  obtain 


lim  <©0) 


< lim 

x— o 


1*»-  l|«ESU(n+  Mt***  _ lm  ~ !)< 


[in]. 


[ml, 


< 1. 


(2  ) 


Therefore,  the  states  | r, Ifc,  m >,  (ro  = 2, 3,  ■ • ■ , Hr  - 1)  exhibit  antibundling  effect  when  x -*  0. 
We  sum  up  the  above  results  and  obtain  that  all  of  the  k states  given  by  (1)  show  the  antibunching 
effect,  i.e.,  they  are  all  nonclassical  states.lt  had  been  proved^11*  that  the  k states  is  the  complete, 
therefore,  they  form  a nonclassical  cmplete  representation.  For  example,  in  this  picture, the  q- 
coherent  state  | z >,  may  be  expressed  as: 


fc-i 


>,=  cJP(-  | j |2  /2)  £ A,/2(i  ^ I2.*)  I > 


t=0 


(22) 


It  is  interesting  to  note  that,  when  </  — * 1 , the  eigenstates  of  the  operator  a*  become  the  states 
considered  in  our  paper  *n.  Therefore,  this  letter  is  a generalization  of  our  paptr!,4l  in  the  condition 
q-deformed. 
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Abstract 

The  quantum  interference  between  the  two  parts  of  the  optical  Schrodinger-cat  state 
makes  possible  to  construct  a wide  class  of  quantum  states  via  discrete  superpositions  of 
coherent  states.  Even  a small  number  of  coherent  states  can  approximate  the  given  quantum 
states  at  a high  accuracy  when  the  distance  between  the  coherent  states  is  optimized,  e.  g. 
nearly  perfect  Fock  state  |n)  can  be  constructed  by  discrete  superpositions  of  n + I coherent 
states  lying  in  the  vicinity  of  the  vacuum  state. 


1 Introduction 

Recently,  much  attention  has  been  paid  to  the  problem  of  generating  quantum  states  of  an  elec- 
tromagnetic field  mode.  In  micromaser  experiments  various  schemes  have  been  proposed  that 
allow  us  to  create  states  with  controllable  number-state  distribution  [1,  2).  There  are  theoretical 
results  presenting  that  certain  quantum  states  can  be  arbitrarily  well  approximated  by  discrete 
superpositions  of  coherent  states  [3,  4j.  The  significance  of  applying  a coherent-state  expansion 
instead  of  the  number-state  one  is  to  open  new  prospects  in  "quantum  state  engineering”.  Non- 
linear interaction  of  the  field,  being  initially  in  a coherent  state,  with  a Kerr-like  medium  [5]  or 
in  degenerate  parametric  oscillator  [6]  leads  to  superpositions  of  finite  number  of  coherent  states. 
Back-action  evading  and  quantum  nondemolition  measurements  can  also  yield  such  superposition 
states  [7.  8].  An  atomic  interference  method  has  been  developed,  which  can  result  in  arbitrary 
superposition  of  coherent  states  on  a circle  in  phase  space  [9].  Based  on  these  promising  schemes, 
implementation  of  experiments  capable  to  produce  required  superpositions  of  coherent  states  can 
be  anticipated. 

In  this  paper  we  shall  discuss  the  possibility  to  construct  quantum  states  using  coherent  states 
superpositions.  We  find  a simple  set  of  superposition  states  which  coin-'.des  with  the  Fock  basis 
for  any  practical  purpose. 

2 Schrodinger-cat  states 

The  superpositions  of  coherent  states  (10.  II], 

I = Ml  a)  +e'*  t -«)).  (1) 
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referred  to  as  Schrodiuger-cat  states,  when  the  constituent  coherent  states  are  macroscopically 
distinguishable,  have  attracted  much  interest. 

The  two  most  typical  superposition  states  are  the  even  or  "male”  (<t>  = 0)  and  odd  or  "female” 
(0  = n)  cat  states.  The  case  with  small  difference  between  the  constituent  states,  by  analogy, 
could  be  called  Schrodinger-kitten  states. 

Although  the  coherent  states  are  the  most  classical  of  all  pure  states  of  light,  their  simple 
superposition  described  by  Eq.  ( 1 ) shows  remarkable  nonclassical  features  as  a consequence  of  the 
quantum  interference  [12,  13,  14] 

The  Wigner  function  of  a Schrodinger-cat  state  with  real  o — x 

W((i)  = [exp(-2]0  - x|2)  + exp(  — 2|<3  + x|2)  + 2exp(-2|#|2)cos  (4xlm/*  + 0)]  (2) 

leads  us  to  better  understanding  the  origin  of  the  quantum  interference.  The  first  two  terms 
in  the  Wigner  function  of  Eq.  (2)  correspond  to  the  Gaussian  bells  of  the  constituent  coherent 
states  while  the  third  term  describes  an  interference  fringe  pattern  between  the  bells.  We  note 
that  although  two  coherent  states  with  strongly  different  arguments  are  almost  orthogonal  to 
each  other,  the  maximal  amplitude  of  the  interference  fringe  remains  two  times  larger  than  the 
amplitudes  of  the  constituent  coherent  states,  independently  from  the  distance  between  them. 

The  wavelength  of  the  fringe  decreases  with  the  increase  of  the  distance  between  the  coherent 
states,  the  phase  of  the  fringe  depends  on  the  relative  phase  <t>  in  Eq.  (1)  between  the  composite 
part  of  the  cat  state  (Fig.  I). 

The  picture  becomes  more  complicated  if  we  superpose  more  than  2 coherent  states.  In  this 
case  multiple  fringes  can  constructively  or  destructively  interfere  with  each  other  and  also  with 
the  original  coherent  state  bells  to  produce  different  nonclassical  states  as  we  will  show  in  the  next 
Section. 


3 State  engineering 


Let  us  consider  a pure  state  given  as  a superposition  of  coherent  states  along  the  real  axis  in  phase 
space  [12,  3,  15] 

I 0)  = y Fix)  I x)dx  . (3) 


Let  us  consider  the  following  discrete  superposition  of  coherent  states  along  the  real  axis  of 
the  p.iase  space 


N 


*'n)  = Y, Fk  I **) 


(4) 


*=i 


Here  the  coherent  states  | x*)  are  chosen  to  be  equally  distributed  at  distances  d along  the 
real  axis  around  the  coherent  state  | x0/  that  belongs  to  the  center  of  the  corresponding  one- 
dimensional distrioutiou  function  F(x'  (Eq.  3),  i.e. 


V + l \ , 

= JT0  + yk -J  d , 


k = 1 ,.JV  . 


(5) 
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FIG.  1.  The  interference  parts  (fringes)  of  the  Wigner  functions  of  Schrodinger-cat 
states  consisting  of  two  coherent  states  put  along  the  real  axis  of  phase  space.  The 
phase  difference  between  the  coherent  states  changes  the  phase  of  the  fringes,  leading 
e.  g.  to  the  so-called  male  or  female  cat  states  (Fig. la,  <j>  = 0 and  Fig.  lb,  <£  = n 
respectively).  Increasing  the  distance  x of  the  coh  .-ent  state  from  the  origin  of  the 
phase  space  decreases  the  wave  length  of  the  fringes  (Fig.  la,  x = 0.6;  Fig.  lc,  x = 2; 
Fig.  Id,  x = 4). 
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The  coefficients  Fk  are  derived  from  the  one-dimensional  continuous  distribution  (Eq.  3) 


Fk  = cF(ik) , 


(6) 


where  c is  a normalization  constant. 

As  an  example  we  consider  displaced  squeezed  number  states  ) n,£,  Z).  Their  interesting 
nondassical  properties  were  widely  discussed  in  the  literature  [16].  The  one-dimensional  coherent- 
state  representation  of  squeezed  displaced  number  state  along  the  real  axis  of  phase  space  has  the 
form  [17] 

,7> 

The  parameters  u and  v are  connected  to  the  complex  squeezing  parameter  ( in  the  usual  way 

u = cosh  r , v = t'6  sinh  r . (8) 


We  note  that  states  j 0,  Z)  are  the  well-known  squeezed  coherent  states. 

In  Fig.  2.  we  show  how  a squeezed  Fock  state  builds  up  as  we  use  more  and  more  coherent 
states  in  the  superposition.  Here  n = 1,  the  squeezing  parameter  r = 0.5.  The  sampling  distance 
d for  each  N was  optimized,  minimizing  the  mismatch  between  the  desired  and  the  approximating 
states.  In  Fig.  2a  even  at  N = 3 coherent  states  the  resulting  state  began  to  resemble  the  desired 
state.  Fig.  2b  shows  state  made  of  4 coherent  states.  The  emerging  target  state  can  be  clearly 
seen.  As  we  added  more  coherent  states  (N  = b and  /V  = 6 for  Figs.  2c  and  2d  respectively)  the 
approximation  became  more  and  more  perfect.  In  fact,  the  picture  of  the  Wigner  function  of  the 
superposition  of  6 coherent  state  is  indistinguishable  from  tha1  of  the  squeezed  1 -photon  state. 

Another  possibility  for  state  construction  is  if  we  begin  the  discretization  described  in  this 
section  with  a one-dimensional  representation  of  the  state  on  a circle  in  phase-space  [3,  18]. 

The  discrete  superposition  of  n + 1 coherent  states  (a  generalization  of  the  female  cat  state) 
situated  symmetrically  on  a circle  with  radius  r in  phase  space 


i n’r> = c(r)(-nvi^Sc^* 1 re^k)  ’ 


(9) 


for  small  enough  radius  r leads  to  the  n-photon  Fock  state  | n)  [19]. 

There  are  several ' perimental  schemes  which  are  appropriate  to  generate  superposition  states 
composed  of  coherent  states  lying  on  a circle  in  phase  space.  Making  an  initial  coherent  field 
interact  with  a sequence  of  two-level  atoms  detuned  from  the  cavity  resonance  leads  to  such 
superposit!  ms  [8].  In  the  special  case  of  their  scheme,  when  the  "phase-shift  per  photon”  ac- 
cumulated by  the  atomic  dipoles  crossing  the  cavity  is  a rational  multiple  of  ?r,  a symmetrical 
superposition  of  finite  number  of  coherent  states  on  a circle  emerges.  Required  discrete  superpo- 
sitions on  a circle,  including  the  elements  of  the  basis  set  given  in  Eq.(9),  can  be  prepared  in  a 
single-atom  interference  method  in  a designed  apparatus  [9].  Superposition  on  a circle  with  small 
radius,  that  is  essential  in  our  case,  can  be  generated  in  both  of  the  above  mentioned  experimental 
schemes  by  starting  with  a field  initially  in  coherent  state  with  a small  amplitude.  The  progress  in 
quantum  optics  seems  to  enable  us  in  the  near  future  to  create  experimentally  these  superposition 
states. 
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FIG.  2.  Wigner  functions  of  the  coherent-state  superpositions  along  the  real  axis 
approximating  the  squeezed  number  state  | n — l,r  = 0.5).  The  numbers  N of  the 
constituent  coherent  states  are  equal  to  3 (a),  4 (b),  5 (c),  6 (d)  and  the  optimized 
distances  dopt  of  adjacent  coherent  states  are  equal  to  1.27  (a),  1.13  (b),  1.03  (c)  and 
0.96  (d).  Superposition  of  6 coherent  states  gives  surprisingly  good  approximation, 
while  even  that  of  3 coherent  states  has  features  resembling  the  desired  squeezed  1- 
photon  state. 
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Abstract 

Tie  geaentioa  of  steady  state  higfeef-onfr?  mymmg  a tie  sease  of  Hoag  aid  Maadet 
[Phys.  In.  Lett.  54,  323(1985);  Ply*.  lev.  A32,  974(1985)]  and  also  of  HiBezy  [Plys. 
lev.  A36,  3790(1967)1  m 4 mritiphoton  Bjcmmasaf  is  stadied.  Tie  resahs  slow  tlat 
tie  cotangent  state  witch  is  gmated  by  tie  coherent  trapping  scheme  in  a aihipkotoa 
wknmvaw  can  exhibit  net  only  second-order  sqaeesing  bat  dee  fnrtkde  aad  sqaared 
field  aapbtade  sqaeeriags.  Tie  alienee  of  tie  cavity  foes  on  tie  sqneefcags  is  investigated. 


1 Introduction 

The  one-atom  mkromaaer  which  las  been  developed  in  recent  years[l-3]  is  an  unique  device 
in  experimentally  studying  the  interaction  of  a single  atom  with  the  quantized  electromagnetic 
field  in  a cavity.  It  has  theoretically  or  experimentally  been  shown  that  the  field  with  nondassicai 
properties  such  as  snb-poisBcmian  photon  distribution[4-5]  and  second  quadrature  squeezing[6-8] 
can  be  generated  in  a one-photon  mkzomaner.  The  key  physical  process  in  the  micromaser  is 
the  interaction  of  & two-level  atom  with  a single-mode  quantised  electromagnetic  field  inside  the 
cavity.  As  usual,  the  Jaynes-  Cummings  modd[9]  is  employed  to  describe  the  process  and  the 
corresponding  Hamiltonian  is  written  as 

£ - huk§t  + hua*a  + hg(a$-  + a+£+)  (1) 

where  Sz  = *(|e  ><  e|-|y  ><  <j|),  A.  = je  ><  g\  aad  £+  = |g  ><  ej.  In  the  above,  |g  > and  |e  > 
denote  the  lower  and  upper  states  of  the  atom;  ijftwo  ace  energies  of  the  atomic  levels;  a*  and 
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aeration  and  amafaflatini  operate  o(  photons  with  frequency  ^ % ia  the  atefieU  cooping 
eautaBt.  It  is  ran  in  (1)  that  at  a tone  only  one  photon  is  exchanged  between  the  atom  and 
the  field  wink  die  transition  of  the  atom  from  one  level  to  another  tain  place.  So,  a mkromaser 
which  is  bait  on  the  baas  of  (1)  ie  called  one-photon  mkromaser.  The  generalbatioo  of  (1)  is 

6 = + hA*a  + + «••*$♦)  (2) 

where  m is  the  photon  multiple  and  other  symbols  have  the  same  raspings  as  in  ( 1 ).  The  difference 
of  (2)  from  (1) » that  m photons  are  aflowed  to  be  emitted  or  absorbed  in  the  transition  of  the 
atom.  A number  of  theoretical  analyses  bare  drown  that  time-dependent  eqneesiag  effects  can  be 
generated  in  the  interaction  described  by  (2){l0-13j.  A mkromaser  which  is  bait  cm  the  basis  of 
(2)  is  called  raultipbotos  mkromaaerfm  £ 2).  The  purpose  of  this  paper  is  to  investigate  higher 
order  eqneering  properties  of  cotaagefil  state  produced  by  the  coherent  trapping  approach(14]  in 
a multiphoton  mkromaser. 

2 Higher-order  squeezing  properties  of  cotangent  state 

Suppose  that  at  time  t the  state  vector  of  the  atom-field  system  u 

Nu 

l*(‘)  >=  £ s.jn  > <&H«  > +1 % >)  (J) 

RB|| 

in  which  the  field  in  in  ibe  superposition  SJn  > and  the  atom  in  n coherent  state  orje  > 
+i 0\g  > . While  the  atom  is  flying  inside  the  cavity,  the  state  vector  of  the  atom-field  coupling 
system  is  evolving  in  time  according  to  the  time-dependent  Schrodinger  equation  with  (2).  When 
the  atom  exits  out  of  the  cavity  at  time  t'  = f + r the  atom-field  coupling  system  gets  into  the 
state 

|f(t  + r)>  as  esp[-i(uto&  + wo* a)r] 

Km  

X { Y coe(<y/ (n  + ro)!/n!yr)jn  > 

**k4 

- ijSsin(^/n!/(n  - m)!yr)|n  - m >]{e  > 

Km 

+ Y Sn\ficm{y/n\/{n  - m)!yr)|n  > 
nmK t 

- j'asin(\/(n  + m)!/n!jr)|n  + m >]|$  >}•  (4) 
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If  requiring  that  except  the  exponential  factor  exp[-t(wo^r + ws+a)r]  induced  by  huo&t  + hut*  a 
during  the  period  r the  wide  system  completely  returns  to  the  initial  state  (3)  after  the  atom 
left  out  of  the  cavity,  i.e.,  exp[t(fato£f + u/d+a)r]|¥(t  + r)  >=  |9(<)  >,  and  making  the  interaction 
time  r fulfill  the  conditions 


y/NJHNi - m)\gr  = qv,  ? = 0,2,4, «••,  (5) 

y/{N%  + m)\J NJ.gr  = pv,  p=  1,3,5,  •,  (6) 


we  can  write  (4)  as 


|9(t  + r)  >=  exp(-t(wb5t  + wa+a)r]  ^ &|n  > <8>(j%  > -orje  >)  (7) 


where  5n  me  determined  by  the  recurrence  relation 

S,  = — - m)!sr)S. 


(«) 


with  n = Jlk+m,  Nd+2m,  In  (7),  except  the  phase  factor  exp(-«*/Td+d),  the  field  returns 

to  the  initial  state  > *&d  the  magnitudes  of  the  atomic  level  occupation  probability 

amplitudes  for  the  lower  and  upper  states  are  same  as  in  the  initial  state  a\e  > +0} g > but  the 
relative  phase  of  a to  /?  changes  w.  Therefore,  We  can  conclude  that  if  the  field  is  pumped  into 
the  state  Sn  |n  > from  an  initial  state  it  will  no  longer  be  affected  by  the  succeeding  atoms 
which  me  initially  in  the  coherent  state  a|e  > +j%  > . In  this  sense,  we  say  that  the  state 
$»ln  > is  steady.  Since  the  relation  (B)  is  the  cotangent  function  the  corresponding  state 
of  the  field  is  named  the  cotangent  state[14]. 

To  investigate  squeezing  properties  of  the  cotangent  state,  we  introduce  the  two  slowly  varying 
quadrature  components  of  the  field  amplitude 

di  = j(ae~‘  + a+e-“');  A = |(«e~‘-aV“').  (9) 


In  an  arbitrary  state  of  the  field,  the  Nth-order  moment  of  fluctuation  of  the  Add  in  &(i  = 1,2)  is 

■17!  1 * * 3 «,  jv-2 


< (Ad/  >=<:  (Ad/  :>  <:  (A*)**  :> 


2)! 


S'.  1 


2!(AT  - 4)!  82 


{N  - 1)!: 

<:  (A4)  :>+•••  + - 


(10) 
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where  A = i-  < i > and  <:  (A<i)*  :>  (n  s N, N - 2,-*-,2)  b the  nth-order  moment  of 
the  cfc’s  mean  squared  fluctuation  in  the  normal  enter.  For  a coherent  state  of  the  field,  one  has 
< (A<£)*  >s  (M  - 1)\\/2?.  When  the  Nth-oider  moment  of  the  mean  squared  fluctuation  off  i 
in  a state  is  smaBer  than  in  a coherent  state,  that  b,  < (Act,)*  ><  (N- l)!!/2*,  we  say  that  the 
state  b a Nth-order  squeezed  state  in  the  <£’e  component.  Hong  and  Mandel[l$]  haze  shown  that 
the  Nth-order  squeezed  state  with  an  even  N b nondascal. 

We  may  also  define  the  two  quadrature  operators  of  the  square  of  the  field  amplitude 

?,  = !(<*•"+»«<!-*'');  ft.^-.i+V***).  (11) 

2 2* 

It  b easily  shown  that  ft  and  ft  fulfill  the  commutator  [ft,  ft)  = i(2^  + 1),  where  ft  = a+d.  The 
uncertainty  relation  lor  then  variances  b < (Aft)2  ><  (Aft)2  >><  N + \>2.  Far  a coherent 
state  of  the  Mi,  the  equality  holds  and  we  have  < (Aft)2  >=<  (Aft)2  >=<  it  + £ >.  If 
either  < (Aft)2  > or  < (Aft)2  > b less  than  < ft  + § > in  a state  of  the  field,  the  state  b 
called  a squared  amplitude  squeezed  state.  HHtery[16]  has  shown  that  thb  squeezed  state  b also 
nondassical. 

For  convenience,  we  wffl  in  the  Mowing  discussions  employ  the  two  quantities 


HD  _ < > . 

• ' i-"(N  - 1)S  ’ 


<(&£)»> 

<J»+|> 


(12) 


to  measure  the  squeezing  degree.  When  < 0 or  Q,  < 0 the  squeezings  appear  acceding  to 
the  above  definition  for  squeezing. 

Squeezing  properties  of  the  cotangent  state  with  various  photon  multiples  m have  numerically 
been  investigated.  In  oar  calculations  the  relative  {dime  of  the  upper  level  probability  amplitude  a 
to  the  lower  level  one  j9  is  chosen  */2.  We  have  found  that  the  pronounced  second-  and  fourth-order 
squeezings  appear  oily  for  m * 1.  Id  Figs.  I,  E^  and  E^  of  the  cotangent  state  with  m=  1 are 
depicted  against  the  ratio  of  a to  ft.  It  b observed  in  these  figures  that  the  strongest  squeezing 
effect  can  be  reached  for  a given  JV»  by  a proper  choice  of  affi.  For  example,  Ef^  = -0.91  can  be 
acquired  for  N9  « 40  with  a/$  = 3.2.  Thb  corresponds  to  the  initial  state  of  the  atoms  in  which 
the  occupation  probabilities  for  the  upper  and  lower  levels  are  0.91  and  0.09,  respectively.  We  also 
notice  that  the  fourth-order  squeezing  appears  only  in  the  regions  of  the  second  one.  It  means 
that  the  present  fourth-order  squeezing  b not  intnnmc[lO]  and  b induced  ft om  the  second  one.  In 
Figs.  2,  Qi  of  the  cotangent  state  with  m = 1 and  m = 2 versus  a/ ft  b drown.  It  b observed 
in  these  figures  that  for  a given  JV*  there  exists  the  value  of  a/fi  i or  the  optimal  squeezing.  For 
example,  Qi  can  reach  -0.54  and  *0.62  for  m = 1 and  m = 2,  respectively,  when  a}0  = 2.5  and 
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Figs.  2:  Qi  vereuB  a/fl  with  Nt  * 0,  m = lfsofid  Em)  aid  m = 2(dashed  lint) 
(»)JV.  = 10;(b)JV„  = 40. 


N m s 40.  It  means  that  these  squeezing  degrees  can  be  acquired  when  the  atoms  are  initially  in 
the  coherent  state  with  the  level  occupation  probabilities  a3  = 0.86  and  (P  = 0.14.  We  also  notice 
that  the  optimal  squeesing  in  the  two  photon  case  is  always  stronger  than  in  the  one  photon  case 
for  a given  Nm.  In  our  calculations  we  find  that  the  squared  amplitude  squeezing  disappears  when 
m > 2.  It  means  that  this  aqneesng  can  be  realised  only  in  one-and  two-photon  mkromasers  by 
the  coherent  trapping  approach. 

3 Dynamic  process  of  generation  of  steady  state  squees- 
ing 

We  now  tom  our  attention  to  dynamically  generating  the  squeezing  effects  discussed  above. 
Suppose  that  eadb  of  tbe  atoms  entering  the  cavity  is  initially  in  the  coherent  state  a|e  > +$$  >, 
and  the  flight  time  of  the  atoms  inside  the  cavity  is  r.  If  at  time  i,  the  density  matrix  of  the  field 
is  ^ time  U 4-  r the  atom  wiD  leave  out  of  the  cavity  and  density  matrix  elements  of  the 

field  can  be  written  as 

+ T)  = «!#»  ~ n V] 

x{fla|2  cosin'  + m)!/n'!yr)coe(\/(n  + m)\fn\gr) 

+l$2  ca*{y/nnl(n’-m)\gT)  cos(>/nl/(n  - rn)\gr)}^)n(tt) 

+\P\2  swipin'  + tn)\/rf\gr)  m(y/(n  + m)!/n!r)#i«*«(<i) 

+|«|2  an{^ri\/(ri  - m)\gr)  sm  {y/n\/(n  - 

+*a cos(  sj{ri  + m)!/n1jr)  sin(  >/(n  + rn)\ln\gT)^)%4m{t%) 

-\a$  sm(vV+m)!/*V)  cos(>/(n  + m)!/n!$r)$^tt(ft) 

+taV  cos (^/(n'-mjlyr)  sin  (\/n!/(n  - m)!jr)p^_m(fl) 

-xafT  wk{y/vf\f{v?  - m)!yr)cos(>/n!/(n  - m)!^)#!^)}.  (13) 

If  the  next  atom  enters  the  cavity  at  time  f^+i,  there  will  be  no  atom  inside  tbe  cavity  within  tbe 
time  interval  t,  + r < t < t,+i.  We  suppose  that  during  that  interval  the  field  relaxes  at  the  rate 
7 to  the  thermal  reservoir  with  the  mean  photon  number  n*.  This  process  is  described  by  the 
master  equation[5] 

= “(»H  + l)(2a(5{/)(r)a+  - a*ajff\t)  - fif\t)a*a) 

+ ~ni(2a+,o(/)(t)a  - aa *pu\t)  - jV\t)aa+\  U + t < f < t,+i.  (14) 
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On  the  basis  of  (13)-(14),  we  can  study  the  dynamic  evolution  of  the  field  while  the  atoms  one  by 
one  pass  through  the  cavity. 

In  the  present  caktdations,  we  choose  that  the  field  is  initially  in  the  vacuum,  and  make  the 
relative  phase  of  c*  to  being  x/2  and  r satisfying  the  conditions  (5)-(6)  with  q = 0 and  p = 1. 
Meanwhile,  we  take  7 - 5s-1,  g = 10 kHz  which  are  consistent  with  the  parameters  used  in  the 
current  mrcromaser[4].  If  the  injection  of  the  atoms  is  regular,  Le.,  the  time  distances  between  the 
adjacent  atoms  are  same.  In  this  case,  the  relaxation  time  of  the  field  to  the  reservior  is  equal  to 
l/R~  r where  Ris  the  atomic  dux.  In  Figs. 3-6.  tor  the  single  photon  case,  the  evolution  of 
and  Qi  against  the  number  of  the  atoms  which  have  left  out  of  the  cavity  is  shown  with  various 
values  of  the  atomic  flux  R.  In  these  figures,  the  dashed  tine  represents  the  result  with  7 = 0. 
According  to  the  conditions  tor  the  present  cakualtions,  the  steady  state  with  7 = 0 must  be  the 
cotangent  state.  It  is  observed  that  when  R is  small  the  field  has  not  the  second-  and  fourth- 
order  squeezing  properties  since  the  steady  state  resuts  from  the  balance  between  the  gain  and 
the  loss.  As  R increases,  the  gain  brought  by  the  atoms  will  overpass  the  cavity  loss  the  steady 
state  will  arise  from  the  coherent  trapping  because  of  the  condition  (6).  Thai  the  steady  state 
exhibits  the  squeezing  behaviour  as  shown  in  the  figures.  We  also  notice  that  when  R is  adequate 
large  and  Q\  of  die  steady  state  are  my  dose  to  the  values  of  the  cotangent  state  with  the 
same  parameters. 

In  Figs. 7 and  8,  for  the  two-photon  case,  the  evolution  of  Q\  against  the  number  of  the  atoms 
is  depicted.  It  is  observed  that  the  evolution  behaviour  is  amilar  to  shown  in  Figs.  5 and  6,  and 
the  squeezing  becomes  deeper  than  in  the  one  photon  case  with  the  same  value  of  R. 

4 Conclusion 

We  have  shown  that  the  cotangent  state  produced  by  the  coherent  trapping  scheme  in  a one- 
photon  micromaser  can  exhibit  steady  state  fourth-order  as  well  as  squared  amplitude  squeezings. 
The  last  squeezing  can  also  appear  in  the  cotangent  state  produced  in  a degenerate  two-photon 
micromaser.  The  cotangent  state  of  the  field  with  these  squeezing  effects  can  be  reached  from  the 
cavity  vacuum  by  the  atomic  coherent  pumping.  The  influence  of  the  cavity  loss  on  the  squeezing 
effects  has  been  investigated.  The  results  show  that  when  the  flux  of  the  atoms  entering  the  cavity 
is  moderately  large  the  squeezings  are  not  essentially  affected  by  the  cavity  loss. 
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Fig. 3:  Z/j4*  versus  the  number  of  atoms  (or  one  photon 
case  with  N%  = 30  and  ot/f)  = 2.9.  The  values  of  the 
atomic  (lux  for  the  lines  are  (a)  22s"1,  (b)  30s"1  and  (c)  50s"1. 


Fig.4:  Same  as  Fig.3  but  (a)  100s"1  and  (b)  500s"1. 
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Fig.5:  Qi  versus  the  number  of  atoms  for  one  photon  case 
with  JV*  = 30  and  cr//9  = 2.3.  (a)20s"1;(b)30s“1;  (cjBOs"1. 
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Fig.6:  Same  as  Fig.5  but  (a)  100s"1  and  (b)  500s"1. 
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Abstract 

It  ia  found  that  the  held  of  the  combined  mode  of  the  probe  wave  and  the  phase- conjugate 
wave  in  the  process  of  non— degenerate  four-wave  mixing  exhibits  higher-order  squeezing  to 
all  even  orders.  And  the  generalized  uncertainty  relations  in  this  process  are  also  presented. 


With  the  development  of  techniques  for  making  higher-order  correlation  measurement  in  quan- 
tum optics,  the  new  concept  of  higher— order  squeezing  of  the  single— mode  quantum  electro- 
magnetic field  was  first  introduced  and  applied  to  several  processes  by  Hong  and  Mandel  in 
19851,1.  Lately  Xi-zeng  Li  and  Ying  Shan  have  calculated  the  higher— order  squeezing  in  the 
process  of  degenerate  four— wave  mixing*  and  presented  the  higher— order  uncertainty'  relations 
of  the  fields  in  single— mode  squeezed  states4.  As  a natural  generalization  of  Hong  and  Mandel's 
work,  we  introduced  the  theory  of  higher— order  squeezing  of  the  quantum  fields  in  two— mode 
squeezed  states  in  1993.  In  this  paper  we  study  for  the  first  time  the  higher-order  squeezing 
of  the  quantum  field  and  the  generalized  uncertainty  relations  in  non— degenerate  four— wave 
mixing  (NDFWM)  by  means  of  the  above  theory. 

1 Definition  of  higher -order  squeezing  of  two  mode  quan- 
tum fields 

The  real  two  mode  output  field  E can  be  decomposed  into  two  quadrature  components  Ex  and 
£),  which  are  canonical  conjugates 

£ = £|CO»(Q(  — 0)  + £!,ein(Dl  - ^),  (1) 

(£„£,]  = 2.’  G0.  (2) 

Then  the  field  is  squeezed  to  the  Nth— order  in  E\(N  — 1,2.3.---)  if  there  exists  a phase  angle 
^ such  that  < (Al^)*  > is  smaller  than  its  value  in  a completely  two-mode  coherent  state  of 
the  field,  viz., 

< (A Eif  > < < (AE,)*  coh...  (3) 

This  is  the  definition  of  higher-order  squeezing  of  two  mode  quantum  fields. 
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2 Scheme  for  generation  of  higher- order  squeezing  via 
NDFWM 

The  scheme  is  shown  in  the  following  figure: 


FIG.  1.  Schematic  for  generation  of  higher-order  squeezing  via 
NDFWM.  A/i,  A/j,  A/»  are  mirrors,  BS  is  the  50% -50%  beam  splitter 


Where  two  strong,  classical  pump  waves  of  complex  amplitude  (uj  = and  »>j  = |t?j |c,#* ) 

with  the  same  frequency  0 are  incident  on  a nonlinear  crystal  possessing  a third-order 
nonlinearity.  The  length  of  the  medium  is  L.  d«  is  the  annihilation  operator  of  the  transmitted 
—probe  wave  with  frequency  is  the  annihilation  operator  of  the  phase— conjugate  wave 

with  frequency  w*,  and 


n — 

2 


(4) 


The  effective  Hamiltonian  of  this  interaction  system  has  the  form  of 


H — hu;|d|  d|  + /iu>4<*^04  + hffo(vit’jd|  a\  e *,n*  -f-  j£T.C7) 


(5) 


where  g0  is  the  coupling  const,  t is  the  time  propagation  of  light  in  NL  crystal. 
By  solving  the  Heisenberg  Equation  of  motion  we  get  the  output  mode 

«»(0  — (/*«»(£)  + t/<*4  (0)je',w,‘,  ( z — L-ct  for  a») 


where 


«<(0  - l#i«4(0)  + va+(L)]e  (2  = cf  for  <j4) 

fi  = 8cc\k\L. 


|/t|  = laMjal 


(6) 

(7) 

(8) 
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3 Combined  mode  and  its  quadrature  components 


It  can  be  verified  that  the  field  of  either  «*(0)  or  a4(L)  mode  does  not  exhibit  higher— order 
squeezing. 

We  consider  the  field  of  the  combined  mode  of  d|(f)  and  «4(1) 


E(0  = + 

= y ~ - i\J~\4a4[t)  + {H.C) 


where 


i _ /<*>»  V 4 

A,'Vn,A,‘Vo 


(9) 


(10) 


and  ~i  denotes  the  phase  delay.  The  units  are  chosen  so  that  h = c = 1. 

' A A 

E(t)  can  be  decomposed  into  two  quadrature  components  E\  and  E j,  which  are  canonical 
conjugates 

E(t)  = EiC08(Qt  — <j>)  + Ei8in(Ut  — ^), 


where 


n = 


and  <(>  is  an  arbitrary  phase  angle  that  may  be  chosen  at  will. 

Ex  can  be  expressed  in  term  of  initial  modes  a%(L)  and  d4(0), 


where 


£«  = ga,{L)  + ha4( 0)  + (I)  + h*d4+( 0), 


< = n — wi  = w4  — n. 


t is  the  modulation  frequency 
Now  we  define 


then 

where  £?*  is  the  adjoint  of  B. 


B = ga,(L)  + ha4(0), 

B*  = *#«J(£)  + **«4+(0), 
Et=B  + B\ 


(H) 

(12) 


(13) 


(14) 

(15) 

(16) 


(17) 

(18) 

(19) 


63 


4 Higher-order  noise  moment  * (A&i)n  > and  higher 
—order  squeezing 

By  using  the  Campbell— Baker— Hausdorff  formula,  we  get  the  Nth— order  moment  of  A£t, 


+...  + (*r-  ljncf'V 


(N  is  even) 


where 


ff<'>=W(tf-l)  .(tf-r+i),  <?,=  j|£„4l  = l*,e*l. 


(20) 

(21) 


and  ::  ::  deco*?*  normal  ordering  with  respect  to  & and  B* . 

We  take  the  initial  quant  am  state  to  be  {or  >«  {0  >»,  which  is  a product  of  the  coherent  state 
\tx >e  for  &|(0)  mode  and  the  vacuum  state  for  e«(I>)  mode.  Since  {or  >4  JO  >*  is  the  eigenstate 
of  6,  we  get 

<::  (&£()*  ::>  = <::  (A#  + ::> 

N T Jhf 

= V , < 0|4  < o| ::  (A£+)1(A#)a'-'»  ::  |«r  >4  |0  >,=  0. 

J 

Then  from  (20), 

< (A£?,)w  >=  ( N - !)!!< ;*, 


(22) 


C0  = [*,*♦)  = |,j*  + |A|*, 

= 5{(A*  + A4)(J/t|*  + |*f)  + 2A,A4|pVV(,#"f>  + J{. 


(23) 


(24) 


where 


Aj  4-  Aj  = A4A4  = ^/l  — jjj. 

Substituting  eqs.  (8),  (10),  (24)  into  (23),  we  get  the  Nth-order  moment  of  AEU 
<(A £,)*>  = {N  - l)!!niV/*|s«e,|kJL  4-  f«n*|fc|L 

- 2yJl  — ^^$cc\k\Ltan\k\Lco*{2(f>  - 8,  - ^*)J/V/*. 

If  ^ is  chosen  to  satisfy 

2d  — 8|  — 8#  = 0,  or  coa(2d  — 8»  - 8j)  = 1. 
then  die  above  eq.  (25)  leads  to  the  result 

< (A^,)*  > S {N  - lJHn^V^W  4*  lan*\k\L 


(25) 


- 2>Jl-  £i'"\HU<,n\k\Lr'. 


(M) 
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WhenO  < \k\L  < a,  the  right-hand  side  is  less  than  (N -l)V.ClN/*,  which  is  the  corresponding 
Nth— order  moment  for  two— mode  coherent  states.  It  follows  that  the  field  of  the  combined  mode 
of  the  probe  wave  and  the  phase  conjugate  wave  in  NDFWM  exhibits  higher— order  squeezing 
to  all  even  orders. 

The  squeeze  parameter  qN  for  measuring  the  degree  of  Nth-order  squeezing  is 

< (AEi)n  > - < (A£?,)  mode  roA.i  #0*71 

q ZZ ; — 1 1 1 I 

< (A Ei)*  >u.  mode  c<*, 

= [«ec*|fc|L  + fana|fc|£  — 2]jl  — ^«ec|/.'|L(an|fc|L]A//3  — 1.  (28) 

We  find  that  qN  is  negative,  and  q„  increases  with  N.  This  gives  out  the  conclusion  that  the 
degree  of  higher— order  squeezing  is  greater  than  that  of  the  second  order. 

5 Generalized  uncertainty  relations  in  NDFWM 

£i  can  be  regarded  as  a special  case  of  E,  if  # is  replaced  bv  q + jt/2.  Then  if  <j>  is  chosen  to 
satisfy  2^  — — 0j  = 0,  from  eq.  (25)  it  follows  that 

< (AE,)"  >=  (JV  - I)!!0<v/s[Mr1|fc|L  + + 2y  1 - ^aec|Jb(Ilan|lb|ii|A  *.  (29) 

when  0 < |h|L  < x,  the  right-hand  side  is  greater  than  (Ar  - l)!!fVv/a. 

From  eqs.  (26)  and  (29),  we  obtain 

< (A^,)"  > • < (A E,)N  >=  \(N  - l)!!]*nw(l  + 4^eec>|ik|Lton,|Jk|LlA'  a.  (30) 

Eq.  (30)  shows  that  < (AEi)a  > and  < (AFj)^  > can  not  be  made  arbitrarily  small 
simultaneously.  We  call  eq.  (30)  the  generalized  uncertainty  relations  in  NDFWM,  and  the 
right-hand  side  is  dependent  on  c,0,AT,  and  |fc|£. 

In  the  degenerate  case  w*  = urt  = 0,  c = 0 from  eqs.  (26).  (28)  and  (30)  we  obtain 


< (AF,)W  > = (N  - l)!!nN/,j#ec|it|I  - tan|Jfc|L]/tf,  (31) 

qN  — (•ec|fc|L  — tonjfcjL)*  - 1,  (32) 

< (AE,)*  > • < (A&)"  >=  ((.V  - 1)!!)*  • 0*.  (33) 

When  AT  = 2, 

< (A^;)*  > = fl(#ec|fc|L  - lan|fr|L]a,  (34) 

qt  = [*ec|fc|L  — l<m|fc|Lj*  - 1,  (35) 
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< (A £,)*  > • < (A £,)*  >=  n*  (36) 

These  results  are  in  agreement  with  the  conclusions  in  the  previous  relevi  nt  references!*"*1. 
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Abstract 


In  this  paper  .the  unitary  squeezing  operator  of  “superspace  "is  introduced  and  by  making  this  operator 
act  on  the  supercoherent  state  .the  squeezmg  supercoherent  states  are  obtained . then  come  out  the  four  or 
thonormaiization  eigenstates  of  the  square  of  annihilation  operator  A of  the  supersymmetry  harmonic  oscil- 
lator .and  their  squeezing  character  is  afco  studied. 

1 Introduction 


Early  in  the  1970  s»D.  StolerCl-put  forward  the  concept  of  the  squeezing  state  first.  Following  him  ,H. 
P.  Y uen^-made  a detailed  study  of  the  quantum  characteristic  of  the  squeezing  state  which  was  obtained 
from  the  squeezing  operator  acting  on  the  coherent  state.  This  kind  at  squeezing  state  they  studied  is  the 
squeezing  coherent  state.  Having  less  noise  than  the  coherent  state  .the  squeezing  state  would  be  a vast  ap- 
plied vistas  in  the  optical  communication  and  the  gravitational  force  wave  probing  .etc.  The  squeezing  state 
has  become  an  attentive  problem. 

In  recent  years. a lot  of  studies  about  the  supersymmetry  have  been  done .P.  Safomonson(t-and  other 
persons  put  forward  the  supersymmetry  harmonic  oscillator, and  C.  Aragone^-, along  with  other, intro- 
duced the  supercoherent  state.  People  found  that  the  inner  Unk  of  different  atoms  and  ions  are  related  to  the 
abstract  supersymmetry1'3.  Chen  Cheng  — ming  and  Xu  Donghui^acted  the  displacement  operator  on  one 
supersymmetry  Hamiltonian  .and  also  drew  the  supercoherent  state , moreover . made  the  discussion  on  the 
squeezing  state  extend  into  the  supercoherent  state.  The  eigenstate  of  the  annihilation  operator  A of  the  su- 
persymmetry harmonic  oscillator  which  they  introduced the  supercoherent  state  can  not  be  introduced 

by  using  the  displacement  operator  to  affect  the  supersymmetry  harmonic  oscillator  Hamiltonian.  Acting 
the  squeezing  operator  on  the  Hamiltonian  of  the  displacement  harmonic  oscillator , the  eigenstate  of  the 
new  constructed  Hamiltonian  is  the  squeezing  state17-.  According  to  this  theory, to  discuss  the  problem 
about  supersymmetry  requires  not  only  constructing  proper  annihilation  operator  of  the  Hamiltaonian  of  the 
supersymmetry  harmonic  oscillator, but  also  introducing  the  displacement  operator  and  squeezing  operator 
of  “supers pace”. 

This  paper  introduces  the  squeezing  operator  of  “superspace” .and  acts  it  on  the  supercoherent  state, so 
as  to  get  the  squeezing  supercoherent  state.  This  method  is  equivalent  to  acting  the  squeezing  operator  of 
“ supers  pace  ”on  the  displacement  supersymmetry  harmonic  oscillator,  and  then,  to  get  the  eigenstate  of  the 
new  constructed  Hamiltonian.  In  this  paper  .the  annihilation  operator  A of  the  supersymmetry  harmonic  os 
ciliaor  has  such  characters;  [A  ,H]~<dA, [A,  A + ]»l  and  H * uA+A,As  a result, the  obtained  squeezing 
supercoherent  state  is  different  from  the  squeezing  state  in  literature^'-.  In  this  paper, the  squeezing  charac- 
ter of  the  eigenstate  of  A is  also  discussed. 


2 Supercoherent  State 

The  Hamiltonian  of  the  supersymmetry  harmonic  oscillator 


H - JP*  + J<SX  - JUH7, 


la + a O \ 

1 • «♦) 


(1) 
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Where . x and  p are  the  coordinate  operator  and  momentum  operator  in  the  general  apace  • o,  k the  third 
component  in  Parti  matrix  ia  and  a+  are  the  annihilation  and  creation  operator*  of  the  ordinary  harmonic  os- 


cillator. 

The  HarmUtonian  of  the  supersymmetry  harmonic  oscillator  is  also  written  as : 
H - «wl+  A 

_ —P*  4-  Lw 

2 r h 2 V 2 


in  it  • 


(2a) 

(2b) 

(3) 


V - I^iA'A- A),r f^(A*- A>  (U> 

A-  + <4b> 


test  and  verify  easily . 

!>,»]-«*  (5) 

{.A  ,A*~]  *»  /,[<?,P3  ™ » (6) 

Because  (5)  is  tenable  ,A  is  called  the  annitflation  operator  of  the  snpersymmetry  harmonic  oscillator  i 
A+  the  creation  operator  of  the  supersymmetry  harmonic  oscillator-  (2b)  is  equal  to  the  relevant  expression 
farm  of  the  ordinary  harmonic  oscillator  >and  Q and  P are  called  the  generalized  coordinate  operator  and  the 
generalized  momentum  operator  of  “super* pace"  separately. 

We  can  get  the  energy  eigenvalue  of  H and  the  relevant  eigenstate  from  literature14’  .they  are 


— 0,  a “ 


(7a) 


IC'.*!1  kvl*  - i 


(7b) 

(7c) 


where 

**Ml0>),C''*“(|a  - l>) 

The  eigenvalue  of  o,  is  +1  and  — 1 . 

It  is  easy  to  prove  that 

^w>i  ” «t  — V*  + in+t.A*  An  — »« 


(7d) 


(8) 


the  eigenquation  of  A is 

A |F  («))  Am  «|F («))  (9) 

Where, a is  the  complex  parameter,  «■  |a|e*. 

The  definition  of  the  die  placement  operator  of  "auperspace”  ia 

D(«)  - exp(«d  + - «M)  (10) 

It  has  the  similar  character  of  the  ordinary  displacement  operator  D(u) , 

0+  (a)  - D(—  a)  - [D(o)]-’  (11a) 

D + (a)AD(a)  - A + a (lib) 

D+  (sM+0(«)  -,<♦+«•  (lie) 

The  eigenatate  of  A (double  degenerate)  ia  obtained  by  solving  the  eigenequation  of  (9)  , or  by  using 

D(«) 


|r,(«)>  -exp(-  i|^(cA|«|«)i 
|ir:(o)  =exp(- 


I a>. 


I">.  I 


as 

l«>« 

a 


la), 


(12a) 

(12b) 
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Where . I a),  end  |a),  ere  odd  coherent  state  and  even  coherent  state  respectively^'-.The  two  mathematical 
expression  formulas  produced  by  the  translation  of  the  orthonormalization  eigenstate  are 


DM*))  «/>(«>(  ,J>) 


|r,(a)>  «=  £>(«) 


For  the  eigenstate  of  A .it  is  easy  to  prove  that 


D (a) 


:«  I 0) 


(A«XAP>  - y 


(13a) 

(13b) 

(14) 


Namely. the  eigenstate  of  A is  the  minimum  uncertainty  state  of  Q and  P.they  are  the  conjugate  Her- 
mitian  operators-  In  this  sense. the  eigenstate  of  A is  called  the  supercoherent  state. 

3 Sqneaaiag  Supercoherent  State 

First  .let  us  introduce  the  unitary  evolutional  operator  of  “superspace"  generally: 

S,(Z)  - exp[Z»(A  + )*  - Z.'A*].  Z.  - Z/K ! (15) 

When  * * 1 ,it  h the  displacement  operator  D (a)  (a  = z)  j When  * »•  2,  S((X,  is  caBed  the  squeezing  oper- 
ator of  complex  parameter,  written  as  S(z). 


S(z)  = exp  £yz(A  + )*  — •yzM'J  • 


re 


(16) 


Where  r is  the  squeezing  factor . 9 the  squeezing  angle.  Since  the  character  of  A is  the  same  as  a.  and  also 

S*(Z)AS(Z>  - Ackr  + A*  (17) 

And 


S(Z)  - *(-.y)S(r>*(-|) 


(18a) 


Where.  R(*)  is  the  revolving  operator  of  the  phasespace.  S(r)  the  squeezing  operator  of  the  real  parame- 
ter, 

K(9)  » exp(—  t9A  + A ) (18b> 


S(r)  - exp  j<A+t  - A1)] 


(18c) 


(19) 


To  redefine  the  quadrature  phase  amplitude  operator  of  “superspace " 

X(p>  = jiM*  + A*  0-*) 

Since  the  eigenstate  of  H and  A all  have  the  double  degeneracy , the  squeezing  states  are  double.  One 
of  the  squeezing  state  of  “superspace”  can  be  defined 


!<j,z  >j  = 0(o)S(z) 


CD 


(20) 


Because  of  D+(a)AD(a)*A  + ai  and  making  use  of  (17)  and  (18), the  expection  value  of  X(<p)  in 
|a,  Z>i,  can  be  calculated,  that  is 


<*(*>)>,  = y(«"  + 


but  the  expection  value  of  Xl(<p)  in  |a,Z>i  is 


thus. 


(Xl(9»)>,  « a*Ol  + ckr  + e‘<****aAr  |»] 


<AJCz(q*>>,  - as(9*>>,  - U(p)>?  = -J-lcAr  e*<a^'s*r  I2 


(21) 


(22) 


(23) 


When  r = 0,  the  formula  above  is  the  fluctuation  of  the  supercoherent  state.  , <AXZ>,  is  irrelevant  to  q- 
When  r^O  (supposing  r>0),  if  ^satisfies  the  inequality. 

Cos(2p+  0)  < — thr  (24) 

then 


<AXJ(p>),  < -7 
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(25) 


Namely.  (24)  is  the  condition  that  the  squeezing  of  X(q>)  exists  in  |a.z>|.  X(<p-Mi/2)  is  the  phase 
amplitude  operator  which  is  quadrature  with  X(cp).  Its  squeezing  condition  is 

cos  (2p  + 9)  > Ikr  (26) 

Obviously  (24)  and  (26)  can  be  tenable  at  the  same  time.  That  is.  |a.z)t  can  not  exist  the  squeezing 
of  X(q>)  and  X(q>+ji/2). 

Especially,  if 

Ikr  $scos  (2*+  9)  tkr  (27) 

neither  of  the  quadrature  phase  components  has  the  squeezing  - 
From  (23)  we  get 

(AX,<f»),<AX*(*  + y>>»  = ^[1  + di‘2rm»*(2*  + *)]  (28) 

When  2<j>-H>— 0 or  n , the  formula  above  takes  the  minimum  value, 

(4X,(f))1(4XI(p+  y)>,  - (29) 


the  relation  of  the  minimum  uncertainty  is  tenable. 

When  2q>+§“0»  (29)  and  (26)  are  satisfied  at  the  same  timei  when  2q>+#aBa,  (29)  and  (24)  too- 
Similar  to  the  definition  of  the  squeezing  coherent  state , the  squeezing  supercoherent  state  |a,z>,  is  named. 
Using  (17) 

S+  (z)  0 (a)S(z)  = D (p)  (30a) 

is  solved , that  is 


Where, 
Now  make 


D (a)S(z)  - S(z)  D(fi) 

P ” : acAr  — a*  dire- 


|z,  d>,  - S(z)D  (p) 


CD- 


s(z)|r,(^)> 


from  (30b). her:  is 

I*.  p)\  * |«»  *)| 

Next  another  squeezing  state  of  ““supers pace"  will  be  discussed-  Let 

\z,pt)  » S(z)|r,(^)> 

Using  (17), here  is 

1 


(X(*)>,  - j(!P,(^)|[oire»+  dire-4^1]^  + [cAre-*  + dire**-]**  |r,(*)> 
ckrRe(pt)*)  + dirilef^e-^^’] 

<Xl(*>>2  - 4 <A,e“*-i-2A+A+A+ie-B*>I  + 4- 

~[chrRe(0e*)4-shrRe(ee-,<^,,)]*+^[ch2r+shlr+sh2rco*(2q>+8)] 


So, 


(30b) 

(30c) 

(31) 

(32) 

(33) 

(34) 

(35) 


(AX2^)),  - (XI(ff))i  - <X(*)>| 

- -j[cA2r  + jA2r  + jA2rcos(2f»+  #)] 

- *|“|cAr  + (36) 

It  is  clear  that  |z,  0>2  and  |z,  (!) : = |a,  z>,  have  the  same  squeezing  character,  and  both  are  the 

squeezing  supercoherent  states. 

The  eigenstate  and  of  A can  be  generally  written  as 

|!P (o)>  - C,|r,(a))  + Cj !!Pj(a)>  (37a) 

\C\  !z  + |C2I*  - 1 (37b) 

To  make 

|z,  p)  - S(z) \np))  (38) 

Similarly,  |z,  6)  is  the  squeezing  supercoherent  state.  It  includes  |z,  0>,and  |z,  p>t. 
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Since 


s(z)as+  (z)S(?.)\r($)>  = fiS(z)\rifi)>\ 

that  is,  |z,g>  is  the  eigenstate  of  the  unitary  transformation  operator  S+(z)AS(z)  of  A.  The  unitary 
transformation  does  not  change  the  eigenvalue  of  operator.  It  is  still  3. 

S(z)AS+  (z)\z,  fi)  - p\z.  0)  (39) 

The  eigenstate  of  equation  (39)  is  double  degenerate,  with  the  same  characher. 

4 The  Squeezing  Characher  of  The  Eigenstate  of  A2 

As  an  example,  the  squeezing  character  of  the  eigenstate  of  A2  will  be  discussed-  The  orthonormal- 
ization eigenstates  (quartet  degenerate  state)  of  A2  can  be  obtained  easily.  They  are 


l#«(a)>  “('?*)  " 
0t(a))  = (cth  |aj2)^ 

#4(a)>  « «A|a|2)i 


l«>- 


l«>. 


!<*>.« 


!<*>« 


!<*>« 


= |a)0 


<#,(«)  !#,(«)>  = <J„ 

42|*,(a)>  - a*|tf>.(«>>,  («  = 1 ,2,3,4) 

The  eigenstate  of  A2  has  the  character  that  can  be  converted  by  A acting  on. 

A j*.(a)>  = a«A|o|2)i|d»t(o)> 

A |$,(a)>  = aicth  | <*!*)■*  |0,(a)> 

A |#j(o))  = a(cth  |<»!2)i  |#«(o)> 

A | #4(a)>  = adAloDil^fa)) 
According  to  (41),  (42)  and  (43),  the  following  can  be  got  easily, 

thereby 


(40a) 

(40b) 

(40c) 

(40d ) 

(41) 

(42) 


(43) 


<X(9>))„  = <X(9.)>„  = (X(9>)>^  - <X(y)> oc  = 0 

(44) 

<AX2(9»)>.  = <X*(q»))M 

= -|-|a|2[cos2(9>+  £)  + <A  1 «l*j  ■+■  -j 

(45a) 

<AX2(9»))o.  * <X2(p)>a, 

= -j  |a|2[cos2(g»-f  <)  + cth  |o|2]  4-  -i- 

(45b) 

<AX2(9»)><#  = <X2(V))rt 

* Y |a|2[cos2(<p-f-  4)  -f  cth  f a | *]  4-  -j 

(45c) 

(AX2(v>))0<l  = <X2(*)>00 

* Yla^cos2( & + th  + T 

(45d ) 

Because  the  minimum  value  of  cth  |a|2  is  1 , the  squeeze  can  not  exist  in  |<t>,(a)>  and  |<I>j(o)).  But  the 
maximum  of  the  |u|2  is  1 and  not  negative,  so  if  the  value  of  op  can  be  chosen  properly,  it  can  make 

cos2(9»-h  ^)  < — fA  l“l*  (46) 

thus. 


= <AX2(9)>m<  j 

That  is  to  say,  |<J>,(u)>  and  !<J>4(u)>  both  have  the  squeeze.  But 


<*XH9,)>m(bXH<p+  j)>„ 


<AX2(p)>w(AX2(?>4-  -|)>06>  ' 


16’ 


( |t»!2  # 0) 


(47) 


(48) 
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so  |<t»i  <«>  > and  |<t>,(u)  > are  the  generalized  squeezing  states. 

5 Conclusion 


(49) 


As  far  as  [A  , H ] «* uA  ■ the  common  expression  of  the  annihilation  operator  of  the  supersymmetry 
harmonic  oscillator  is 

6 a 

ill**  ft 

in  it . 6 . r . X and  p can  be  either  figure  C , or  the  operator  function  of  »+a-  If  A can  still  satisfy  the  commu- 
tation relation  [A  ,A+]**l,  then  the  eigenstate  of  A can  be  produced  by  the  displacement  operator  of  “su- 
perspace" acting  on  the  two  minimum  energy  state  of  H. 

The  annihilation  operator  of  the  supersymmetry  harmonic  oscillator  > being  discussed  in  this  paper  > has 
the  special  significance.  Besides  it  satisfies  the  commutation  relation  [A*  H ]-«<jA  and  [A.  A+]*»I . there 
is  H =<jA+ A also,  which  is  like  the  general  annihilation  operator  a-  So  the  study  in  this  paper  is  very  re- 
semble in  forms  to  the  similar  discussion  about  the  ordianry  space.  But  on  the  other  hand , it  can  make  our 
study  in  this  paper  have  many  particularities  because  of  the  double  degeneracies  of  H , A and  S(z)AS+  (z). 


Reference 


1. D.  Stoler,  Phys.  Rev.  , D1  , 3217(1970). 

2. H.  P.  Yuen,  Phys.  Rev.  , A13  , 2226(1976). 

3.  P-  Salomottson,  et  al.  , Nucl.  Phys.  , B196  , 509(1982). 

4. C.  Aragone  and  F.  Zypman,  L.  Phys.  , A.  19  , 2267(1986). 

5.  V.  A.  Kosteiecky  and  M.  M.  Nieto,  Phys.  Rev.  Lett.  , 53  , 2285(1984). 

6.  Chen  Chengming  and  Xu  Donghui,  ACTA  PHYSICS  S1N1CA  41,  529(1992). 

7. S.  Chatwvedi,  M.  S.  Sriram  and  V.  Srinivasan,  J.  Phys.  A,  20  , L 1071  (1987). 

8.  M.  Hfllery,  Phys.  Rev.  A,  36,  3786(1987). 

9. Xia  Yunjie  and  Guo  Guang  chan,  Chinese  Journal  of  Quantum  Electronics,  5,  301(1988). 


72 


NEXT 

DOCUMENT 


The  Total  Gaussian  Class  of  Quasiprobabilities 
and  its  Relation  to  Squeezed-state  Excitations 


Alfred  Wiinsche 

Arbeitsgruppc  ” Nichtklassisrh t Strahlung"  drr  Max- Planck-G esellsch aft 
RuAowrr  Chau  user  5,  12J89  Berlin,  Germany 


Abstract 

The  class  of  quasiprobabilities  obtainable  from  the  Wigner  quasiprobability  by  convolu- 
tions with  the  general  class  of  Gaussian  functions  is  investigated.  It  can  be  described  by 
a three-dimensional,  in  general,  complex  vector  parameter  with  the  property  of  additivity 
when  composing  convolutions.  The  diagonal  representation  of  this  class  of  quasiprobabiiities 
is  connected  with  a generalization  of  the  displaced  Fock  states  in  direction  of  squeezing. 
The  subclass  with  real  vector  parameter  is  considered  more  in  detail.  It  is  related  to  the 
most  important  kinds  of  boson  operator  ordering,  The  properties  of  a specific  set  of  discrete 
excitations  of  squeezed  coherent  states  are  given. 


1 Introduction 

The  representation  of  density  operators  by  quasiprobabilities  forms  one  of  the  bridges  between 
classical  and  quantum  mechanics.  Whereas  the  classical  distribution  function  is  uniquely  defined 
and  gives  the  probability  density  to  find  the  system  at  the  corresponding  point  of  the  phase  space, 
a quantum-mechanical  distribution  function  over  the  phase  space  is  uniquely  defined  only  in  rela- 
tion to  a certain  operator  ordering  and  does  not  possess  all  properties  of  a t rue  probability  density, 
for  examph’.  positive  definiteness  or  orthonormality  of  the  involved  states.  The  best  compromise 
between  classical  and  quantum  mechanics  is  given  by  the  Wigner  quasiprobability  H’(o.o’)  in- 
troduced by  Wigner  in  1932  [1]  and  corresponding  to  symmetrical  ( Wevl  ) ordering.  However, 
other  quasiprobabiiities  are  in  use  and  sometimes  advantageous  as  the  coherent -state  quasiprob- 
ability  Q (o.o*).  the  Glauber-Sudarshan  quasiprobability  P(o,rv*),  or  the  one-parameter  class  of 
.s-ordered  quasiprobabiiities  ( —1  < .s  < +1  ) which  linearly  interpolates  between  the  coherent -state 
quasiprobability  and  the  Glauber-Sudarshan  quasiprobability  with  the  Wigner  quasiprobability 
in  its  center  [2.  3.  1],  I ho  quasiprobabiiities  are  auxiliary  functions  in  analogy  to  tin'  classical 
distribution  function  and  are  appropriate  for  the  convenient  calculation  of  expectation  values  of 
operators  being  invariant  quantities  in  quantum  mechanics.  Therefore,  each  of  the  quasiproba- 
biiities must  carry  the  complete  information  of  the  density  operator  and  a reconstruction  of  the 
density  operator  from  the  quasiprobability  must  be  possible.  We  consider  here  the  general  three- 
parameter  class  of  quasiprobabilit ir-  obtainable  by  convolutions  of  the  Wigner  quasiprobability 
with  the  total  class  of  normalized  Gaussian  functions  of  the  phase-space  variables  and  call  this  the 
total  Gaussian  class  of  quasiprobabiiities.  In  particular,  it  contains  the  quasiprobabiiities  related 
to  standard  and  antistandard  ordering  of  the  canonical  operators  and  the  linear  interpolation 
between  them. 
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2 The  displacement  structure  of  the  quasiprobabilities 

A strong  and  important  restriction  to  the  form  of  quasiprohabilities  over  a phase  space  with  the 
topology  of  a plane  results  from  the  requirement  that  displacements  of  the  whole  system  in  the 
phase  plane  ( Heisenberg- Wcyl  group  ) must  lead  to  correspondingly  displaced  quasiprobabilities 
in  analogy  to  classical  mechanics.  If  the  transition  from  the  density  operator  g to  a normalized 
quasiprobability  F{a,a')  is  written  by  a transition  operator  7’(o,a’)  as  follows 

F(o,  o’)  = {gT(a,  a*)),  J -da  A da*  F(a,  a‘)  = 1, 

-da  A da’  — dRe(o)  A dim  (o),  (...)  = Trace(. . .).  (1) 

then  the  requirement  regarding  displacements  implies  the  following  “displacement  structure'  of 
the  transition  operators 

T(a,a*)  = D(a,  a*  )7’(0, 0)(  Z)(a,  o*  ))t, 

t -da  Ada*T{a.a*)  = /,  (7’(a.o*)>  = (7’(0,0))  = (2) 

J 2 it 

where  the  displacement  operator  7>(o,o*)  is  defined  by 

D(a,a*)  = exp(aa*  — a*a),  [a,a*]  = /,  (3) 

with  a and  as  the  boson  annihilation  and  creation  operator  and  with  / as  the  unity  operator. 
This  means  that  the  transition  operators  T(a,a*)  provide  a phase-space  decomposition  of  the 
unity  operator.  The  given  trace  of  the  transition  operators  is  a consequence  of  the  following 
identity  which  can  be  proved  for  arbitrary  operators  A [5,  6] 

j ^da  A dam  D(a,am)A{D{a,am))'  = i t(A)I.  (4) 

The  reconstruction  of  the  density  operator  g from  the  quasiprobability  F(a.a’)  can  be  made  by 
an  operator  T(a,am)  in  the  following  way 

p — 7T  J -da  A da'  F(a,a*)T(a,  a*)<  (5) 

under  the  condition 

(T(a,a)T(lU'))  = -6(a  - /*,«*  - /T).  ((,) 

7T 

It  can  be  proved  that  the  operator  T(a, a*)  possesses  the  same  “displacement  structure”  as  the 
operator  T{a,a *)  with  all  its  consequences  ( phase-space  decomposition  of  the  unity  operator, 
trace  equal  to  1 / 7r , see  (6]  ). 
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3 The  three- parameter  Gaussian  class  of  quasiprobabi- 

lities 


The  discussed  restrictions  from  the  displacement  structure  of  the  quasiprobabilitic-  admit  still  a 
rich  variety  of  possible  quasiprobabilities.  We  consider  here  the  three- parameter  class  of  quasiprob- 
abilities Fr (o.a*)  with  the  vector  parameter  r = (?q  , r2,r;})  which  can  be  obtained  fiom  the 
Wigner  quasiprobability  lT(a.o*)  = Fo(c*>  o'),  (0  = (0,0,0)),  by  the  following  convolutions 


^<r,,ra.r3)(o,0*)  = fl(r,  ,r2,r3)(«5  <**  ) * ^'(o,  O*  ) 


(<) 


with  the  normalized  Gaussian  functions  g or  their  Fourier  transforms  q 

S(r,.r3.r3 )(«,«*)  = eXP  { “ (r1  (°2  ~a*  2)  + ?T2  (ft2  + O*  2 ) + r32oO*)  } , 

(Id  2 d \ f l / / d2  d2  \ ( d2  d2  \ . d1  \ 1 

^(r,  rj  Tl)V7^’7^J  = exp\4  V 1 \dd2  ~d^)  ~ ^V^2  + d^2)  + r^dadn*)  J! 


_2  _ , „2  , ‘2 
r = r,  + r2  + r3. 


(8) 


This  total  Gaussian  class  of  quasiprobabilities  with,  in  general,  complex  vector  parameters  r = 
(ri , r2.  r3)  contains  the  class  of  ,s-ordered  quasi  probabilities  as  the  special  case  F(00  q(a.o')  with 
real  r3  = -s.  The  subclass  /qri(0,0>(o.  o*)  with  real  rq  and  -1  < rq  < -fl  is  related  to  the 
linear  interpolation  between  standard  and  antistandard  ordering  of  powers  of  the  canonical  op- 
erators Q and  P that  is  considered  more  in  detail  in  [6].  The  connection  between  two  arbitrary 
quasiprobabilities  with  the  vector  parameters  r and  a is  given  by 


Fr(o,o*)  = srr-«(a,0',)Fa(n,.o*), 


(») 


and  the  reconstruction  of  the  density  operator  g by 

g = xj  -da  A do"  Fr(o.  o')7Lr(o,a’).  (10) 

A resting  subclass  of  the  total  Gaussian  class  of  quasiprobabilities  is  given  by  the  restriction 
to  al  vector  parameters  r = (rq , rq, r3))  and  I r2  < 1.  The  “diagonal  representation”  of  this 
subclass  leads  to  a generalization  of  the  displaced  Fock  states  in  direction  of  kind  of  dis:  >•  ed 
squeezed  Fock  states  as  we  now  will  show. 


4 Diagonal  representation  of  the  Gaussian  class  of  quasi- 
probabilities with  real  vector  parameters 

From  the  Fock -state  representation  of  the  operator  7’(0,U)  in  Kq.(2)  in  connection  with  Eq.(  1 ) one 
obtains  the  following,  in  general,  nondiagonal  representation  of  the  quasiprobabilities  in  displaced 
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Fock  states  |a,  n) 


UU  A-  | 

F(a,am)  = 525^{m|r(0,0)|n)(o,n|e|o,m),  £(n|r(0,0)|n)  = 

m*0  n— 0 n=0 

|a.n)  = D(o, «-)|„)  = — |==(«*  - a-/)-|a)  (II) 

V»' 

The  s-ordered  class  of  quasiprobabilities  is  diagonal  in  the  representation  by  the  displaced  Fock 
states  according  to  ( s = -r3  ) 


Fwa.„(o,o-)  = E ( - hr;)  (o'n|f|o’n)- 


(12) 


The  more  general  Gaussian  class  of  quasiprobabilities  with  real  vector  parameters  r = (rt,  r2,r3) 
can  be  diagonalized  in  the  following  way  ( proof  is  given  in  [6]  ) 

r , 2 1 — r V / rl~*>2  ri  ~ ,r2  \ 

^,^,^>(0,0)  = 77— r > 1 ~ r— ~ ) — r 9 o,n; ~ >, 

(!  + r)  V 1 + r/  \ r + r3  r + r3  / 


(1  + 

= \]T\+r\  + r3’  0<^<1, 


(13) 


where  we  have  introduced  a set  of  discrete  excitations  of  squeezed  coherent  states  jo,  n\  ()  with  a 
complex  squeezing  parameter  ( in  the  nonunitary  approach  as  follows 

|o,n;0  = D(a,Q-)-i!(^i4)  |0,0;(), 

|0.0;O  = (1  + (Otrapf  - |«’A|0)  ~ (I  -f  CO*  E (^l,;f^n2m>.  (14) 

\ “ s rn=0 


The  slates  |o,  m;  — Q and  jo.n;^)  with  opposite  squeezing  parameters  ( are  mutually  orthonor- 
malized  and  satisfy  a completeness  relation  in  the  following  way 

X 

(o,m;-C|o,n:0  = Sm.H,  ^ jo,n;C)(o,n;  -(1  = /•  (15) 

n=  0 


In  case  of  vanishing  squeezing  parameter  (,  = 0 the  states  |o, n;  ()  become  identical  with  the 
displaced  Fock  states  |a.n) 

jo,n:0)  = P(o, «*))»)  = lo.n).  (lt>) 


Consider  now  the  limiting  case  of  maximal  squeezing  |C|  = 1 within  the  states  Jo,n;(,')-  If  one 
makes  the  transition  to  real  variables  r/  and  p and  to  the  canonical  Hermitean  operators  Q and  F 
according  to 


a 


H ± >P  . _ <1  ~ <P  _ Q + iF 
Slh'  ^ ~ yffi'  V2h  * 


Q-tF 


(17; 
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then,  in  particular,  one  obtains 


</  + lP 

i V® 


I 


) 


<7  + iP 

— P=^.u: 

y/l h 


') 


= %/•  P) 


2/ij r)«  / P 
y4d  \iy/hj 


Y,„= 


i,=«) 


(IX) 


where  lHq,p)  denotes  the  displacement  operator  in  the  representation  by  the  real  variables  q and 
p and  |</)  and  |p)  are  the  eigenstates  of  the  operators  Q and  P . respectively,  normalized  in  the 
usual  way  bv  means  of  the  delta  functions  with  the  scalar  product  v2hx(q\p)  = exp  ((ipq)/h). 
The  states  in  Kq.(18)  represent  discrete  sets  of  excitations  of  the  states  \q)  and  \p)  in  analogy'  to 
the  displaced  Fock  states  |o.n)  as  discrete  sets  of  excitations  of  the  coherent  slates  |n). 

The  states  |o,n:C)  with  |£|  > I are  well  defined  by  Eq.(I4)  but  they  are  not  normalizable 
in  the  usual  sense  or  by  means  of  the  delta  function.  They  are  states  of  certain  rigged  Hilbert 
spaces  since  their  scalar  products  with  itself  does  not  exit  but  it  exists  the  scalar  product  with 
states  from  spaces  of  sufficiently  well-behaved  normalizable  states  that  can  be  used  for  auxiliary 
purposes,  for  example,  for  the  formulation  of  completeness  relations  on  contours  of  the  complex 
variable  o.  In  this  connection  we  introduce  the  following  terminology  of  normalizahility  of  states: 

I.  normalizable  ( scalar  product  of  the  state  with  itself  exists  meaning  that  they  are  states  of 
the  usual  Hilbert  space:  case  jd  < 1 in  Eq.(14)  ). 


2.  weakly  uonnormalizable  ( states  can  be  considered  as  limiting  cases  of  normalizable  states 
or  states  of  a certain  rigged  Hilbert  space  and  ran  often  be  normalized  with  “neighbouring" 
states  by  means  of  the  delta  function;  case  |d  = 1 in  Eq.(14)  ), 

3.  strongly  uonnormalizable  ( states  cannot  be  considered  as  limiting  cases  of  normalizable 
states  but  they  are  states  of  more  general  rigged  Hilbert  spaces  or  spaces  of  linear  functionals: 
case  |C|  > 1 in  Kq.(ll)  ). 

If  one  admits  strongly  uonnormalizable  states  in  F.q.(  13)  in  a formal  way.  then  one  may  omit 
the  restriction  to  nonnegative  values  of  r-s/r.  In  the  case  r3  = 0 one  has  to  do  with  weakly 
non  normalizable  states  corresponding  to  |d  = 1 and  both  possible  signs  of  the  square  root  in 
r — \/ rj  -f  rj  are  admissible  leading  to  two  possible  representations  of  equal  rank. 


5 The  sphere  of  the  Gaussian  class  of  quasiprobabilities 
with  real  vector  parameters 

As  the  main  class  of  quasiprobabilities,  the  (iaussian  subclass  of  quasiprobabilities  with  real  vector 
parameter  r = (f’i,  and  with  rl  < 1 forms  the  interior  plus  surface  of  a three-dimensional 
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sphere  with  the  Wigner  quasiprobability  W(«,  a*)  in  its  center,  the  coherent-state  quasiprobability 
Q(o,o*)  in  the  North  pole,  the  Glauber-Sudarshan  quasiprobability  P( a, a’)  in  the  South  pole  and 
the  quasiprobabilities  P\cot  i..*m  rt’)  corresponding  to  standard  or  antistandard  ordering  of 

the  rotated  canonical  operators  Q and  P about  an  angle  \p  around  the  Equator  ( see  fig.  I in  [«1  ). 
Whereas  at  the  surface  of  this  sphere  the  quasiprobabilities  an*  representable  as  the  expectation 
values  of  transition  operators  of  the  dyadic  form  l/jrjo,0; — (j  with  squeezing  parameters 
±(  fixed  for  each  diagonal  through  the  renter  of  the  sphere  ( if  we  admit  strongly  nonnormalizable 
states;  in  the  other  case  this  is  only  true  for  the  upper  hemisphere  ),  in  the  interior  one  has  mixed 

states  of  |ft.n;(,‘){o,n;  — C|.  (n  = 0 oc ) as  transition  operators.  This  is  in  a certain  analogy  to 

the  Poincare  sphere  of  pure  and  mixed  polarization  states  where  the  pure  polarization  states  are 
situated  on  the  surface  of  this  sphere  ( right-handed  and  left-handed  circular  polarization  at  the 
North  and  South  pole  and  the  different  linear  polarizations  around  the  Equator  in  dependence 
on  the  direction  of  linear  polarization,  elliptical  polarizations  on  general  surface  points  ) and  the 
mixer!  polarizations  in  the  interior  of  the  sphere  with  the  fully  unpolarized  state  in  the  center. 


6 Some  representations  of  the  states  \/3 , n:  () 

It  is  interesting  to  consider  the  properties  of  the  states  | «;(,')  itself  by  the  calculation  of  different 
representations  and  quasiprobabilities.  These  states  comprise  the  squeezed  coherent  state's  as  the 
special  case  |J.O;C).  We  introduced  these  states  in  Eq.(H)  in  a non  normalized  form.  First,  a 
normalization  factor  can  be  calculated  from  the  following  scalar  product  ( see  [6]  ) 


{:?.  = (0,n:(,‘|0.n;C) 

»!  ( \u 

V I - (C ) £;*!'(..  -2tl!Vl  + «-/ 


(19) 


The  polynomials  at  the  right-hand  side  of  Eq.(19)  do  not  belong,  at  least,  to  well  known  polyno- 
mials with  a fixed  abbreviation. 

Next,  we  calculate  the  Bargmann  representation  of  the  nonnormalized  states  \ii,  n:  Q with  the 
following  result  of  an  analytic  function  of  n* 


f(ct')  = {0|exp(o*a)|^,n;C) 


\/ri? 


//nl 


- ;n)  exp  { - jK  - S-f  + a‘3  - 


(20) 


where  Hn(z)  denotes  the  Hermit**  polynomials  in  the  usual  way.  For  the  “position^represenlalion 
one  obtains 


(q\3,n:0 


Mm  "■(' 


j + cc 

(1-0  (L+C)ft 


(«-vf 
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T ±±(^(‘l - \fl[i  + ,r]) 


+ 


(g  ~ 4’)</ 

V2h 


(21) 


and  for  the  "■momentum"  representation 

(p|;i,  n:  0 
( 


(Hf)' 


t + cc* 


(i  +0(1  - 
1 - 


<T*("+,Vl(J-r))) 


vT+C 


?exp<  - 


— I 


s/2h 


+ 


(22) 


From  Kqs.(20)  and  ( 19)  one  finds  the  coherent-state  qur'-iprobahility  Q(o.o’)  for  the  normal- 
ized states  j.i.  it:  C)nurm-  VVe  give  it  only  for  the  states  JO,  »;  C)nor,u  because  the  transition  to  tin* 
states  |J,  n:  C)„,,rn.  rati  be  simply  made  by  the  substitutions  o — ► o — ;i  and  o’  — > o’  - d*.  The 
result  for  |0.  n:C)».*-».  is 


<^(o,o’) 


1 (o|0,h:()(0.  n;Cjft) 
n {0.  n:  CIO.  n;  C) 


0«) 


Hy  convolution  of  <^(o,  o* ) with  2/?rexp(2«o’)  one  obtains  from  Kq.(2-J)  the  Wigner  quasiprob- 
ability for  the  normalized  states  |0. n; C),iorm  with  the  result 


H'(o.o’)  = 


(-i  r 


V'ljl 

2~,k=o 


(M\* 


*!l(n-2fc)!  yi+«*y 


^ (-!)'«!  f i/ZF  /l+CCn+Cf A.. 

” j!a(n  - »!  V +CC  / Hj\V  1 v'C  ) ' 

*expl  1 - CC*  }' 


(24) 


The  transition  from  (0, n; C)n<?r™  to  |.T it; C)nor».  can  be  made  again  in  Eq.(24)  bv  the  simple 
substitutions  o — * o — .1  and  o*  — » o’  — ."f*.  In  figs. ( 16)  we  represent  the  Wigner  quasiprobabilit  v 
in  its  real  representation  W'(q.p)  with  the  normalization  f dq  AdpYV(q,p)  — 1 for  tin*  first  6 states 
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|0, «;  C)nom, , i.o.  for  » = 0, 1 , with  tho  squeezing  parameter  ( — +0.5  and  with  h = 1 . For 
C — —0.5  one  obtains  the  same  pictures  only  rotated  about  an  angle  ir/2. 

Let  us  give  here  additionally  the  explicit  expressions  of  three  partial  classes  of  quasiprobabilities 
from  the  total  Gaussian  class  for  the  normalized  squeezed  vacuum  states  |0,0;C)„o,  m 


Wo, («.«*)  = ~ 


i-cc* 


exp 


(l+r?)(l-CC*)-2r,(C-C) 
f 2(a  + C0K+0»)  + r,(l 
1 (l+r?)(  l-CC)-2r,(C-C)  /’ 


F(0.r2.0)(«.rt’)  = - 


» - cc* 


exp 


(l+r|)(l-CC)-*2r2(C  + C) 

2(o  + C«‘)K  + C‘<»)  + *r2(  1 - CC)(«2  + «*2) 


{- 


(l+rI)(l-CC)“*2r2(C  + C) 


} 


F(0,0,r3,(o.  O’)  = — 


i - CC* 


exp 


0+r|)(l-CC)  + 2r3(l+CC) 

/ 2(o  + CQ*)(ft*  ± Co)  + 2r3(l  - (CK  ] 

l (l+rI)(l-CC-)+2r3(l+Cf)  J 


(25) 


The  modulus  of  the  complex  squeezing  parameter  £ determines  the  amount  of  squeezing  whereas 
the  phase  of  the  squeezing  parameter  ( determines  the  position  of  the  squeezing  axes.  In  particular, 
the  squeezing  axes  are  parallel  to  the  coordinate  axes  for  real  ( = (m.  In  this  case  the  class  of 
quasiprobabilities  F(rii0i0,(o,o*)  simplifies.  The  squeezing  axes  are  diagonal  to  the  coordinate 
axes  for  imaginary  ( = — and  then  the  class  of  quasiprobabilities  F(o,r2,o,(ft.«* ) simplifies. 
The  usually  considered  class  of  quasiprobabilities  /i(o,o,rj,(<*i<*’)  contains  the  interesting  value 
of  the  parameter  r3  for  which  the  denominator  in  the  exponential  function  vanishes  and  the 
quasiprobabiiity  becomes  a singular  function.  This  point  depends  on  the  modulus  of  the  squeezing 
parameter  and  is  given  by 


smg  _ | iCj  / ' nn;  __  j[  + 10  \ /<>£\ 

i + icr  ( * ~ i-icr  ( 

where  the  second  solution  given  in  brackets  seems  to  be  not  of  interest.  For  parameters  r3  less  or 
equal  this  singularity  point  the  corresponding  quasiprobabilities  can  be  only  considered  as  gen- 
eralized functions.  Recall  that  the  quasiprobabilities  for  squeezed  coherent  states  |;?,0:C)  can  be 
obtained  again  from  the  quasiprobabilities  for  |0,0;()  by  the  mentioned  argument  displacements. 
Last,  we  found  for  the  number  representation  of  the  states  |0,  n;Qnorm 
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It  contains  only  even  or  odd  number  states  in  dependence  on  n as  an  even  or  odd  number.  For 
large  modulus  of  the  squeezing  parameter  ( the  resulting  number  distribution  becomes  relatively 
broad  and  uniform  over  even  or  odd  numbers.  The  transition  from  the  states  |0,  n;  to  the 

displaced  states  |/9,  n;  Qnorm  is  here  more  complicated  as  in  the  case  of  the  quasiprobabilities. 
Generally,  if  an  arbitrary  state  |v)  has  the  number  representation 

OO 

N>)  = (28) 

n=0 

then  the  displaced  state  |y>)  has  the  number  representation 


w/m  - «p  ( - -f)  E ( E -A=i  E -i7 — 


exp 


= exp 


E 

j= o 

|,m) 


(-f)E 


oo 


m=0  \ n=0 


(-^rm^-m(^*)cB  |m), 


(») 


where  £*(r ) denotes  the  Laguerre  polynomials  in  the  usual  way.  This  is  a kind  of  discrete  convo- 
lution of  the  primary  number  representation. 


7 Conclusion 

We  investigated  the  total  Gaussian  class  of  quasiprobabilities  and  its  diagonal  representation  in 
case  of  real  vector  parameters.  Another  interesting  special  case  is  given  for  real  r3  and  imaginary 
ri  and  r2.  It  seems  that  this  case  may  be  treated  in  analogy  to  the  usual  s-parametrized  class  of 
quasiprobabilities  by  transition  to  new  boson  operators  via  a Bogolyubov  transformation.  Some 
points  and  proofs  are  given  more  in  detail  in  [6]  but  some  are  new  in  the  present  paper,  in 
particular,  all  formulae  of  section  6 for  the  states  |$,  n;  ()  are  given  here  for  the  first  time. 
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Abstract 

The  relation  of  squeezing  and  Q (a)  function  is  discussed  in  this  paper.  By 
means  of  Q function. the  squeezing  of  field  with  gaussian  Q(a)  function  or  negative 
P(a function  is  also  discussed  in  detail. 

1 Introduction 

In  quantum  optics. P(a),Q(a)and  W(a)are  coammon  quasiprobability  distribution  func- 
tion [l],but  only  Q(a)  perserve  good  function  (positive  and  nonregular).  Recently, by  means 
of  Fokker  — Plank  equation  for  Q function  .M.  S.  Kim  et.  al  discussed  the  fouth— order  squeez- 
ing[2].In  this  paper  ,wt  consider  the  relation  between  Q function  and  squeezing  .and  study 
the  squeezing  of  field  with  gaussian  Q function  or  negative  P(a function, 
for  any  field  density  operator  p .the  Q function  is  definded  as 

Q(a)  = — <aj/»|a>  (1) 

n 

it  satisfies  the  normalization  condition 


J datQia)  = 1 (2) 

For  antinormally  ordered  operator  f(a  ,a+  ) = fu)(a  ,a  + ) »one  can  get  following  equation 

</(<i,a+)>  = |</2afQ(a)/<a)(«»a*  ) = 1 (3) 

where  a and  a'are  annihilation  and  creation  operators  respectively  Ddfining  parameter 

S = (s(a  + <2+)z.)  — (a  + a+>*  (4) 

For  squeezing  .S  should  be  negative 

Now, we  suppose  that  Q function  can  be  expanded  as  following  form 

Q(0)  = = C;.w)  (5) 

I'sing  mathmatical  identity  [3] 
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(6) 


one  can  have 


1 (P  > 0) 


and  the  normalization  condition  is 


SC— 1 «!/0"+'  = 1 

m 

By  means  of  equation*  (3)and  (7)»we  have 

<a  + o+>  = 2 - — ~ 

(a1  + a+>)  = 2 g.(”.  + j» 


<«*  «>  - s — 


and 


5=2 


T 2<»I  + 2)!«<C„  * + 2 


^Jm+3 

-C2 


+ 22 


w + 1 ~ ft 

i-f-2  m 


2Am  4-  l)l_/{«CJll,1.+1-,2 


+ 2 


32 


If  the  field  exists  squeezing* then 

4 2)\ReCm<m+1  (m  4 1 — P)mlCm,m 

Zj  L pm+ 3 ' ^"  + 2 

< 2(w  4 \ 

m P" 


] 


2 Squddzing  of  field  with  gaussian  Q function 

We  introduce  the  gaussian  Q function  as 

Q(a)  =-  \/ tz  — 4 |*4  | zexp\_—  t(a*  — <om  )(a  — <o) 
4 A' {a'  - aT  )2  4 A(a  - w)2] 


(7) 

(8) 

(9) 

(10) 

(11> 

(12) 

(13) 

(14) 
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where  t>2|A|.  Using  integration  formula[3] 

dzz 


\ 


*|t|,+/sl+#s",+rr+*i‘  _ 


1 


rc 


/a*2  — ifg 


gg±i!i±*!/ 
-g  M-Ug 


and  equation  (3), one  can  show 


(15) 


<a+  a+)  = ® + w* 


(16) 


(a2  + o+z>  = <w*2  + oi2  4- 


2 (A  + A') 

t2  - A\A\2 


(17) 


<o+  a)  = \u>\z  + 


4 \A 


- 1 


and  easyly  obtain 


o 2 (A  + a-  + A\A\2  + t - t2) 
t2-A\A\2 


Thus  the  condition  for  the  existence  of  squeezing  is 


(18) 


(19) 


A A- A*  + A\A\2  <t2  — t (20) 

If  A = 0, squeezing  means  t>l,if  t<l  and  A=0.no  squeezing  exists  in  the  field*  It  is  worth  to 
point  out  that  the  field  with  A=0and  t>l  has  not  been  found  uptill  now. 

3 Squeezing  of  field  with  negative  P(a)  function 

The  relation  of  P(a)  and  Q(a)  is 

Q<«)  = | '*-'>(/})  (21) 

for  nonclassical  field. its  P(o)  function  has  two  situations  [4]t  i)  P(<*)  is  negative,  ii)  P(a) 
is  more  singular  than  d - function.  We  consider  the  nonclassical  field  with  negative  P(a) 

funetion[5] 

p =*  ^d2aP(a)  ja)<fl|  (22) 

Suppose  P(o ) as 


Using  equations  (6)and  U?l).we  obtain 


P(a)  = P.'jda'j 

> >j 


(23) 
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(24) 


q<«>  = S 


mia(i,j) 


tjjia'  ‘a**  1 


ti  /I(«  -/)!(>  -/)!(/  + l)'+'-#+l 

comparing  with  equation^  ) .one  can  have 


0- 


1 + * 


(25) 


Cm  n = 2P. 


(m  + /)  J (n  -j-  /)  J 


(26) 


, /]#»!»!  (1  + *)«+"+'+» 

Obviously , the  field  with  negative  P function  can  exihibites  squeezing  for  some  situation , but , if 
P(a)  is  only  the  function  of  |aj  ,i.e,  P(<* ) is  sphere  symmetry  in  phase  space, then 


P>,j  = 0 O'  7 * » 


(27) 


C„„,  = 0 (w  ^ »)  (28) 

Form  equation  (12), one  can  get 

5 > 0 (29) 

In  conclusion  .it  is  clearly  that  no  suqueezing  exists  in  the  field  with  negative  P (a)  function 
which  is  sphere  symmetry  in  phase  space. 
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Abstract 

A new  type  of  time-energy  uncertainty  relation  was  proposed  recently  by  Anandan 
and  Aharonov.  Their  formula,  to  estimate  the  lower  bound  of  time-integral  of  the  energy- 
Huctuation  in  a quantum  state  is  generalized  to  the  one  involving  a set  of  quantum  states. 
This  is  achieved  by  obtaining  an  explicit  formula  for  the  distance  between  two  finitely 
separated  points  in  the  Grassman  manifold. 
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I.  Introduction 


We  first  review  briefiy  the  conventional  time-energy  uncertainty  relation  in  quantum 
mechanics.  Let  A be  an  ovservable  without  explicit  time-dependence  and  \4>(t))  be  a 
normalized  quantum  state  vector  obeying  the  Schrodinger  equation  with  a hermit ian 
Hamiltonian  H.  !f  we  define  A A and  ta  by 


&A  = - (iHOI^Wf)}2  , 


rA 


it 


<*(t)l4*(t)> 


-i 


A A, 


and  take  the  equation 


j(*(l)|,4|V(!»  = i(V(DI  1.4. H|  iV(0> 


into  account,  we  are  led  to  the  uncertainty  relation  {1  j 

r^H  > ! 


(1) 

(2) 


(3) 

(4) 


The  quantity  ta  is  interpreted  as  the  time  necessary  for  the  distribution  of  (V'(f)IAI^(f)) 
to  be  recognized  to  have  clearly  changed  its  shape. 

In  contrast  with  the  result  given  above,  Anandan  and  Aharonov  [2]  have  recently 
succeeded  in  obtaining  quite  an  interesting  inequality.  They  consider  the  case  that  the 
|^(f))  develops  in  time  obeying 

•»|i  m)  = HmM) , (5) 

(m\m)  = i , (6) 


where  //(f)  is  an  operator  which  is  hermitian  and  might  be  time-dependent.  They  con- 
clude that 

f A£{t)dt  > AArccos(|{^(/i)|V'(f2))|)  , (7) 

Jt  i 

where  A£(f)  is  given  by 

Af(0  = v'(^(i)i//(i)1iv-(i))  - (mimm2  w 

The  inequality  (7),  which  we  refer  to  as  the  Anandan-Aharonov  time-energy  uncertainty 
relation,  has  been  derived  through  a geometrical  investigation  of  the  set  of  normalized 
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quantum  state  vectors.  The  r.h.s.  of  (7)  can  be  regarded  as  the  distance  between  two 
points  in  a complex  projective  space. 

Here,  we  seek  the  generalized  version  of  (7).  We  consider  a set  of  N orthonormal 
vectors  (|V»,(f))  : * = 1,2, . . . , N]  satisfying 

(lfr«(0hM0)  - . *.  3 - 1.2,  N,  (9) 

each  of  which  obeying  the  Schrodinger  equation  (5).  We  define  N x N matrices 
and  K'!i,ti)  by 


A(h,h)  = (o,,(ti,«2))  , - (MtiMM)  , 

Kit^h)  = A'(tuh)A{U,t2) 


(1C) 

(H) 


and  Ki(ti,t2),i  - 1,2,.  ..,N,  to  be  the  eigenvalues  of  Defining  the  generalization 

of  (8)  by  


A £v(t)  - 


N 


N 


y>.(oi//(w.(o>  - y, 

M i=i  «j=i 


we  find  that  A €n  (t)  satisfies 


£ A£w  (f)df  {Arcco8^iei(fi,fa)J 


The  inequality  (13)  ca!i  be  written  in  an  operator  form  as 

rh 


lyTHPmHmfm.pami 


> %/2f>y Tl(( Arccos^d  ,)/>(f2) )')  , 


where  P(l)  is  defined  by 


N 


p(  o = Ewi)«wi)i. 


«=i 


(12) 


(13) 


(14) 


(15) 


and  rIY  denotes  the  trace  in  the  Hilbert  space.  The  result  (13)  is  obtained  through  a 
geometrical  investigation  of  the  Clrassmann  manifold  Gn  mentioned  below. 


91 


II.  Distance  formula  for  the  Grass mann  manifold 


Given  a Hilbert  space  h,we  consider  vectors  |V>,),»  — 1,2, N .belonging  to  h and 
satisfying  (V'.lV’j)  = 6tJ  We  call  the  set 

* = (IV’i),|^).--,|V'n))  (16) 

an  N- frame  of  h and  the  set 

(4]  = {4«:tt  eU(N)}  (17) 

an  N- plane  of  h, where  4 a is  defined  by 

**  = (51  5Z  Ilk)***)-  (18) 

«=l  j=  1 k=l 

It  is  clear  that  the  (4]  and  the  projection  operator  P = |4t)(4t|  are  invariant  under 

the  replacement  4 — * 4u.  We  denote  the  set  erf  all  the  4’s  of  h by  Sn-  Then  the  set  Gn 
defined  by 

G*  = {(4j:4e£w}  (19) 

is  known  to  constitute  a manifold  of  complex  dimension  A/ (dim  h — N)  and  is  called  the 
Grassmann  manifold. 

To  an  N-frame  4(f)  = (|4i(0)>hM0)>--  > |4/v(0))  € $n>0  < t < 1,  there  correspond 
an  JV-plane  [4(l)j  G Gn  and  a projection  operator  P(f)  = t lV’»(0)(V\(t)l-  Since  the 
eigenvalues  of  P(l)  are  equal  to  those  of  P(Q)  including  multiplicities, there  exists  a unitary 
operator  W such  that 

P(l)  = WlP(0)W,  W = e'Y,  Y'^Y.  (20) 

We  define  the  distance  <f(|4(0)],  (4(1)])  between  two  points  |4(0)J  and  (4(1)]  of  the  Grass- 

mann manifold  GN  by 


<f(l*(0)l,|*(l)l)  = Min||y||,  (21) 

where  T,  is  the  set  of  hermitian  operators  specified  by  P(0)  and  P(i)  in  the  following  way: 

£ - {Y  : Y = V(P(0),P(1))  - -T(P(1),  P(Q))  - Y\e~tVP(0)etY  = P(l)}.  (22) 
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After  some  manipulations, we  find  that  the  distance  is  given  by  the  formula 


<*(l*(0)|,l*(i)|) 


(23) 


where  k,  is  defined  below  (11)  and  satisfies  0 < k,  < 1. 

We  also  find  that  the  above  defined  distance  in  Gn  satisfies  the  property  of  distance: 


<*(!*),  1*1)  = rf(l*].  1*1)  > o, 

(24) 

■<(l*].  1*1)  - o <=»  1*1-- 1*1, 

(25) 

i(l*].l*])<J(l*l,|H|)  +rf(|H!.(*|), 

(2b) 

for  any  € Gn 


III.  Time-energy  uncertainty  relation 

The  projection  operator  P(t)  is  defined  by  (15)  and  \i>t{l)),t  — 1,2 develops 
in  time  obeying  (5).  We  then  have 


p(i+dt)  = pm^m),p(t)) 


2(./>)’ 


aRrsmi + iH(t),iH(D.  pm  1 1 


dt 


I 


(27) 


When  (♦(0)}  and  [^(1))  are  close  to  each  other,  k,,  i 1,2, ... , /V,  are  nearly  equal  to  1. 
Noticing  that  (Arccos v/ic)2  « 1 — k for  k ^ 1,  we  see 


d(in)iw+dt)\) 


2£(1 -*(*)), 

t=1 


(28) 


where  K,(t)’s  are  obtained  from  P(t)  and  P(t  + dt)  by  similar  procedures  to  those  of 
previous  sections.  Since,  in  the  above  case,  we  have  TVP(t)  = N and 

N 

E 

«=l 

(28)  can  be  rewritten  as 


wwni + <io)  = 


(29) 


rf(i*(i)],i*(i  h <«>])  - - w i 


(:«) 
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Now  we  have 


<(((*(i)i,  (*« + <*)o  = i^l/iv(/>(i)i«(o.iH(i),  mio 

= ^!^TY(|P(l),H(I)][H(l),n<)l) 


pwi 

1 I 

itfTOli 


(31) 


\dtl 


It  can  be  easily  seen  that  the  r.h.s.  of  (31)  is  proportional  to  A£/v(0  defined  by  (12).  Now 
we  are  led  to 

</((*(()!.  I*(l  + <«)l)  = ~A£„(l)|il|  (32) 

For  finitely  separated  ('i'(ti)j  and  ['{'(12)]  in  GN,  the  triangle  inequality  (26)  implies 

> ^J(l+(l,)l,  l*(la))),  la  > 1,  (33) 

The  formula  (23)  then  leads  us  to  (13)  or  (14).  Fes*  details  , see  [3]. 
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Abstract 

We  show  that  the  reservoir  influence  can  be  modeled  by  an  infinite  array  of  beam  splitters. 
The  superposition  of  the  input  fields  in  the  beam  splitter  is  discussed  with  the  convolution 
laws  for  their  quasiprobabilities.  We  derive  the  Fbkker-Planck  equation  Ik  the  cavity  field 
coupled  with  a phase-sensitive  reservoir  using  the  convolution  law.  We  also  analyse  the 
amplification  in  the  phase-sensitive  reservoir  with  use  of  the  modified  beam  splitter  model. 
We  show  the  similarities  and  differences  between  the  dissipation  and  amplification  models. 
We  show  that  a super-Possonian  input  field  cannot  become  sub-Poissonian  by  the  phase- 
sensitive  amplification. 


1 Introduction 

A cavity  with  imperfect  mirrors  not  only  lets  the  cavity  field  out  but  also  allows  the  field  outside 
to  leak  into  the  cavity  so  that  the  reservoir  surrounding  the  cavity  gradually  influences  the  cavity 
field.  The  mirrors  in  the  cavity  can  be  considered  as  beam  splitters.  An  arrayx  consisting  of  an 
infinite  number  of  beam  splitters  can  model  a reservoir  coupled  to  the  cavity  field  [1]. 

It  is  convenient  to  utilise  quasiprobability  distributions  such  as  the  Q function  to  describe 
states  of  quantum-mechanical  systems  in  phase  space.  We  briefly  show  that  the  fields  at  the 
output  ports  of  the  beam  splitter  can  be  expressed  by  the  convolution  of  the  quasiprobabilities  of 
the  input  fields.  We  then  use  the  convolution  relation  to  derive  the  Fokker-Planck  equation  for 
attenuation  of  the  cavity  field  coupled  with  the  phase-sensitive  reservoir. 

It  is  known  in  quantum  mechanics  that  an  amplification  process  is  inevitably  accompanied 
by  the  increase  of  the  quantum  noise  in  the  system.  In  other  words  the  amplification  degrades 
an  optical  signal  and  rapidly  destroys  quantum  features  that  may  have  been  associated  with  the 
signal.  The  nature  of  the  amplifier  affects  the  physical  properties  of  the  amplified  states  of  light. 
The  phase-sensitive  amplifier  is  conceptually  based  on  the  establishment  of  squeezed  light  and 
enables  a squeezed  input  to  keep  the  property  for  a gain  larger  than  the  cloning  limit  [2]. 

The  amplification  process  can  also  be  modeled  by  an  array  of  beam  splitters,  where  the  beam 
splitters  are  somewhat  modified  from  the  usual  sense.  We  find  the  convolution  relation  for  this 
modified  beam  splitters  and  the  Fokker-Planck  equation  is  derived  from  it.  We  then  formaly  solve 
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the  Fokker-Planck  equation  for  the  phase-sensitive  amplifier  for  an  arbitrary  input  field  and  study 
the  photon  statistics  of  the  amplified  field. 


2 Phase-Sensitive  Attenuation 

Consider  that  two  fields  at  the  two  input  ports  of  a lossless  beam  splitter  are  superposed.  For 
convenience  we  call  one  input  field  the  signal  and  the  other  the  noise  (Fig.  1).  The  input  signal 
mode  b with  its  annihilation  operator  b is  superposed  on  the  noise  mode  a with  its  annihilation 
operator  a by  the  beam  splitter  whose  amplitude  reflectivity^  is  r = sin0  and  transmittivity 
t — cos  6.  The  two  output  field  annihilation  operators  c and  d are  related  to  the  beam  splitter 
input  fields  by  the  transformation  using  the  beam  splitter  operator  B [3]. 

QH(t)*,=  (£-ra):  *««pf»(tf-*U)].  (.) 


A 

c 


a 


Fig.  1 Beam  splitter  with  the  signal  input  in  mode  b and  the  noise  field  input  in  mode  a. 

A field  state  can  be  represented  in  phase  space  by  quasiprobabilities.  Let  us  choose  to  use  the 
positive  P-representation  to  describe  the  fields.  The  density  operators  p,  and  pb  for  the  noise  and 
signal  fields  are  then  written  with  the  positive  P-representationP.t*(ar,  7)  as 

p,  = /<?(*<?  7^2^|a)<7-|,  i = a,  b (2) 

The  fields  pc  and  p,i  at  the  output  ports  are  calculated  by  the  beam  splitter  transformation: 
BpiPb  — ♦ PcPd-  With  use  of  the  transformation  matrix  Eq.(l)  we  find  that  the  positive  P- 
representation  for  the  field  at  the  port  d is  found  in  the  form  of  the  convolution  relation: 

PM,  1>)  = ^ / fa  PM,  7)ft  , (3) 

The  Q function  is  another  quasiprobability  function  and  is  well-defined  even  for  the  nondassical 
state.  The  positive  P- representation  is  defined  in  four-dimensional  space.  The  Q function,  which 
is  defined  in  two-dimensional  space,  is  therefore  sometimes  easier  to  treat,  % we  will  extend  the 
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convolution  law  for  the  uses  of  the  Q function.  The  positive  P-representation  may  be  defined  as 
the  Fourier  transform  of  the  characteristic  function.  The  characteristic  function  C*p)(£)  is  related 
to  the  characteristic  function  C(q)(0  for  the  Q function  as  C(p)(£)  — C<q>(£)exp(|£|2)  . By  using 
the  convolution  theorem,  we  can  factorise  the  inverse  Fourier  transform  of  the  convolution  law  (3) 
as 

cJr’K)  = cl-vocw^) . (4) 

Using  the  relation  between  the  characteristic  functions,  the  convolution  relation  for  the  Q function 
is  found  as 

QM)  = p / <? a QMQ*  . (5) 

We  now  derive  the  Fokker-Planck  equation  for  the  phase-sensitive  reservoir  using  the  model 
of  an  infinite  array  of  beam  splitters  (Fig.2)  [4j.  The  total  duration  of  time  when  the  field  is 
coupled  with  the  lossy  channel  is  denoted  by  T,  the  total  number  of  the  beam  splitters  by  N,  and 
the  interval  between  the  adjacent  beam  splitters  by  A r.  The  beam  splitters  are  first  taken  to  be 
discrete  components,  but  their  number,  K = T/At  is  later  taken  to  infinity  in  order  to  model  a 
continuous  attenuating  reservoir.  Under  the  assumption  that  the  reflectivity  is  very  small  for  the 
beam  splitter,  Eq.  (5)  is  written  as 

<?(«*)  « (1  + R)j<Pa  QM  Q„  ■ (6) 


N beam  splitters 


Pout 


PH 


Fig.2  The  phase-sensitive  reservoir  modeled  as  an  array  containing  an  infinite  number  of 
beam  splitters.  The  signal  is  injected  from  left  and  the  independent  squeezed  fields  (all  with  the 
same  properties)  are  injected  into  the  other  ports.  The  transmittivity  is  considered  to  be  nearly 
unity. 


To  calculate  the  effects  of  attenuation,  we  need  an  expression  for  the  output  signal  operator  in 
terms  of  the  input  operators.  To  simulate  an  attenuator,  we  consider  the  beam  splitters  forming 
a continuous  array  by  taking  the  limits  N — » oo,  Ar  — > 0,  and  R — * 0 . These  limits  cannot 
be  taken  independently:  KAr  should  be  kept  constant.  Also,  the  total  energy  loss  within  T 
is  described  by  1 - exp(— kT),  where  k is  the  attenuation  coefficient,  and  this  loss  should  be 
equivalent  to  the  beam  splitter  loss  so  that  R « kA r. 


97 


Let  us  define  Q(r;  a)  as  the  Q function  of  the  signal  field  incident  on  the  beam  splitter  at 
time  r,  Q*q{0)  as  the  Q function  for  the  noise  added  to  the  signal  at  the  beam  splitter,  and 
Q(t  + At;  q)  as  the  Q function  for  the  signal  leaving  from  the  beam  splitter.  The  squeezed 
thermal  fields  produced  by  the  independent  stationary  sources  act  as  noise  in  our  model. 

From  Eq.  (6),  we  obtain  the  relation 

Q(r  + At;«)  = (!+/?)  f Q (r;  <?„(/?)  , (7) 


where  « a + | q - VR  0-  With  the  Taylor  expansion  for  a function  having  a complex 
argument: 


Q 


a — r0 
t 


) 


= Q + 99.  — + R 
V Bat  2 


(dQo.  l^Q, 

\da2  2 + 2 da\Pl  + 2 daf  ^ + 


dot\dat2 


(?) 


where  the  real  and  imaginary  parts  of  a and  0 are  respectively  denoted  by  au,  q2  and  0i,  02.  The 
function  Q is  the  simplified  notation  of  the  function  Q(t;  or).  Substituting  Eq.  (8)  into  Eq.  (7)  we 
obtain 


dQ(T-,a) 

dr 


k ' 8 
2 .da  i 


+ \ [0  / <?0  ^ / *0  • 


d2Q 


(9) 


Taking  the  squeezed  thermal  state  as  noise  we  substitute  the  simple  Gaussian  integration  of 
Qm\{0)  into  Eq.  (9)  and  obtain  the  Fokker-Planck  equation  for  the  field  coupled  to  a phase-sensitive 
attenuation  reservoir: 


dQ(r,a) 

dr 


a i„  ,,  „va2 
+ aS*1  + 2{1  + n + m) 


1 d 2 1 

_ + _(i  + Ar-M)- 


Q(r,a)  , (10) 


where  N is  the  mean  photon  number  for  the  squeezed  thermal  field  and  the  phase-dependent  term 
M is  zero  when  the  field  is  not  squeezed  [4],  The  Fokker-Planck  equation  is  relatively  simple  and 
observables  can  be  calculated  as  correlations  of  the  quasiprobability  function. 


3 Phase-Sensitive  Amplification 


The  amplification  process  can  also  be  modeled  by  an  array  of  beam  splitters  similar  to  that  for 
dissipation.  In  their  experiment  with  phase-sensitive  amplification,  Ou  et  al.  have  a nondegenerate 
parametric  amplifier  where  the  signal  field  is  amplified  and  the  idler  mode  is  coupled  with  the 
squeezed  vacuum  [5].  As  in  their  experiment  a two-mode  parametric  optical  amplifier  is  modeled 
here  by  an  amplification  beam  splitter  matrix.  For  a two-mode  parametric  amplifier  the  signal 
input  b is  transformed  into  the  amplified  output  d with  unavoidable  noise  : 


V9 

-iy/9  ~ 1 


iy/9~  1 
V~9 


(11) 
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where  g > 1 is  the  infinitesimal  amplification  factor.  We  are  going  to  build  a beam-splitter-like 
relation  for  amplification,  and  consecutive  application  of  an  infinite  number  of  Eq.  (11)  will  give  the 
final  amplification  result.  The  actual  gain  G by  the  amplifier  will,  thus,  be  proportional  to  g.  The 
unitary  amplification  beam  splitter  operator  has  been  introduced  in  analogy  with  the  two-mode 
squeezing  operator  as  Bx  = expfifl^dW  + ab)\  with  coshfli  = y/g  and  sinh  thctdi  = >Jg  - I. 

To  analyze  the  beam  splitter  transformation  for  the  amplifier,  let  us  assume  that  the  input 
fields  are  expressed  as  a weighted  sum  of  diagonal  coherent  components: 

Pi.  = f Pa  <P0  P.(o)ft(«|o)„(a|  ® |0)bb(0l . (12) 

where  PB  and  Pb  are  respectively  the  Glauber  P-representations  for  modes  a and  b.  Tracing  the 
output  field  over  mode  c,  we  find  the  output  density  operator  for  mode  d: 

Pd  = J d2a  #0  P.(a)a(i9)I>d(«)AhDj(6) ; 6 = T a*  + y/g  0 (13) 

and  ptu  is  the  thermal  field  density  operator  for  the  mean  photon  number  n — g - 1.  Even  when 
both  the  signal  and  the  idler  fields  are  in  the  vacuum  state,  i.  e.,  a = 0 = 0,  the  amplifier 
brings  noise  into  the  fields.  The  density  operator  for  the  thermal  field  can  be  written  with  its 
quasiprobability  Pp(^)  as 

PU  = /<iV  Ptimm  i PrW)  = e*P  (- • <14> 

By  using  Eq.  (14),  we  find  the  Glauber  P- representation  for  the  output  field  as  convolution  of  the 
three  P-representations 

PM)  Pa  W) ' (15) 

The  inverse  Fourier  transform  of  the  Glauber  P- representation  gives  the  characteristic  function 
for  the  output  field  in  the  form  of  the  product  of  the  characteristic  functions  for  the  input  modes 
a and  b and  the  thermal  field.  We  can  simplify  this  relation  using  the  relation  between  the 
characteristic  functions  for  the  various  quasiprobabilities.  The  Fourier  transformation  of  this 
shows  that  a modified  convolution  between  Qb  for  the  signal  Q function  and  P»  for  the  noise 
P-representation  results  in  Qj  for  the  output  field: 

QM)  = i fPx  P.WQi  (-~ • <16> 

The  convolution  relation  for  amplification  differs  from  that  for  attenuation  (5)  because  of  the 
unavoidable  extra  noise  due  to  the  thermal  field  (14). 

Consider  an  array  of  N beam  splitters  which  satisfy  the  transformation  relation  (11).  To 
simulate  an  amplifier  we  will  take  K — » oo  and  let  the  infinitesimal  amplification  factor  for  each 
beam  splitter  be  given  by  g — 1 + c « 1.  After  a signal  passes  through  the  N beam  splitters,  it  is 
amplified  by  the  factor  of  G = e',T  — (1  + e)N,  where  7 is  the  amplification  coefficient.  By  using 
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the  Taylor  expansion  of  Q function  (16)  to  the  second-order  under  the  assumption  c « 0 (we  had 
r as  0 for  attenuation),  've  obtain  the  Fokker- Planck  equation  for  amplification: 


dQ(r,a) 

dr 


<?(t,  a) . 


(17) 


The  Fokker-Planck  equation  (17)  is  solved  for  an  arbitrary  signal  amplified  in  the  phase-sensitive 
reservoir.  The  Q function  corresponding  to  an  arbitrary  input  field  can  be  written  as  a weighted 
integral  of  Gaussian  functions: 

Q,(q)  = - / d3n<PvP(nt  u)  exp[-(ai  - Af  - (o2  - P)3] , (18) 

7T  J 


where  A = |(p+i/),  B = ^(/i-t/)  and  P(ji,  v)  is  the  positive  P-function  for  the  field.  It  has  been 
recently  shown  that  if  the  initial  Q function  of  the  quantum  system  is  (complex)  Gaussian,  then 
the  solution  of  the  Fokker-Planck  equation  (17)  is  also  Gaussian  with  time-dependent  parameters. 
The  Q function  (18)  is  a weighted  integral  of  complex  Gaussian  functions,  so  one  can  obt&>  i the 
time  evolution  of  the  input  state 


Qmmp(Q)  t) 


r - - / dVd2|/P(/i,  v) 

JWj)  + l)2  - 1 

[a,  - ^(r)|»  (a,  - B(t)|j 


x exp 


(- 


l + Ni(t)  - Mi(t)  1 + Ni(t)  + Mi(t) 


)■ 


(19) 


where  the  time-dependencies  of  the  amplification  parameters  are 

A(t)  = AVG  = Ae^  , B(t)  = B\/G  , Ni(r)  = (N  + 1)(G  - 1)  and  M,(r)  = M(G  - 1) . 

(20) 

The  inverse  Fourier  transformation  of  the  Q function  (19)  shows  that  the  characteristic  function 
C^p  for  the  Q function  of  the  amplified  field  is  the  product  of  the  characteristic  function  Cjj* 
for  the  P-representation  of  the  squeezed  thermal  field  and  that  for  the  Q function  of  the 
amplified  signal  without  noise 


CIS, «)  = c%His/n=i  acl"{'/G  o . (2i) 


The  convolution  relation  for  this  relation  is  then  in  a form  analogous  to  Gq.  (16)  for  the  amplifi- 
cation beam  splitter  superposition  of  two  input  fields. 

The  antinormally-ordered  moments  can  be  calculated  from  the  characteristic  function  C(q): 


(o"(a'r)  = £ E ( 7 ) ( k ) (‘v'?rT)'(- iV^T)‘((«')'a*U 
x (v^)m+T*-<‘fc<an-k(a,)m'0.  • 


(22) 


We  can  also  consider  the  phase-sensitive  amplifier  which  can  be  implemented  as  a stream  of 
three-level  atoms  in  a ladder  configuration  with  equispaced  levels  injected  into  the  cavity  where 
the  initial  state  of  the  field  has  been  prepared.  We  denote  the  population  in  the  uppermost  state 
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by  pM,  the  population  in  the  lowest  state  by  poc  and  the  coherences  between  them  by  p*  and 
The  atomic  coherences  p*c  and  pea  bring  about  the  phase-sensitive  effect  in  the  two-photon  linear 
amplifier.  The  parameters  N and  M can  then  be  represented  by  the  atomic  variables 


M(r)  - 


Pa* 

Am  — Pec 


«?-  i). 


A/i(r) . 


M 

Pam  ~ Pee 


«?-  1). 


(33) 


Hie  normal ly-ordered  photon  number  variance, ; (An)2 where  (An)2  = (n2)  - (n)2,  measures 
the  deviation  of  the  photon  number  fluctuations  from  the  Poissonian  photon  statistics.  The  Pois- 
sonian  held  has  the  normally-ordered  photon  number  variance  zero,  while  the  quantum  mechanical 
sub- Poissonian  field  has  it  less  than  zero.  It  is  larger  than  zero  for  the  noisy  super-Poissonian  field. 
With  use  of  Eq.(22)  we  find  the  normally-ordered  photon  number  variance 


: (An)1  ~ C1 : (An).1 : +<. 


(24) 


where  the  additive  noise  is 
(C-l)2 


C 


+ M2>  + - W«fl2>*  + 


(25) 


If  the  additive  noise  is  negative,  the  amplified  field  has  less  photon  number  fluctuation  them  the 
input  field.  It  is  dearly  seen  that  if  the  atomic  coherence,  is  zero  the  additive  noise  is  always 
positive.  However  as  the  atomic  coherence  Is  nonzero  we  can  have  the  negative  noise  to  enhance 
the  signal  to  uoise  ratio. 

If  each  atom  injected  into  the  cavity  is  in  atomic  coherences  we  have  the  relation  p^p^  = jp^j2 
and  the  additive  noise  (25)  can  be  written  as 


C = G(G  - 1)  - + 2 G(G  - a)iti  + (G  - l)2 


Pa 


Pa*  ~ Pee 


'Pm-M 


(Pa* -Peer 


where 

c = 2(a^a)tn  - ((o2)ib  + <(a*)2>te),  <27) 

which  has  to  be  negative  to  have  the  additive  noise  negative.  The  bosonic  operators  a and  a*  have 
a simple  restriction,  2 (afa)  - ((a2)  + ((a*)2))  > -1.  It  is  thus  required  that 


- 1 <c<0 


(28) 


for  the  noise  reduction  in  the  amplified  signal.  The  noise  reduction  in  the  photon  number  fluc- 
tuations seems  to  be  possible  if  the  input  field  satisfies  Eq.(28).  However  we  should  not  fail  to 
notice  that  the  condition  (28)  is  related  to  the  initial  photon  number  fluctuations.  Because  the 
expectation  value  of  an  operator  times  its  hermitian  conjugate  is  again  positive, 

p9) 

It  is  easily  seen  from  Eqs.(28)  and  (29)  that  the  input  field  should  be  supcr-Pois.*  < mu.  in  hiy 
a possibility  to  reduce  the  photon  number  fluctuations  by  the  amplification.  If  tla  inpu  i.-.  id  i.- 
Poissonian  there  is  no  intersect  ion  between  the  two  conditions  (28)  and  (29)  so  t hat  we  can  say 
that  the  Poissonian  field  docs  not  become  sub- Poissonian  during  the  amplification. 


101 


Acknowledgments 

This  work  was  supported  by  the  NOND1RECTED  RESEARCH  FUND,  Korea  Research  Founda- 
tion and  by  the  Korean  Science  and  Engineering  Foundation  (project  number  951-0205-015-1). 

References 

[1]  M.  S.  Kim  and  N.  Imotc,  Phys.  Rev.  A 52,  to  appear  (1995). 

[2]  R.  Loudon  and  T.  I.  Shepherd,  Optica  Acta  31,  1243  (1984). 

[3]  R.  A.  Campos,  B.  E.  A.  Saleh,  and  M.  C.  Tfeich,  Phys.  Rev.  A 40,  1371  (1989). 

[4]  M.  S.  Kim  and  V.  Buzek,  Phys.  Rev.  A 47,  610  (1593). 

[5]  Z.  Y.  Ou,  S.  F.  Pereira,  and  H.  J.  Kimble,  Phys.  Rev.  Lett.  70  3239  (1993). 


102 


NEXT 

DOCUMENT 


QUANTUM  MECHANICAL  NOISE  IN  A MICHELSON 
INTERFEROMETER  WITH  NONCLASSICAL  INPUTS 
— NONPERTURBATIVE  TREATMENT 


Sun-Kun  King 

Department  oj  Physics,  National  Tstng  Hua  University, 
Hsinchv,  Taiwan  300,  ROC 


Abstract 

The  variances  of  the  quantum-mechanical  noise  in  a two-input-port  Michelson  interfer- 
ometer within  the  framework  of  the  Loudon-Ni  model  were  solved  exactly  in  two  general 
cases:  (i)  one  coherent  state  input  and  one  squeezed  state  input,  and  (H)  two  photon  number 
slates  inputs.  Low  intensity  limit,  exponential  decaying  signal  and  the  noise  due  to  mixing 
were  discussed  briefly. 


1 Introduction 

In  1981  the  effects  of  intensity  fluctuations  in  the  two  light  beams  and  radiation  pressure  on  the 
mirrors  in  a Michelson  interferometer  were  modeled  in  a unified  way  by  Loudon  [l].  In  1987,  Ni 
extended  the  model  to  include  the  intrinsic  uncertainties  of  the  mirrors  and  obtained  an  exact 
solution  of  the  variance  of  the  quantum  mechanical  noise  for  a coherent  light  source  with  arbitrary' 
intensity  [2].  These  results  urere  used  recently  by  Ni  in  proposing  an  experimental  scheme  for 
controlling  a macroscopic  quantum  state  of  a mirror  by  light  shining  [3]. 

Quantum-mechanical  noise  of  a Michelson  interferometer  is  an  important  noise  source  in  gravi- 
tational waves  detection.  Experiments  had  reached  the  shot  noise  limit  already.  Photon  shot  noise 
decreases  as  the  intensity  goes  up.  Roughly  speaking,  it  is  propotional  to  the  inverse  square  root 
of  intensity.  But,  it  was  argued  [4]  that  the  fluctuation  of  radiation  pressure  on  the  mirrors  would 
increase  as  the  intesity  becomes  higher  so  that  a minimum  would  be  reached,  called  the  “standard 
quantum  limit’'  [4j.  On  the  other  hand,  various  works  [5]  show  that  such  a measurement  (without 
loss)  implies  no  limit  while  squeezed  states  were  used. 

With  the  knowledge  of  squeezed  states  and  that  semi-classical  model  of  interaction  between 
a macroscopic  object  and  photons,  we  got  chance  to  probe  this  problem  in  detail.  Within  the 
framework  of  the  Loudon-Ni  model,  the  method  of  Ref.  (2]  was  extended  to  obtain  an  exact 
solution  for  the  variance  of  a two-input-port  Michelson  interferometer  where  a squeezed-state 
light  source  and  a coherent  light  source  (both  with  arbitrary  intensity)  were  applied  on  each  port 
respectively.  Faithful  matrix  representations  [6]  were  used  in  this  calculation.  The  final  result 
is  more  complicated.  Nevertheless,  it  can  be  organized  in  a similar  form  as  in  Ref.  (2).  Photon 
number  state  inputs  can  be  treated  in  a similar  way. 

Due  to  the  complicated  results  we’ve  got,  the  physical  implication  is  yet  under  study.  However, 
some  features  and  observation  were  discussed  in  the  final  section. 


103 


2 The  Model 


The  usually  input  port  was  identified  as  “a- mode” , with  an  annihilation  operator  “a”  (**’  was 
omitted  for  simplicity).  The  usually  unused  port  was  called  “b-mode",  with  an  annihilation 
operator  “6”  (**’  was  omitted,  also).  Both  satisfy  the  canonical  commutation  relations,  say, 
[a,  a*]  = 1 and  [6,6*]  = 1.  Beam  splitter  played  the  role  of  a mixer  here.  It  combined  both  inputs 
from  a-mode  and  b-mode  then  the  mixture  was  sent  into  two  arms  as  a, -mode  and  a2-mode. 
Therefore, 

a * (a,  + a*)/\/2,  6 = (a,  -a2)/y/2.  (1) 

A phase  was  chosen.  Nevertheless,  it  losts  no  generality.  The  reflection  coefficient  of  arm  one  is 

Rj  = exp(t  arg  r + 2ikzx ) (2) 

where  “arg  r”  is  a constant  phase  (real)  and  2z\  is  the  optical  path  length  of  the  first  arm.  k is 
wave  vector  as  usual.  Since  z is  a hermitian  operator,  R is  a unitary  operator.  The  annihilation 
operator  on  one  of  the  output  ports,  which  was  named  “d-mode”  as  in  Ref.  [l][2],  would  be  a linear 
combination  of  those  Rom  both  arms.  The  other  output  port  was  called  “c-mode”.  Therefore, 

d = (R,ai  + K2a2)/y/2  and  c = c’*'(R,a,  - Rja2)/\/2  (3) 

where  the  phase  term  was  kept  for  generality.  Energy  conservation  was  fulfilled. 

To  treat  photon  shot  noise  and  the  fluctuation  or  radiation  pressure  separately  was  criticized 
by  Marx  [7]  on  the  ground  that  it  seems  to  assume  some  knowledge  of  the  routes  through  the 
interferometer  followed  by  individual  photons,  which  is  contrary  to  our  understanding  of  quantum 
mechanics  today.  Loudon  proposed  a unified  calculation  [1]  by  introducing  a coupling  constant  C. 
Ni  pointed  out  that  the  position  of  the  mirror  itself  should  be  a quantum-mechanical  operator  [2]. 
It’ll  contribute  its  intrinsic  uncertainty  to  the  total  quantum  uncertainty  of  the  position  of  mirrors. 
In  the  low  intensity  limit,  it  was  shown  that  the  total  uncertainty  can  be  expressed  as  the  sum 
of  all  three  noise  sources.  Situation  gets  complicated  at  high  intensity.  The  independence  and 
correlation  at  different  intensities  among  these  noise  moments  provide  ways  to  monitor  and  control 
a macroscopic  quantum-mechanical  object  [3]. 

The  Loudon-Ni  model  can  be  rephrased  as  the  following: 

kz\  = k:u  — Cjaifai  and  kzi  — kzz,  - (4) 

where  C[  is  the  coupling  constant  which  might  be  different  from  each  mirror.  The  prime  was  to 
differ  our  notation  from  the  previous  one.  There  might  be  a factor  of  2 difference,  c,,  corresponds 
to  the  position  operator  of  the  first  mirror  without  including  the  coupling  effect,  f is  the  mirror 
position  operator  we  measured  finally. 

The  coupling  constant  C"  can  be  estimated  as  below.  Suppose  the  mirror  was  hanged  as  a 
simple  pendulum  with  mass  M and  length  /.  Its  restoring  force  would  be  Ax-Mg //  where  Ax  is 
a small  displacement  and  g is  the  gravitational  acceleration.  Each  photon  suffers  a momentum 
change  2 ftk  after  been  reflected  back  from  the  mirror.  On  balance  we  got  C"  = 26A'2//(Mg) 

Photon  detector  usually  has  its  own  quantum  efficiency,  denoted  by  £.  which  was  assumed 
identical  for  both  c-mode  and  d-mode.  The  measured  photon  intensity  would,  therefore,  differ 
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from  (<Pd)  and  (c*c)  by  a factor  £.  We’ve  considered  two  detection  schemes  as  in  Ref.  [8j.  The 
first  is  direct  detection: 

(m)c,r  = (md)  = Z{(?d).  (5) 

The  other  is  difference  detection,  which  is  the  difference  between  the  two  output  ports: 

= (me)  - (m4)  = £((c*c)  - (rf*d)).  (6) 

Only  the  variances  of  difference  detection  were  presented  in  this  article: 

(Am)dit  = £2((c*c*cc)  + (d*d*dd)  — 2{c*d*cd)  - (c*c)2  — (d*d)2  + 2{c*c )(d*d)) 

+ (({c'c)  + (d<d))  (7) 

or,  equivalently,  in  its  expansion  form: 

(Am)%n  = ^^(ajaiOjaj)  — ((a{R,|R2a2)  + (oJrJRiOi))2 

+ (alR.la1R.jR.2a2R.2a2)  + {^fUfljRjRifciRifli)]  + £((a|ai)  + (a^)).  (8) 

These  are  what  we  want  to  calculate  with  our  various  inputs.  It  would  be  more  complicated  ami 
model-dependent  when  considering  photons  with  different  frequencies. 

3 The  Solutions 

First,  a solution  for  coherent  state  - squeezed  state  inputs  was  solved.  We’ll  have  to  deal  with  an 
expectation  value,  (exp[A(a*a  + 6*6)  + 5(6*0  + a*6)]),  where  the  state  vector  |),  is  in  coherent 
state  |a),  | )&  is  in  general  squeezed  state  |0,()-  C = se**,  where  s is  squeezing  factor  and  6 is 
squeezing  angle.  The  coherent  parameters  a and  Q are  complex  numbers  with  their  phases  <t>a 
and  <?$  respectively. 

Since  coherent  states  |a)  is  a’s  eigenstates,  it  is  reasonable  to  reorder  those  operators  as 

exp  [.4(a*a  + 6*6)  + 5{6*a  + a*6)]  = exp(t/«*6)  exp(V'a*a)  exp(  V6*6)  exp(Z6*a).  (9) 

To  get  the  coefficients  U,  V. , V',  Z,  it  would  be  much  easier  to  use  faithful  matrix  representations  of 
those  four  operators.  Suppose  ,YU,  A'22,  A'12,  X2i  are  their  corresponding  matrices,  which  satisfy 
the  same  commutators  as  a*a,  6*6.  a*6  and  6*a  do.  It  is  not  difficult  to  find  a set  of  faithful  matrices 
(2  x 2)  which  have  the  same  relations.  The  operators  equation  becomes  a matrix  equation  after 
this  substitution.  Solving  this  matrix  equation  we  got 

V — Z = tanh  B.  V = .4  - ln(cosh  B)  and  Y = .4  + ln(cosh  B).  (10) 

After  reordering,  the  calculation  of  the  expectation  value  on  a- mode  (coherent  state  input) 
can  be  carried  out.  (o{exp(l‘afa)|a)  was  given  in  Ref.  [2].  What  left  would  be  a calculation 
on  b-mode  (squeeze!  state  input),  which  looks  like  (3,£|exp(Fo*6)exp(Y''6*6)exp((’o6*)|/?,C).  A 
squeezed  state  can  be  expressed  as  a vacuum  state  operated  by  a squeezing  operator  S(s.d)  and 
a displacement  operator  DUt,  o ) where 

D(l>.  1)  = cxp(.J6*  - .fb)  and  S(.s. 0)  = exp[(.?/2)(e'2,V  - t2’V2)].  (11) 
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Substitute  this  definition  of  squeezed  state  into  b-mode,  with  some  algebra,  we  may  express  its 
expectation  value  as  the  vacuum  expectation  value  of  a product  of  seperating  terms 

W,<;\el,a''eY"keU4*'\M  - x (a  number).  (12) 

To  solve  this,  we  turned  those  operators  into  their  normal  ordering.  Those  operators  form  a Lie 
algebra.  With  corresponding  commutators  and  their  structure  constants  it  is  possible  to  find  a 
faithful  matrix  representation  (6].  Therefore,  the  operator  equation  could  be  reordered  as 

(0|  exp(i4(62/2)j  exp(B6t]  exp(C&j  expjV'  (6*6  + 1/2)|  expjDh*]  exp(E6)  exp[F(6t2/2))|0) 

= (0|  exp[J(6t2/2)  + Lb}  exp(M(ht6  + 1/2)]  exp(tf(62/2)  + P6]  exp[Q]|0) 

* exp(M /2)  exp(Q)  (13) 

and,  its  corresponding  matrix  equation  can  be  solved  easily.  We  got 

e~M  = e-y(l-AFeiY)  (14) 

Q = (eM/2)(2CD  + 2CEF  + 2ABD  + 2ABEF  + AB2e~Y 

+ &Fe~Y  + C*Fey  + A0teY  + 2ABCFeY  + 2 ADEFeY).  (15) 


It  is  now  straightforward  to  evaluate  the  uncertainty  of  photon  measurements.  The  expectation 
value  of  the  photon  number  of  d-mode  is 

(</*<()  = (1/2)((b)  + |0|!  + Iftf)  + (£»|*,|/2)(coS2«')  (16) 


where  |A«|  is  roughly  proportional  to  the  input  intensity  and  Eq  is  an  exponential  factor  which 
would  be  discussed  later,  p,  is  squeezing  related  and  $ is  essentially  the  difference  in  optical  path 
length  with  additional  terms. 

# = U/2)(ffo  + 2*(z*  - zu)  - Im(Q)l  (17) 


ho  = |ho|e,w#  = (n)  + 


ag1  - a-f  - |p.]2ey‘ 


r£ 

(£  - \p.?e>yy 


(18) 


Eo  = (^  - \P.\ 2e2Y)~l  exp{1  + |r|2ey  - |r|(l  + ey)cos (6  - 2#.)) 

+ |0|2(1  - |r|2ey  + |r|(l  - ey)cos(*  - 2^))]}  (19) 


Im(g)  = 


-iUeY 


(K0  + a0*)(l  - |lfey)  + (a-0 T + )(1  - eY)\ 


l-\T\*ew' 

f = (pI  ~ \p»?eY')0  + PcP.(l  - tY'W  + - pep,eY'U'a’ 

9'  = ( P\  ~ |p.|  W + PcP'Al  - eY')0  + \pt\2e2YV'a*  - Pcpy'U'a 
V = i tan  EC*,  Y*  = -iAC"  + ln(cos  EC V) 

U = -i  tan(EC'),  Y = i&C  + ln(cos  EC') 


(20) 

(21) 

(22) 

(23) 

(24) 
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where  pc  = cosh  s,  p.  = e*# sinh  a,  T = pt/pc,  A C -C\-  C\  and  EC*  = C2  + C\.  Similarly, 

(c*c  - dAd ) = -£o|Ao|(cos  2^')  (25) 


for  difference  detection.  Basically,  the  Michelson  interferometer  is  a transducer  which  turns  a 
change  of  the  arm  length  into  a change  of  light  intensity.  The  measured  intensity  (m)  and  its 
variance  can  be  transformed  back  to  the  uncertainty  of  ann  length,  or  more  precisely,  the  difference 
of  the  positions  of  two  mirrors.  We  may  write  down  this  uncertainty  as 

(A  = v/(Am)k/(2tt^lM<sin2*')l)  (26) 

where  (Am)^  was  given  by  Eq.  (7)  or,  more  explicitly,  by  Eq.  (8).  This  is  just  the  inverse  of 
signal  to  noise  ratio.  The  final  result  is 


«n)  + lfl2)2  + 3lp,l4  + U>,|*  - 4(n)|/7|3cos3(#<t  - fr) 
8*’£3M2(sin2^)2 

+ lffl2|2jp«l2  - pc|p«lcos(g  - 2$$)\  + (n)pc\p,\cos(0  - 20„) 
4*3£g|h0|3(sin2*')2 

E^lhiKcos  [4#  + Hj-  2 H9  + Im(Q»)  + 2lm(Q))) 

+ 8Ar2£?|/i«!2(sin 

(cos2^r  t (n)  + \P\2  + |p«|2 
4&3{sin  20')3  4^ib2£j|ho|3(sin  200  2 


(27) 


for  difference  detection.  Where  (n)  = |a|3  is  the  intensity  of  the  input  coherent  state  on  a-mode. 
h2  is  shorthand  notations  of  complicated  modification  on  intensity  square,  H2  is  its  phase.  E"  is 
another  exponential  factor  which  decreases  the  interference  terms  in  AZtotai.  lm(Q)  and  Im(Q") 
are  imaginary  parts  of  Q and  Q",  which  came  from  solving  the  matrix  equation  Eq.  (13)  or  its 
similar  version.  All  of  them  can  be  evaluated  exactly  as  follow. 


h _ r, . . - »r  - M;!!  r£ 

h l<">+  fa-  Mvn1 

f"  ,2  P.ft 


PcP, 

p*-\pA2<*y 


, J v2  _ PcP,  ,, 

p2-  \pt\2e^"}  £-\p.\W'Ka  + 


l2  , ^P*?  ~ 2|p,|4e2yw 

J (P2  - \Ps\2e”H)2 

p?  - lftlae*v" )J  (28) 


U"  and  Y"  are  similar  to  V and  Y'  but  with  A C'  and  EC'  replaced  by  2AC'  and  2EC'.  /",  g", 
E"  and  Im(Q")  are  similar  to  /,  g,  E0  and  Im(Q)  except  K(V')  and  U(U')  were  replaced  by  Y" 
and  U".  In  our  calculation,  it  was  assumed  that  Cj  = C\  = C1. 

We  now  turn  to  the  photon  number  states  input.  Photon  number  state  is  a quantum  state 
without  classical  correspondence.  Its  second  order  coherence  is  minimum  such  that  its  number 
variance  vanished. 

Suppose  the  input  state  is  |na)B®  |nt)fc  with  |nB)B  = (at)n*/>/nJ|0)  and  In*)*  = (6^)w*/v/n?|0) 
where  na  and  nb  are  real  numbers.  With  a different  reordering  from  Eq.  (9)  and  the  assumption 
AC'  = 0,  we  have 


(i<d)  = 


^(n.  + n,)  + ~ (cos ['2fr(:2,  - Si.)|)(cos 2C')"*  "• 

x{nacos2C'^Fi(l  + 1 - na,  l:sin2  2 C') -~.2E\{nhi  -na,  l;sin22C')}  (29) 

cos  2C 
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where  2Fi(a,6,c;z)  is  hypergeometric  function.  In  perfect  detection,  that  is,  ( = 1,  the  variance 
of  the  photon  detection  becomes 

((Am)2)  = gn«(n.  + 1)  + ^n*(n*  + 1)  - i(cos|2*(i*  - ih)l)2(cos2C')2(,H~n*) 

x [n.  cos  7CiFx  (1  + n*,  1 - n„  1;  sin*  2C)  - -n„  1;  sin2  2C*))2 

+£(<*»  - ii,)I)(cos4Cw)"*~’w 

x [«•(**•  - 1)  cos2  4C#IF|(1  + n*,  2 - n.,  l;  sin2  4 C)  (30) 

+ n*(»4-  l)sec:4C,'2Fl(nk  - 1,  -n.,  l;sin2  4C*) 

- 4n.n*jF|(nt,l  - n«,  l;sin2  4C") 

- n.n*(n«  - l)(n*  - l)rin24C'jFi(l  + n*,2  - n#,3;an24C')]. 

There  are  relations  between  a hypergeometric  function  and  its  contiguous  functions.  Further 
simplification  is  possible. 

4 Discussion 

A low  intensity  limit  can  be  obtained  easily  [lj  white  b-mode  was  in  vacuum  state.  In  short, 
(AZm.1)2  > C/k2.  We  have  searched  in  a limited  parameter  space  and  found  no  violation  of 
this  inequality  (within  error).  Though,  it  is  not  a proof  of  that  limit.  At  very  high  intensity,  the 
reflectance  R has  little  effect.  The  noise  behavior  can  be  explained  by  the  mixing  of  two  input 
states.  High  order  moments  are  needed  to  characterize  such  a superposition.  On  the  other  hand, 
that  noise  can  be  eliminated  by  setting  two  input  states  at  nearly  the  same  intensity.  Nevertheless, 
there  is  still  an  exponential  factor  Eq  in  signal  (cf.  Eq.  (25)  and  Eq.  (26)).  It  doesn't  show  up  in 
classical  solution  and  it  always  decreases  the  signal.  We  left  further  discussion  to  another  work. 
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Abstract 

The  optica]  Schroedinger  cat  states  are  simple  realizations  of  quantum  states  having  non 
classical  features.  It  is  shown  that  vibrational  analogues  of  such  states  can  be  realized  in  an 
experiment  of  double  pulse  excitation  of  vibrionic  transitions.  To  track  the  evolution  of  the 
vibrational  wave  packet  we  derive  a non  unitary  time  evolution  operator  so  that  calculations 
are  made  in  a quasi  Heisenberg  picture. 


1 Introduction 

The  analog  of  the  classical  harmonic  oscillation  in  the  quantum  mechanics  is  the  coherent  state 
j or)  defined  as  an  eigenstate  of  the  annihilation  operator  b\  a)  = a | a).  Both  in  the  position  and 
in  the  momentum  representations  the  absolute  square  of  its  wave  function  has  a Gaussian  shape. 
It  performs  harmonic  vibration  in  time  with  an  amplitude  that  depends  on  the  initial  excitation. 
The  superposition  of  two  coherent  states  (1) 

| +)  = AT|+)(|  o)+  | -a)),  (1, 

Y _ 1 
l+>  v/2  + 2e~3a*  ’ 

situated  sufficiently  far  from  each  other  in  the  phase-space  can  be  considered  as  the  superposition 
of  two  macroscopically  distinguishable  quasiclassical  states  called  Schroedinger  cat  state. 

Recently  great  interest  has  been  paid  to  such  superposition  states  in  quantum  optics  [2-11). 
Non-classical  features  of  Schroedinger  cat  states  i.e.  squeezing,  (4)  sub-Poissonian  statistics,  oscil- 
lation in  photon  statistics,  etc.  were  discussed  rather  widely.  It  was  shown  [5,  7)  how  the  quantum 
interference  between  the  coherent  states  involved  in  the  superposition  leads  to  the  occurrence  of 
non-classical  features.  Due  to  the  interference  a fringe  pattern  appears  between  the  Gaussian  bells 
representing  the  coherent  states  in  the  Wigner  function  picture.  This  fringe  pattern  is  transformed 
characteristically  when  the  positions  or  the  number  of  the  coherent  states  changes.  There  are  sev- 
eral promising  schemes  to  produce  nonclassical  states  of  light  using  the  concept  of  Schroedinger 
cat  states  [8,  9). 
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A wide  interest  was  addressed  to  wave  packet  formation  and  motion  during  Franck-Condon 
transitions  in  both  theoretical  and  experimental  points  of  view  [4,  10,  11].  In  this  paper  we  shall 
discuss  the  possibilities  of  producing  Schroedinger  cat  like  superpositions  of  the  vibrational  states 
during  Franck-Condon  vibrionic  transitions  in  molecules  or  in  crystals.  As  we  shall  see  such  states 
can  be  created  by  two  short  pulses  separated  in  time  appropriately. 


2 The  model  Hamiltonian 

Let  us  consider  a one-vibrational-mode  model  specified  by  the  adiabatic  Hamiltonians 


«+*>'. 

(2) 

»■-*  £**?<■• 

(3) 

corresponding  to  the  molecular  vibrations  in  initial  (i)  and  excited  (e)  electronic  states.  Here  t,  e 
are  electronic  energy  levels  and  w,>  vibrational  frequencies. 

In  terms  of  the  annihilation  phonon  operators  6 associated  with  the  vibrational  potential  of 
the  excited  states, 


the  Hamiltonians  of  Eq.  (2,3)  have  the  forms 


W 


//,  = <.  + + 66*)+ 

2 4 uje  lj, 


. We, 


+ i( 


- - -)(6*6*  + 66)}  + —1/^(6*  + 6) 

nje  uft  u >t  y 2ft 

//e  = ce+iftu>e(6*6  + 66*). 


The  Hamiltonian  of  the  initial  state  can  be  diagonalized  by  the  unitary  operator 


(5) 

(6) 

(7) 


1 u/, 

IT’  r = i,n7: 


Here  g and  r are  displacement  and  squeezing  parameters  correspondingly.  The  vibrational  ground 
state  of  the  initial  electronic  level  is 

|0)i«fc|0).,  (8) 

where  | 0)e  is  the  vibrational  ground  state  of  the  excited  electronic  level. 

The  Hamiltonian  H'(t)  describing  the  interaction  with  the  external  field  has  the  form 


H'(t)  = l-dirE(t)a%  + ^d-itEr{t)a]at, 


(9) 
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where 


E(t)  = e(t)exp(-i(l0t),  (10) 

d,p)  is  the  annihilation  operator  of  the  * (c)-th  electron  level,  d,e  the  dipole  matrix  element  of  the 
electronic  transition,  | e(f)  |2  and  Q0  are  the  envelope  function  and  the  central  frequency  of  the 
exciting  pulse. 

Suppose  the  electronic  transition  taker,  place  instantaneously.  The  emerging  vibrational  wave 
packet  is  described  by  Eq.  (8).  The  time  evolution  of  the  wave  packet  in  the  excited  level  is 
driven  by  the  unitary  operator  exp[— (i/h)Het\.  So  the  evolution  of  the  vibration  from  —to  until 
t is  described  by  the  unitary  operator 

G(l  - t0)  = (11) 

Let  us  assume  that  initially,  at  t = -oo  the  system  is  in  the  ground  state  | i ) | 0},.  After  the 
exciting  pulse  has  passed  according  to  the  first  order  perturbation  theory  the  electronic-vibrational 
wave  function  takes  the  form: 

(«2) 

Here  | {/?(f)})f  is  unnormalized  vibrational  wave  function  of  the  molecule  in  the  excited  electronic 
state: 

| {£«))),  = f drE(ry^G(l  - r)  | 0).,  (13) 

where  A = fi  + (we  — «,’,)/ 2,  Cl  = (cc  — t i)/h.  The  timedependent  part  of  G(t)  is  the  exponential 
of  He.  Assume  the  pulse  duration  is  short  compared  with  the  observation  time  t.  In  this  case 
we  can  put  the  upper  limit  of  the  integration  to  infinity.  This  condition  means  we  perform 
measurements  after  the  excitation  pulse  has  passed.  The  integration  in  Eq.  (13)  can  be  done 
explicitly.  Separating  the  operator  in  Eq.  (13)  in  front  of  the  vacuum  the  non-unitary  time 
evolution  operator  is 

T{t ) = exp  exp  j- £,  04) 

where  6 = A — H0. 

In  the  following  sections  we  shall  investigate  the  properties  of  the  vibrational  wave  function  of 
Eq.  (13)  considering  twin  exciting  laser  pulses.  For  the  sake  of  simplicity  we  suppose  that  there  is 
no  change  of  the  vibrational  frequency  due  to  the  electronic  transition  (u-v  = <*>i  = u>).  In  this  case 
the  operator  E in  Eq.  (13)  simplifies  to  a displacement  operator  D and  the  excited  vibrational 
wave  function  has  the  form 

1 {£(<)})e  = exp  ^-^efi^exp  " I 9)coh,  (15) 

A 

where  | g)coh  is  a coherent  state  with  respect  to  the  phonon  operator  b. 
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3 Double  pulse  excitation 


Let  us  consider  two  identical  Gaussian  shaped  pulses  following  each  other  by  an  interval  T\ 

E(t)  = i* 

2t«  2»« 

here  ^ is  a possible  additional  phase  difference  between  the  subpulses. 

The  vibrational  state  produced  by  such  a twin  pulse  excitation  has  the  form 


07) 


I M}),  = | «,(*  + —)>  + | u,(t-  ^)), 


| u,  f ) = exp  exp 


(wen  - 6) 
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2u2 


I 9) 


coh 


(18) 

(19) 


To  investigate  the  quantum  properties  of  the  superposition  state  of  Eq.  (18)  it  is  convenient 
to  consider  its  Wigner  function 


IV(a)  = hJ  I e-V"'*  I {u,r,«})€  A-  (20) 

For  extremely  s'nort  pulses  we  have  coherent  superposition  states  which  are  the  vibrational  ana- 
log of  the  so  called  optical  Schroedinger  cat  states.  The  Wigner  function  and  the  time  dependence 
of  the  absolute  square  of  the  wave  function  are  shown  in  Fig.  la  and  Fig.  lb  correspondingly.  The 
Wigner  function  consists  of  two  bells  of  the  superposed  coherent  states  and  an  interference  fringe 
between  them.  If  the  coherent  states  are  far  away  the  fringe  has  a lot  of  well-pronounced  peaks. 
On  the  contrary,  if  the  coherent  states  are  near  enough  the  fringe  has  only  few  peaks.  In  this  case 
***•  fringe  can  partially  merge  with  the  bells  and,  depending  on  the  phase  between  the  component 
sta  may  decrease  the  uncertainty  of  one  of  the  quadratures  X+  = b + 6*  or  AL  = — i(b—  &*) 
below  he  vacuum  level. 


4 Discussion 

Baumert  et.  al.  first  excited  the  Naj  molecule  by  a short  laser  pulse  [12].  Applying  a second  laser 
pulse  they  excited  the  state  once  more.  Depending  on  the  time  delay  between  the  two  successive 
pulses  they  had  a molecule  on  another  excited  level  or  dissociated  fragments.  We  suggest  a similar 
experiment  with  a double  pulse  primary  excitation  leading  to  a Schroedinger  vibrational  state  on 
the  level  e (Fig.  2).  Applying  a third  pulse  when  the  two  parts  of  the  Schroedinger  cat  state  are 
furthest  front  each  other  one  obtains  a superposition  of  a molecule  with  its  fragment. 

This  chemical  cat  state  can  lead  us  very  near  to  the  original  paradox  of  Schroedinger.  Let 
us  suppose  that  this  molecular  superposition  is  superposition  of  the  undamaged  form  of  a virus’s 
DNA  with  a denaturalized  variant  of  the  same  virus.  The  resulting  ’Schroedinger  virus  state’ 
would  be,  in  fact,  a quantum  mechanical  superposition  of  a "living”  and  a ’dead’  virus. 
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Fig.  I I ne  VVigncr  funrtron  (Fig.  la)  and  the  time-dependence  of  the  absolute 
square  of  the  wave  function  ) Hq)  P (Fig.  lb)  of  the  Srhroedinger  cats  state.  The 
prominent  fringe  structure  between  the  coherent  states’  Gaussian  bells  of  the  Wignev 
function  is  caused  by  the  quantum  interference  between  the  two  parts  of  the  superpo- 
sition state.  A smijfar  interference  fringe  of  the  wave  function  cats  be  found  around 
t = ±~.  otherwise  in  the.  bigger  par!  of  tin*  period  | >:'{q)  P consists  of  two  (laussiaiis 
represent  big  the  two  superposed  coherent,  states. 


Fig.  2 The  schematic  terms  for  creation  of  a chemical  superposition  state.  First 


perposition  state  on  level  r.  At  some  moment  of  its  separation  by  some  secondary 
puise(s)  one  can  transfer  the  molecule  into  molecule  A represented  by  the  upper  left 
term  and  simultaneously  into  molecule  B shown  as  the  upper  rigid  term,  creating  this 
way  a chemical  "Schroedinger  cat"  state. 
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CORRELATED  LIGHT  AND  SCHR6DINGER  CATS 


V.  I.  Man’ko 
Lebedev  Physical  Institute 
53  Leninsky  Prospekt,  Moscow  U73SS,  Russia 

Abstract 

The  Schrodinger  cat  male  and  female  states  are  discussed.  The  Wigner  and  Q-funcUoos 
of  generalized  correlated  light  are  given.  Linear  transfonnator  of  photon  statistics  is  reviewed. 

X Introduction 

The  integral  of  motion  which  is  quadratic  in  position  and  momentum  was  found  for  classical 
oscillator  with  time-dependent  frequency  by  Ermakov  (1).  Two  time-dependent  integrals  of  motion 
which  are  linear  forms  in  position  and  momentum  for  the  classical  and  quantum  oscillator  with 
time-depen  d-r.t  frequency  were  found  in  (2);  for  a charge  moving  in  varying  in  time  uniform 
magnetic  field,  this  was  dime  in  [3].  For  the  multimode  nonstationary  oscillatory  systems,  such 
new  integrals  of  motion,  both  of  Ermakov’s  type  (quadratic  in  positions  and  momenta)  and  linear 
in  position  and  momenta,  generalizing  the  results  of  (2]  were  constructed  in  |4).  We  will  consider 
below  the  parametric  oscillator  using  the  integrals  of  motion.The  Wigner  function  of  multimode 
squeezed  light  is  studied  using  such  special  functions  as  multivariable  Henrite  polynomials.  Hie 
theory  of  parametric  os  dilator  is  appropriate  to  consider  the  problem  of  creation  of  photons 
from  vacuum  in  a resonator  with  moving  walls  (with  moving  mirrors)  which  is  the  phenomenon 
based  on  the  existence  of  Casimir  forces  (so-called  nonstationary  Casimir  effect).  The  resonator 
with  moving  boundaries  (moving  mirrors,  rr.jdia  with  time-dependent  refractive  index)  produces 
also  effect  of  squeezing  in  the  light  quadratures.  In  the  high  energy  physics  very  fast  particle 
collisions  may  produce  new  types  of  states  of  boson  fields  (pions,  for  example)  which  are  squeezed 
and  correlated  states  studied  in  quantum  optics  but  almost  unknown  in  particle  physics,  both 
theoretically  and  experimentally. 

2 Multimode  Quadratic  Systems 

The  generic  nonstationary  linear  system  has  the  Hamiltonian 

II  = jQBWQ  + C(()Q,  (l) 

where  we  use  2N-vectors  Q = (j>j,  P2,...,pjv,  ft,  ft, -..,ftv)  and  C(t).  as  well  as  2Nx2N- 
matrix  B(t),  the  Planck  constant  h = 1.  This  system  has  2N  linear  integrals  of  motion  (5|,  [6] 
which  may  be  written  in  vector  form 

0.(0  = A(t)Q  + A(0.  (2) 
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The  real  symplectic  matrix  A(t)  is  the  solution  to  the  system  of  equations 

A«)  = A(t)  EB(t), 

A(0)  = 1,  (3) 

where  the  real  antisymmetrical  matrix  E is  2N-dimensional  analog  of  the  Pauli  matrix  ia9,  and 
the  vector  A(()  is  the  solution  to  the  system  of  equations 

A <t)  = A(t)£C(t), 

A(0)  = 0.  (4) 

If  lor  time  t = 0,  one  has  the  initial  Wigner  function  of  the  system  in  the  form 

^(p,q,t  = 0)  = Wb(Q),  (5) 

the  Wigner  function  of  the  system  at  time  t is  (due  to  the  density  operator  is  the  integral  of 
motion) 

W(p,q,t)  = Wo{A(t)Q  + A(0).  (6) 

This  formula  may  be  interpreted  as  transformation  of  input  Wigner  function  into  output  Wigner 
function  due  to  symplectic  quadrature  transform  (2).  An  optical  linear  transformator  of  photon 
distribution  function  using  this  output  Wigner  function  i s suggested  in  (7). 

The  Hamiltonian  (1)  may  be  rewritten  in  toms  of  creation  and  annihilation  operators 

H = iAO(0A  + E(l)A,  (7) 

where  we  use  2N-vectors  A = ( at,  <12, . . . , a* , ait,  uat, . • - , a Art)  and  E(t),  as  well  as  2Nx2N- 
matrix  D(t).  This  system  has  2N  linear  integrals  of  motion  [5],  (6]  which  are  written  in  vector 
form 

A o(t)  = M{t)  A + N(t).  (8) 

The  complex  matrix  M(t)  is  the  solution  to  the  system  of  equations 

M(t)  = M(t)oD(t), 

M(  0)  = 1,  (9) 

where  the  imaginary  antisymmetric  matrix  a is  2Nx2N -analog  of  the  Pauli  matrix  -<ry,  and 

the  vector  N(t)  is  th  solution  to  the  system  of  equations 

N(t)  = Af(t)*E(t), 

N(0)  = 0.  (10) 

Analogously  to  the  Wigner  function  evolution,  if  for  time  t — 0,  one  has  the  initial  Q-functh>n 
of  the  system  in  the  form 


Q(a,a*,t  = 0)  = Q„(-4),  -4  = (o,a*), 


(H) 


116 


the  Q-function  of  the  system  at  time  t is 


Q(a,a*,t)  = Qb[M(tM  + N(i)J.  (12) 

Here  a = ( q -f  »p)/V5. 

For  time-independent  Hamiltonian  (I),  the  matrix  A (t)  is 

A(t)  = exp(E»0,  (13) 

and  the  vector  A(f)  is 

A(0  = j*  exp (EBt)  E C(t)  dr.  (14) 

For  time-independent  Hamiltonian  (7),  the  matrix  M{t)  is 


M{t)  = exp(aZX),  (15) 

and  the  vector  N(t)  is 

N(()  = £ exp (oDt)  a B(r)  dr.  (16) 

For  time-dependent  linear  systems,  the  Wigner  function  of  generic  squeezed  mid  correlated  state 
(generalized  correlated  state  [8]  ) has  Gaussian  form  and  it  was  calculated  in  {5). 

Thus  the  evolution  of  the  Wigner  function  and  Q-function  for  systems  with  quadratic  Hamilto- 
nians for  any  state  is  given  by  the  following  prescription.  Given  the  Wigner  function  W (p,  q,  t = 0) 
for  the  initial  moment  of  time  t = 0.  Then  the  Wigner  function  for  time  t is  obtained  by  the 
replacement 

Wr(p,q,t)=  W(p(t),  q(t),  1 = 0), 

where  time-dependent  arguments  are  the  linear  integrals  of  motion  of  the  quadratic  system  found 
in  (5),  (4),  and  [9].  This  formula  was  given  as  integral  with  6-function  kernel  in  (10).  The  linear 
integrals  of  motion  describe  initial  values  of  classical  trajectories  in  the  phase  space  of  the  system. 
The  same  ansatz  is  used  for  the  Q-function.  Namely,  given  the  Q-function  of  the  quadratic  system 
Q{ B,  t = 0)  for  the  initial  moment  of  time  t = 0.  Then  the  Q-function  for  time  t is  given  by 
the  replacement 

Q(B,  t)  = Q(B(0,  t = 0), 

where  the  2N- vector  B(<)  is  the  integral  of  motion  linear  in  the  annihilation  and  creation  op- 
erators. This  ansatz  follows  from  the  statement  that  the  density  operator  of  the  Hamiltonian 
system  is  the  integral  of  motion,  and  its  matrix  elements  in  any  basis  must  depend  on  appropriate 
integrals  of  motion. 


3 Multimode  Mixed  Correlated  Light 


The  mast  general  mixed  squeeztxi  state  of  the  N-modc  light  with  a Gaussian  density  operator  p 
is  described  by  the  Wi&net  function  U’tp.q)  of  the  g<  ncric  Gaussian  form. 


f 1 


U'(p,q)  detMexp  < Q >)M-'(Q-  < Q >) 


(17) 
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/here  2N  parameters  < Pi  > and  < $ >,  *=  1,2,..., N,  combined  mto  vector  < Q>,  are 
average  values  of  quadratures, 

< P > * T*£p, 

<q>  = TV  pq.  (18) 

A real  symmetric  dispersion  matrix  M consists  of  2N*+N  variances 

= j ^ QaQfi  "I  QfiQa  > “ < Qa  X Of  ®*$  - 1*2,. . . ,2AT.  (12) 

They  obey  uncertainly  relations  constraints  (5).  According  to  previous  section  the  Wigner  function 
of  parametric  linear  system  with  initial  value  (17)  is 

W(p.q,()  = detMrap  [-i(A(«)Q  + A«-  < Q >)M-‘(A(t)Q  + < Q >)] , <») 

The  photon  distribution  function  of  the  state  (17) 

Vu  = Tt  p\n  ><  n|,  n = (n,,nj nN),  (21) 


where  the  state  |n  > is  photon  mimber  state,  which  was  calculated  in  (11),  (12]  and  it  is 


„ « h&H y) 

Pa  = Po~. 

B* 


(22) 


The  trace  (21)  may  be  calculated  using  the  explicit  form  of  the  Wigner  function  of  the  opera- 
tor |m  ><  n|  (see,  {5})  whidi  is  the  product  of  Wigner  functions  of  one-dimensional  oscillator 
expressed  in  terms  of  Laguerre  polynomials  of  the  farm 

W^tp.q)  = 2»-"+‘(-l)"^  ( (*<«*  + P2))  • <») 


The  function  //in}(y)  is  multidimensional  Hermite  polynomial.  The  probability  to  have  no 
photons  is 

Vo  = [det  (M  + lw)]"1  * exp  [-  < Q > (2M  + lw )'*  < Q >] , (24) 

where  we  introduced  the  matrix 

R = 2Ut(l  + 2M)~IU*  - oN„  (25) 


and  the  matrix 


The  argument  of  Hermite  polynomial  is 

y = 2U‘(Iaw  - 2M)-‘  < Q >, 


(26) 

(27) 
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(28) 


and  the  2N-diinensional  unitary  matrix 

IT  1 / —Us  &n  \ 

U’75V  i»  i»  ) 

is  introduced,  in  which  Iw  is  the  N x N-identity  matrix.  Also,  we  use  the  notation 

a!  = n|!nj!'<>%!. 

The  mean  photon  number  for  j-th  mode  is  expressed  in  terms  of  photon  quadrature  means 
and  dispersions 

< »i  >=  |(«i **  + ~ 1)  + \{<  Vi  >2  + < >*)•  (28) 

The  photon  distribution  function  for  transformed  state  (20)  is  given  by  the  same  formulae  (22), 
(24)— (28)  but  with  changed  dispersion  matrix 

M = A-IMA~“,  (30) 

and  quadrature  means  _ 

< Q >=  A"*(A-  < Q >).  (31) 

Thus  we  have  a linear  transformator  of  photon  statistics  suggested  in  (7]. 

Let  us  now  introduce  a complex  2N-vector  B = (A,  /%,  • 0n,  0t,  /?,  . . . , 0n)-  Then 

the  Q- function  is  the  diagonal  matrix  element  of  the  density  operator  in  coherent  state  basis 
I fh,  fhi  - • • » 0n  > • This  function  is  the  generating  function  for  matrix  elements  of  the  density 
operator  in  the  Fock  baas  Jn>  which  has  beat  calculated  in  (12).  In  notations  corresponding  to 
the  Wigner  function  (17)  the  Q-function  is 

Q(B)  = Vo  exp  [-Ib(H  + oNi)B  + Bfly]  . (32) 

Thus,  if  the  Wigner  function  (17)  is  given  one  has  the  Q-function.  Also,  if  one  has  the  Q-function 
(32),  i.e.,  the  matrix  R and  vector  y,  the  Wigner  function  may  be  obtained  due  to  relations 

M = \J*(R  + <r/v*)“*ut  — 1/2, 

< Q > = U*(l  - (R  + <t/v*)-Vn*) y.  (33) 

Multivariable  Hermite  polynomials  describe  the  photon  distribution  function  for  the  multimode 
mixed  and  pure  correlated  light  [1 1],  [13],  (14].  The  nonclassical  state  of  light  may  be  created  due 
to  nonstationary  Casimir  effect  (15],  [16]  and  the  multimode  oscillator  is  the  model  to  describe 
the  behaviour  of  squeezed  and  correlated  photons. 


4 Parametric  Oscillator 

For  the  parametric  oscillator  with  the  Hamiltonian 

2dx 2 + 2 ’ 


(34) 
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whore  we  take  h — m — u/(0)  = 1,  there  exists  the  time-dependent  integral  of  motion  Grand  in  (2] 


4 = 


where 


(35) 


(36) 


m + W*(«M«)  * 0,  e(Q)  = 1,  ^(0)  = *, 

satisfying  the  commutation  relation 

[A,  4f|  = l.  (37) 

It  is  easy  to  show  that  packet  solutions  of  the  Schrodinger  equation  may  be  introduced  ami 
interpreted  as  coherent  states  (2],  .nnce  they  are  eigenstates  of  the  operator  A (35),  of  (he  form 


*«(x,  0 = *0(x,t)exp 


(4 


|o{*  o*e*(0  J%ax\ 


Mt) 


' 


(38) 


where 


is  analog  of  the  ground  state  of  the  oscillator  and  a is  a complex  number. 

Variances  of  the  position  and  momentum  of  the  parametric  oscillator  in  the  state  (38),  (39) 
are 

w«)|»  _ _ WOP  {40) 


a,  - 


Om  = 


2 ’ ' 2 

ami  the  correlation  coefficient  r of  the  position  and  momentum  has  the  value  corresponding  to 
minimization  of  the  Schrodinger  uncertainty  relation  (17) 


1 1 
***  ~ 4 


(41) 


If  ax  < 1/2  {ap  < 1/2)  we  have  squeezing  in  photon  quadrature  components. 

The  analogs  of  orthogonal  and  complete  system  of  states  which  are  excited  states  of  stationary 
oscillator  are  obtained  by  expansion  of  (38)  into  power  series  in  a.  We  have 

*-<*•'>  = (HH  vb*»(I',)W-  fe)  • (42) 

and  these  squeezed  and  correlated  number  states  are  eigenstates  of  invariant  A^A.  In  case  of 
periodical  dependence  of  frequency  on  time  the  classical  solut  ion  in  stable  regime  may  be  taken 
in  Floquet  form 

e(0-cww(t),  (43) 

where  u(t)  is  a periodical  function  of  time.  Then  the  states  (12)  are  cm*  isienergy  states  realizing 
the  unitary  irreducible  representation  of  time  translation  symmetry  g.  .up  of  the  Hamiltonian 
and  the  parameter  k determines  the  quasienergy  spectrum.  Uns;  u».e  < i.usi  il  solutions  give 
continuous  spectrum  of  quasienergy  states. 
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Hie  partial  cases  of  parametric  oscillator  are  free  motion  ( u ;(t)  - 0 ),  stationary  harmonic 
oscillator  ( v*(t)  = 1 ),  and  repulsive  oscillator  ( u?{t)  — -1  ).  Hie  solutions  obtained  above  are 
described  by  the  function  e(t)  which  is  equal  to  e(t)  = 1 + it,  for  free  particle,  e(t)  = e**,  for 
usual  oscillator,  and  e(t)  = cosh  t + isinh  t,  for  repulsive  oscillator. 

Another  normalized  solution  to  the  Schrodinger  equation 

0 = 2Nm9o(x,  t) exp  C°*Al  ’ (44) 

where 

,«) 

2 ^ cosh  |oj2 

is  the  even  coherent  state  (18]  (the  Schrodinger  cat  male  state).  Hie  odd  coherent  state  of  the 
parametric  oscillator  (the  Schrodinger  cat  female  state) 

#«/(*, 0 = 2JV/¥0(M)exp  “ ^(t)^  ^ ^gjp  l46) 


where 


AT  = exP0Qtla/2) 

! 2*/sinh|or|2’ 


(47) 


satisfies  the  Schrodinger  equation  and  is  the  eigenstate  of  Urn  integral  of  motion  A 2 (as  well  as  the 
even  coherent  slate)  with  the  eigenvalue  or2.  These  states  are  one-mode  examples  of  squeezed  mid 
correlated  Schrodinger  cat  states  constructed  in  (19).  The  experimental  creation  of  the  Schrodinger 
cat  states  is  discussed  in  (20].  These  states  belo  ng  to  family  of  nonclassical  superposition  states 
studied  in  (21),  {22}. 
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Abstract 

A classical  model  of  the  Schrodinger’s  wave  packet  is  considered.  The  problem  of 
finding  the  energy  levels  corresponds  to  a classical  manipulation  game.  It  leads  to 
an  approximate  but  non-perturbative  method  of  finding  the  eigenvalues,  exploring  the 
bifurcations  of  classical  trajectories.  The  role  of  squeezing  turns  out  decisive  in  the 
generation  of  the  discrete  spectra. 


1 The  classical  model  of  quantum  systems. 

The  quantum  theory  devotes  a lot  of  attention  to  the  classical  models  of  quantum  phenom- 
ena. Much  less  attention  to  the  quantum  models  of  classical  phenomena.  Yet,  such  models 
exist.  Some  classical  processes  can  mimick  the  quantum  laws.  One  of  the  mast  provocative 
examples  was  given  by  Avron  and  Simon  in  1986  by  explauaining  the  structure  of  the  Saturn 
rings  in  terms  of  the  band  spectrum  of  the  Schrodinger’s  operator  (lj(Fig.l).  Their  work 
shares  some  epic  qualities  of  Jonathan  Swift  [2]  (something  so  enormous  imitating  something 
so  little!). 

The  analogy,  though,  is  natural  and  has  some  antiquity  [3].  Consider  the  1 -dimensional 
Schrodinger’s  equation: 

- + (V{X)  - £]*(*)  = 0 (I) 

with  r(x),  v{x)  and  E real.  Suppose,  we  are  interested  in  the  solutions  of  (1)  for  arbitrary 
E € J?.  not  necessarily  belonging  to  the  spectrum.  Denote  now  the  variable  x by  t and  call  it 
time  [3,  4,  ')]:  put  also  q = v{t).  p = v'(t).  The  equation  (1)  becomes: 
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d<\ 

dt 


p.  ^ . 2|V(<)  - £]q 


(2) 


Note,  that  (2)  is  simply  the  pair  of  canonical  equations  for  the  classical  variables  q,  p of 
a classical  oscillator  with  a time  dependent  ellastic  constant.  The  Hamiltonian  reads: 


«<<)  = 7 + »(')£ . 


The  canonical  trajectories  of  (3): 

q(0  = 


q(0 

p(0 


g(t)  = 2[E-V(t)} 


(3) 


(4) 


‘portrait’  every  detail  of  the  Schrodinger’s  wave  packet  0(x)  and  its  first  derivative  0'( s ) . 
This  includes  the  phenomenon  of  the  “classical  spectral  bands". 


SO  HEAVY 


so  tiny 


Figure  1.  Saturn  rings,  the  macroscopic  imitation  of  the  spectral  hands  (An 
imperfect  image  of  Avron  and  Simon  idea:  the  spectral  bands  of  a euasi- 
periodir  potential  form  a Cantor  set). 


Indeed,  assume  \'{t)  is  periodic  or  quasi-periodic.  If  1C  belongs  to  a spectral  baud  of 
the  Sclirddinger  s operator,  the  wave  functions  (1)  are  bounded  in  t — * -too  and  so  are 
the  trajectories  of  (he  classical  oscillator  f2-3).  Thus,  the  spectral  bands  of  define  the 
stability  bauds  (trapped  motions)  of  the  classical  system  (2-3).  In  1 urn.  for  /'„  belonging  to  the 
resolvent  set,  the  “act  of  creation"  was  incomplete  on  the  quantum  side:  the  wave  functions 
(1)  have  no  physical  meaning.  However,  the  classical  trajectories  have:  they  escape  1o  oc 
either  for  t — * -foe  or  t — * — oc.  painting  the  picture  of  a parametric  resonance.  Hence,  the 
resolvent  set.  defines  the  instability  regime  (escape  motions).  This  explains  why  the  spectral 
gaps  determine  the  empty  spaces  in  the  Saturn  rings  (Avron  and  Simon  (lj).  A temptating 
question  arises:  can  there  he  a similar  ‘classical  portrait’  for  the  discrete  spectrum? 

124 


2 “Classical  point-spectrum” 


Consider  again  the  classical  system  (2-3),  with  E < 0 and  with  V{t)  in  form  of  a limited 
potential  well: 


V(t)  = 


for  a < t < 6 
for  t < a or  / > b 


The  corresponding  classical  Hamiltonian: 


V 


>) 


«( 0 = y + |K  - VWW  («> 

represents  a rather  simple  mechanical  system.  The  classical  point  is  driven  by  a constant 
repulsive  potential,  corrected  by  an  “attractive  episode"  —V(l) q2  (sec  Fig.2).  The  motion 
trajectory,  in  general,  diverges  either  for  t — > -oc  or  t — » +oo  (as  the  resub  of  a constant 
repulsive  term  Et\2  ).  For  some  E . however,  a very  special  dynamical  phenomenon  occurs: 
the  trajectory,  departing  from  q=  0 at  t = — oo,  by  a rare  dynamical  coincidence,  returns 
asimptotically  to  0 for  / — * +oc.  This  phenomenon,  extremally  unstable,  as  exceptional  as 
an  eclipse,  is  our  classical  equivalent  of  a bound  state  [t’(j-)  — ► 0 for  ,r  — » ±oc]  ie..  the  most 
stable  motion  form  in  quantum  mechanics! 

The  "classical  portrait”,  this  time,  has  no  astronomic  magnitude:  it  represents  rather 
a kind  of  classical  sport  game.  This  aspect  is  specially  visible  if  V’(f)  is  a sum  of  6-peaks: 
F(0  = — «i^(f  — — . . . — an6(f  — f.t),  with  Qj  > 0 ( j = 1,2 ).  The  classical  Hamiltonian: 


H(0  = y + + £>/(!  - M'l!  u> 

7=1 

then  describes  a point  mass  in  a constant  repulsive  field,  pertrubed  by  a sequence  of  attractive 
pulses.  Consider  now  a trajectory  departing  from  q=  0 at  / = — oc.  What  typically  happens 
when  the  attractive  pulses  are  over,  is  that  the  point  must  escape  either  to  q=  — oc  or 
q=  +oc.  Yet,  for  some  exceptional  E < 0,  the  kicks  will  provide  to  the  mass  point  a 
momentum  exactly  sufficient  to  climb  asimptotically  to  0,  against  the  repulsive  forces.  When 
this  happens,  E is  an  eigenvalue  of  (1).  The  whole  phenomenon  resembles  a ping-pom;  game 
against  the  repulsive  potential.  The  attractive  kicks  in  (7)  are  an  equivalent  of  the  “ping- 
pong  rocket”  and  the  “goal”  of  the  game  is  to  collocate  the  point  at  the  very  repulsion 
center! 

Note,  that  the  picture  permits  one  to  guess  the  number  of  the  bound  states.  Thus,  e.g., 
for  n — l (one  kick),  there  is  only  one  way  (modulo  proportionality)  to  return  the  escaping 
point  to  zero.  Henceforth,  the  single  6-well  has  exactly  one  bound  state.  For  n = 2 (2  kicks), 
the  point  can  be  returned  in  two  (qualitatively  different)  ways  corresponding  to  tww  different 
values  of  E and  two  different,  bound  states.  For  more  peaks,  or  for  continuous  V(t),  the  game 
complicates  and  to  predict  results,  some  geometry  elements  on  the  classical  phase  plane  V 
ar.’  necessary. 
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3 The  bifurcations. 

We  shall  assume  below,  that  V{t)  is  a continuous  real  fu;r:  on,  satisfying  (5)  [the  b peaks 
(7)  are  included  as  limiting  cases]. 

One  of  the  oldest  observations  of  quantum  mechanics  is  that  the  eigen  victors  of  ( 1 ) are 
a kind  of  “recurrent  phenomenon”,  tending  to  repeat  itself  as  E r ■ *.  This  fact  can  be 
explained  in  several  ways,  but  its  simplest  illustration  is  obtained  ..  >rms  of  the  integral 
trajectories  of  (2  2). 

Since  the  evolution  equations  (2)  are  linear,  the  phase  point  (4)  depends  linearly  on  the 
initial  condition: 


q(f)  = u(l,a)q(a),  (8) 

where  u(t,a)  is  a real  2x2  simplectic evolution  matrix.  The  canonical  equations  (2)  in  terms 
of  (8)  read: 


«(0 


(9) 


du  _ 0 1 

dt  -g(t)  0 

AM 

For  V(t)  = 0 (t  < a and  t > b ),  (2)  becomes  an  equation  with  constant  coefficients  which 
can  be  explicitely  solved: 


. . _ f eA^“°’q(a)  for  t *_  a 
q(<)  - | e\<  -6)q(fc)  for  t > b 


where  A is  a constant  2x2  matrix: 


A = 


0 1 

2|  E|  0 


(10) 


(H) 


Note  that  A has  a pair  of  real  eigenvalues: 

eigenvalues 


eigenvectors 


k = +v/2m  = 


+ \/2  i 


(12) 


A-  = -V^TTI  e- 


1 

-s/2\T\ 


Thus,  in  absence  of  V(t)  (i.e.  for  t £ [a,fc]),  the  motion  on  the  phase  plane  V amounts  to 
a continuous  squeezing:  the  direction  e+  expands  while  e_  exponentially  shrinks  as  t — ► +oc 
(inversely  for  t — » — oo).  The  typical  phase  trajectory  (2)  diverges  for  both  t —*  ±oo. 
However,  exceptional  cases  exist.  If  q(a)  = Const  x e+,  then  q (t)  vanishes  for  t — » — oc,  and 
if  q(6)  = Const  x e_,  then  q (<)  vanishes  for  t — » +oo.  The  number  E < 0 is  an  eigenvalue  of 
the  Schrodinger’s  operator,  iff  there  exists  a canonical  trajectory  vanishing  on  both  extremes 
t — > ±oo.  This  can  happen  if  and  only  if  the  evolution  between  t = a and  t = L brings  the 
direction  of  e+  into  that  of  e_,  i.e: 
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u(6.  a)e+  = Const  x e_ 


(13) 


Figure  ‘i  The  metamorphosis  of  the  classical  trajectory  (2-J!  for  varying  E 
and  fixed  V'(f ) (qualitative  picture).  As  E raises  to  zero  from  below,  the  defor- 
mation out'  to  the  rotating  term  —1  (f  )q2  expands  clockwisely  around  the  phase 
ipare  origin,  crossing  several  times  the  “shrinking  axis"  e.(C).  At  each  new 
intersection  a bifurcation  occurs,  producing  a new  closed  orbit  interpretable  as 
an  eigenvector  of  the  Schrodinge's  equation  (1).  The  trajectory  transforma- 
tions are  pictured  in  the  moving  frame  of  the  squeezing  a-is’  and  represent  as 
weii  ne  bifurcations  which  t..in>t  occur  for  a fixed  E < 0 and  variable  V(f). 


To  see  the  reccrrent  nature’  «>t  the  phenomenon,  consider  an  integra.  trajectory  of  (2) 
with  qfa)  = Ce+  (i.c.,  tieparting  from  q(— oc)  = 0)  and  observe  how  does  it  change  for 
varying  E < 0.  If  l '{tj  = 0,  the  traie^torv  escapes  to  infinity  -dong  thee*  direction.  IfK{<)< 
0 in  the  scape  is  corrected  by  a rotation  around  the  phase  space  origin  (typically 

generated  by  the  attractive  osci’.ator  Hamiltonians)  For  t > 6.  i.e.,  when  the  rotation 
ceases,  the  deformation  is  sneezed  back  to  zero,  and  the  trajectory  returns  asimptotically 
to  the  expanding  axis  e+  (see  Fig.2).  Now,  as  t grows  (approaching  zero  from  below), 
ti.e  repulsion  (squeezing)  bocoi.irs  weaker  and  the  def-.rmation  caused  by  \ (t)q2  grows, 
tipicallv  drawing  & p.  til!  q(fc)  touches  the  e_-axis.  When  this  happ  -ns,  (13)  is  fulfilled 
and  the  trajectory,  instead  of  escaping  to  infinity,  falls  to  zero,  forming  a closed  orbit  (an 
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eigenvector  of  (I)  ).  As  E still  grows  (and  | E j decreases)  the  deformation  caused  by 
— C(f)q2  drives  the  phase  point  q(6)  across  the  e.-axis  and  the  asimptotir  picture  suddenly 
changes:  the  trajectory  escapes  to  ac  again,  but  this  time  in  ‘he  direction  -e+  (not  +e+). 
meaning  the  bifurcation  (discontinuous  change  of  the  asimptotic  angle  by  — r).  If  E still 
rises  (tending  to  E = 0),  the  deformation  expands  clockwisely  around  the  phase  space  origin, 
intersecting  several  times  the  shrinking  axis  e_.  Each  time  this  happen,  a new  bifurcation 
occurs  (a  discontinuous  change  of  the  asymptotic  angle),  giving  birth  to  a new  closed  orbit 
(next  eigenvector)  at  the  exact  bifurcation  point  (Fig.2). 

Menceforth,  the  eigenvalues  of  (1 ) are  the  bifurcation  values  of  E (i.e.  the  values  for  which 
t*  e trajectories  of  (2)  change  their  asymptotic  type).  In  order  to  bifurcate,  the  trajectories 
must  pass  through  .•  xquence  of  exceptional  forms  (closed  orbits):  this  is  why  there  exist 
spectra.  Can  this  heh*  to  find  the  spectral  values?  The  difficulty  of  finding  the  bifurcation 
values,  of  course,  is  the  same  as  that  of  finding  the  point  spectrum  (the  analytical  sciences 
are  empty!).  Yet,  an  advantage  of  our  model  (2-3)  is,  tl  at  it  turns  attention  to  some  new 
methods  till  now  neglected. 


4 The  angular  Schrodinger  equation. 

Since  t he  vector  norms  are  it  relevant,  our  condition  (13)  can  Iw  convenient  I v writ  ten  in  terms 
of  an  angular  coordinate.  Indeed,  define: 

q = pcoso.  p = psinn  (II) 

The  canonical  equations  (2)  become: 

p cos  rt  — op  sin  o = p sin  o (15) 

psino  + dpcoso  = 2[V'(f)  — E\p  cosa  (lb) 

where  p and  d mean  the  time  derivatives.  Curiously,  the  equation  for  the  angular  variable 
separates,  in  fact,  multiplying  (15)  by  — sin  a,  (16)  by  cos  a and  adding  one  gets  the  1st 
order  differential  equation  for  o alone: 

d = 2(Vr(t)  — E)cos2o  — sin2o  (17) 

while  permuting  the  operations,  one  arrives  at: 

j = [V(0“  E+  xl sin 2q  (,8) 

p 2 

The  angular  equation  ( 17)  was  found  by  Drukarev  [6]  and  Franchetti  [7]  (though  without 
the  geometric  interpretation)  and  used  to  evaluate  the  phase  shifts.  Note,  that  the  squeezing 
directions  e*  too  can  be  defined  in  terms  of  the  angles: 

a±(E ) = ±arctan  \/2\~E\  (19) 

Now,  our  condit’.m  (13)  means,  that  the  evolution  described  by  the  lst-order  eq.(17)  in 
the  time  inte*  j should  transform  the  ‘expansive  direction’  o(a)  = a+(E)  into  the 
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‘shrinking  direction’  a(6)  = a.(£)  + «*■(«  = 0, 1,2, . . .).  Introducing  the  defect  angle  T(£) 
as  a difference  between  the  ‘shrinking  angle’  a.(£)  and  the  final  angle  a(b,  E ) obtained  by 
integrating  (17),  one  can  write  the  spectral  condition  (13)  as: 


r(E)  = a-(£)-a(6,£)  = ntr  (»  = 0,1,2,  . .)  (20) 

An  immediate  generalisation  of  (20)  is  obtained  for  V^(t)  constant  (though  not  necessarily 
vanishing)  for  t ^ (a,  6): 


y(f)  = 


{ 


V» 

V(b) 


for  f < a 
for  t > b 


(21) 


The  trajectory  (2)  has  then  two  constant  generators  A(a)  and  A(6)  for  t < a and  t > b 
and  the  formula  (20)  holds  after  substituting  | V{a)  — E | or  | V(6)  — E | instead  of  ( E | in 
the  expressions  (19)  for  a+  and  q_  respectively.  Two  elementary  facts  make  the  bifurcation 
condition  (20)  specially  efficient  to  determine  the  eigenvalues: 


Observation  1.  For  a fixed  F(f)  and  E < 0,  the  spectral  angle  T(E)  is  an  increasing 
function  of  E.  (This  is  an  elementary  consequence  of  the  Cauchy  equation  (17);  see  also  [8]). 
The  monotonicity  of  T(  E)  permits  one  to  interpolate  easily,  helping  to  find  the  points  where 
r(£)  intersects  the  critical  values  T = nir  (n  = 0, 1,2, . . .). 

Observation  2.  The  function  T(E)  is  unstable  and  changes  very  abruptly  when  crossing 
the  sequence  of  critical  values  T = nr  (n  = 1,2,. . .)  (i  e.  when  E crosses  spectral  points). 
Thus,  even  a little  error  in  F in  vecinity  of  an  eigenvalue  traduces  itself  into  a visible  effect  in 
T,  improving  the  accuracy.  This  instability  is  caused  by  the  fact  that  the  energy  eigenvalues 
correspond  to  the  orbit  bifurcations  where  the  final  integration  point  or (6,  E)  deflects  fast 
when  £ crosses  a bifurcation  value.  If  the  integration  could  yield  a(+oo,£),  V(E)  would 
be  an  exact  step  function  (see  aim  the  observation  in  [9,  p.274]). 

As  an  example,  we  have  considered  the  energy  levels  for  the  truncated  1 -dimensional 
oscillator  potential: 


!\u2x2  for  | x |<  | 

(22) 

X°2  for  i x ! 

We  have  determined  the  angular  function  V(E),  0 < E < V'(f),  for  w = 1,  a = 8 
integrating  numerically  (17)  (see  Fig.3),  and  obtaining  the  8 energy  levels  for  the  oscillator 
truncated  at  a = 4,  all  calculated  with  accuracy  up  to  10-,°.  The  obtained  eigenvalues  are 
very  close  to  the  first  8 levels  of  the  exact  oscillator,  En  = n + | (indeed,  even  the  highest, 
and  last  eigenvalue  of  the  truncated  potential  (22)  differs  rather  little  from  the  orthodox 
En  = 7.5). 

Note  the  characteristic  shape  of  T(£),  with  sharp  steps  helping  to  localize  the  energy 
eigenvalues!  The  same  spectral  problem  would  be  much  more  troublesome  if  approached 
by  the  conventional  perturbation  calculus.  (Even  compared  to  Ritz  method,  our  algorithm 
shows  some  simplicity  as  there  is  no  need  to  invent  adequate  classes  of  test  functions!).  More- 
over, the  same  method  can  be  used  without  difficulty  to  find  the  eigenvalues  of  arbitrarily 
deformed  wells. 
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Eo  = 0.49999999180 
Ex  = 1.49999970050 
E2  = 2.49999476497 
E3  = 3.49994158633 
t\  = 4.49953028600 
fe's  = 5.49706782671 
Eg  = 6.48482891734 
fc7  = 7.42825181633 


Figure  3.  The  defect  angle  r(fc')  = a+  - «(4,  E).  The  intersections  of  this 
“stepping”  function  with  the  lines  n x x give  the  eigenvalues  of  the  Srhrodinger 
problem. 


The  method,  till  now,  concerns  the  limited  potential  wells.  However,  the  generalization 
for  unlimited  and/or  singular  we.ls  is  already  reported  (it  involves  the  substitution  of  the 
constant  angles  a±(E)  by  their  \ariable  ana'ogu*  (5,  8]).  The  (generalized)  sp»*rtral  function 
f (E)  shows  the  same  “step  behaviour"  permitt:ug  to  determine  spectra  with  a high  accuracy. 

It  is  interesting  to  notice  that  all  the  structure  elements  which  we  have  introduced  were 
basically  known  since  long  time,  though  very  seldom  used.  Thus,  the  idea  about  the  classical 
model  of  (1)  (with  x substituted  by  t ) was  considered  as  far  back  as  1970  (or  even  earlier; 
see  the  discussion  in  [3]).  The  angular  equation  (17)  was  found  by  Drukarev  [6]  and  then  by 
Franchetti  [7]  (though  without  geometric  pictures)  and  was  used  to  examine  the  phase  shifts. 
The  idea  that  the  angles  determine  the  discrete  spectra  is  quite  old  (see  e.g.  discussions  in 
[10])  though  is  usually  focused  on  the  phase  of  the  complex  wave  function,  and  mixed  up  with 
the  WKB  approximation.  The  implications  of  the  classical  angle  were  known  to  Calogero  (see 
(11,  p-82]  and  [9,  p.274}),  though  Calogero  was  not  interested  in  the  numerical  algorithms! 
The  idea  that  the  eigenvalues  are  bifurcations  is  as  old  (though  usually  contemplated  without 
paying  attention  to  the  geometry  of  V , and  the  role  of  squeezing  in  producing  the  bifurcation). 

It  seems  also  worth  noticing,  that  the  definition  of  the  bifurcation  does  not  require  the 
linearity  of  the  evolution  equations  (2).  Hence,  the  deflation  of  the  spectrum  via  bifurcations 
might  be  a natural  answer  to  the  intriguing  problem  of  how  to  extend  the  concept  of  spectrum 
to  non-linear  variants  of  the  Srhrodinger 's  operator  (see,  e.g.  discussions  in  [12]).  Some  work 
in  this  direction  is  being  recently  carried  [13]. 
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Abstract 

Critically  analyzing  the  so-called  quantum  Zeno  effect  in  the  measurement  problem,  we 
show  that  observation  of  this  effect  does  not  necessarily  mean  experimental  evidence  for  the 
naive  notion  of  wave-function  collapse  by  measurement  (the  simple  projection  rale).  We 
also  examine  what  kind  of  limitation  the  uncertainty  relation  and  others  impose  on  the 
observation  of  the  quantum  Zeno  effect. 

1 Introduction 

The  quantum  Zeno  paradox,  named  after  the  famous  Greek  philosopher  Zeno,  states  that  an 
unstable  quantum  system  becomes  stable  (i.e.  never  decays)  in  the  limit  of  infinitely  frequent 
measurements.  However,  we  cannot  observe  this  limit,  practically  and  in  principle,  as  will  be  seen 
later  on  the  basis  of  the  uncertainty  relations.  Physically,  its  milder  version,  i.e.  the  quantum 
Zeno  effect  (QZE)  can  be  observed.  On  the  other  hand,  one  may  consider  as  if  observation  of  this 
kind  only  of  phenomenon  were  a clear-cut  support  for  the  naive  notion  of  wave-function  collapse 
(WFC)  (the  simple  projection)  onto  an  observed  state.  The  purpose  of  this  paper  is  to  contrast 
this  kind  of  misunderstanding  by  analyzing  the  mechanism  of  QZE  and  to  discuss  the  important 
role  of  the  uncertainty  relations  in  observation  of  QZE. 

A quantum  system  that  is  initially  prepared  in  an  eigenstate  of  the  unperturbed  Hamiltonian 
undergoes  a temporal  evolution  that  can  be  roughly  divided  into  three  steps  [l]-[6]:  A Gaussian- 
like  behavior  at  short  times,  a Breit-VVigner  exponential  decay  at  intermediate  times,  and  a power 
law  at  long  times. 

The  first  idea  of  the  QZE  was  introduced  under  the  assumption  that  the  Gaussian  short-time 
behavior  can  be  observed  in  a quantum  decay  and  only  the  naive  WFC  takes  place  in  quantum 
measurements  [7]  [8].  In  this  context,  the  QZE  is  closely  connected  to  the  WFC  by  measurement, 
so  that  we  have  to  examine  one  of  the  central  measurement  problem'.:  What  is  the  wave-function 
collapse?  The  authors  have  formulated  a reasonable  theory  of  measurement  without  resorting 
to  the  naive  WFC  (9](10).  In  this  paper,  however,  we  shall  not  discuss  this  problem  (see  refs). 
Rather,  we  shall  explain  the  QZE  along  the  line  of  thought  of  the  naive  WFC. 

Usually,  the  Gaussian  decay  is  very  difficult  to  observe.  For  this  reason,  the  QZE  was  not 
considered  to  be  easily  amenable  to  experimental  test  until  Cook  [ll]  proposed  using  atomic 

'In  collaboration  with  H Nakazato,  G.  Badurek  and  H Rauch. 
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transitions  in  two-level  atoms.  On  the  basis  of  this  idea,  Itano  and  his  group  (12]  recently  carried 
out  an  interesting  experiment,  claiming  that  they  experimentally  justified  the  naive  WFC  by 
observing  the  QZE.  As  opposed  to  this,  Prigogine  and  his  group  asserted,  by  theoretically  deriving 
the  same  result  only  through  a dynamical  process  without  the  help  of  the  naive  WFC,  that  this 
experiment  did  not  necessarily  support  the  naive  WFC.  This  provoked  an  interesting  debate  [13]. 

The  present  authors  and  others  proposed  to  use  neutron  spin-flip,  instead  of  atomic  transitions, 
in  order  to  confirm  and  simplify  (and  generalize)  Prigogine  et  al's  theory  [14].  Similar  kind  of 
experiments  were  proposed  and  recently  performed  by  making  use  of  photon  polarization  [15](16]. 

It  is  also  important  to  note  that  Itano  et  al's  experiment  did  not  observe  the  state  every  time 
except  the  final  one,  and  therefore  was  not  exactly  the  same  as  Cook  proposed.  One  of  the  main 
interests  in  this  paper  is,  therefore,  to  find  the  reason  why  their  experiment  could  give  the  same 
result  as  Cook's  prediction,  which  was  given  by  assuming  the  naive  WFC  (a  simple  projection)  at 
every  step. 


2 Naive  formulation  of  QZE 

We  first  formulate  the  QZE  along  the  line  of  thought  of  the  naive  WFC,  and  discuss  it  as  an 
dynamical  process  in  the  next  section. 

For  initial  state  ua  at  t = 0 (an  eigenstate  of  unperturbed  Hamiltonian  ff0),  the  wave  function 
dynamically  changes  as 

fa  = exp(-t£a*  - ^Fa<2)tCa  + 0(t)  : Fa  = (u„,  Hjua)  (l) 

at  very  short  t(>  0),  provided  that  (u0,/f|ua)  = 0. 

According  to  the  idea  of  the  naive  WFC,  the  system  suffers  such  a sudden  change  as 

Vt  =>  exp (-«£„<  - ^£0*2)u0  ~ (1  - ^ Fat2)uae~tEat  (2) 

for  its  wave  function,  or 

Pt  =»  exp(-£0t2)paa  2:  (1  - Fat2)paa  : paa  = jua  ><  ua|  (3) 

for  its  density  matrix,  at  very  short  t. 

The  probability  of  finding  state  uQ  at  very  short  <(>  0)  is  given  by 

Pait)  = (1  - £,<2)  • (4) 


Therefoi- , the  probability  of  finding  the  same  state  .V  times  by  repeated  measurements  of  this 
kind  in  time  intervals  (0.  £/'*').  •••,  ((.V  - l,T/.X.T ) (note  that  t = T/.X  for  one  step)  during 
(0 S = tN)  is  .1  by 


(5) 


We  propone  to  distinguish  the  QZF  from  the  quantum  Zeno  paradox  in  the  following  w„y: 
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Quantum  Zeno  paradox: 

lim  P?(T)=l  : only  in  the  infinite  N limit,  (6) 

AT — oo 

Quantum  Zeno  effect: 

P*(T)  > P?'(T)  , if  ;V  > N'  : for  finite  N and  A".  (7) 

Remember  that  we  have  simply  formulated  the  quantum  Zeno  paradox  and  the  QZE  by  making 
use  of  the  Gaussian  decay  and  the  naive  VVFC. 


3 Neutron  spin-flip  and  discussion  on  QZE 

In  Cook's  case,  we  observe  only  the  temporal  evolution  of  the  type  cos2(w/2).  so  that  we  obtain 

^m  = (cos^f  w 

for  the  probability  of  finding  the  initial  state  utt  at  time  T after  A'-step  measurements,  if  we  choose 
T so  as  to  give  cos (wT /2)  = 0. 

In  the  neutron  spin-flip  case,  we  can  also  formulate  the  theoretical  procedure  in  a similar  way 
as  in  Cook’s  case,  if  we  use  a polarized  neutron  ’ earn  along  the  c-axis  and  N magnetic  fields  with 
strength  B along  the  x-axis  as  shown  in  Fig.l  (Case  A),  where  = pB/h  (p  being  the  neutron 
magnetic  moment).  Therefore,  we  can  describe  the  one-step  measurement  as 


P{t) 


2 i*ft  . ? ^ 

Pi  a COS  y + pwsin  — 
Uit  . ujt  . 

-ipab  cos  — sin  — + h.c. 

•>  9 


2 u >t 
Pa  a COS  ^ 


(naive  WFC’  projection) 


(9) 


where  a =T,  b =1.  t = T/N  (or  *jt/ 2 = z/2N),  and  then  the  final  density  matrix  after  A* -step 
measurements  becomes 


and  correspondingly,  we  can  get  the  probability  of  finding  the  upward  spin  state  at  time  T in  the 
same  form  as  (8)  with  a =|- 

In  this  case,  we  can  explicitly  write  down  the  whole  density  matrix  in  the  channel  representation 
before  the  final  spin-detection  in  the  following  way: 


/ c2.v 


pSa(T)  = 


s2c2N~i 


sV-v-4 


0 
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Di  D2 


Figure  2:  QZE  in  case  B 


where  c = cos(x/27V)  and  s = sin(x/2iV). 

On  the  other  hand,  we  know  that  a measurement  process  can  be  divided  into  two  steps,  the  first 
being  the  spectral  decomposition  and  the  second  the  detection.  Usually,  spectral  decomposition 
step  is  a sort  of  dynamical  process  that  keeps  coherence  among  the  branch  waves.  In  this  case, 
the  experimental  procedure  is  illustrated  in  Fig.  2 (Case  B).  We  can  easily  show  that,  through 
the  yV-step  spectral  decompositions,  the  density  matrix  of  the  system  will  dynamically  change  as 

/ jr  \ N 

Pb(T)  = (cos2  — J Pan  + other  components  . (11) 

Therefore,  we  can  explicitly  write  down  the  whole  density  matrix  in  the  same  channel  repre- 
sentaion  before  the  final  spin-detection  as  follows: 


( C2N 

isc2N-' 

isc2N'2 

• • • isc N 

— tsc2^'1 

32C2V"2 

s2c2N-3 

•••  sV'"1 

AiT)  = 

-,S<?N‘2 

S2<?N~3 

S2C2N~4 

sV'-2 

1 -tsc'v 

sV'-1 

sVv-2 

• • • s2 

Note  that  both  the  density  matrices  p%(T)  and  Pg{T)  have  the  same  aa-romponent.  Cor- 
respondingly, we  obtain  the  same  formula  as  (8)  (with  a *f)  for  the  probability  of  finding  the 
upward  spin-state  by  the  final  detector  D0  at  time  T.  This  is  the  answer  to  the  question  asked  at 
the  end  of  the  preceding  section.  That  is,  we  cannot  conclude  that  observation  of  PN(T)  going  to 
unity  is  an  experimental  evidence  in  support  of  the  naive  WFC. 


136 


4 The  uncertainty  relation  and  other  situations 


Undoubtedly,  one  of  the  most  important  quantities  is 


, _ , nBl 


2AT 


),  in  P?(T)  = 


(12) 


where  / stands  for  the  length  of  each  magnet  and  v for  the  neutron  speed. 

Mathematically,  <t>  is  of  order  0(N~l ),  but  we  cannot  take  the  infinite  N limit  for  the  following 
reasons:  (i)  In  practice,  we  cannot  make  the  zero  limit  of  the  magnetic  region,  and  (ii)  in  principle, 
it  is  impossible  to  avoid  uncertainties  Av  and  Ax,  because 


<t> 


s — > 

hv o hvo  2mvo&v 


1 AEm 
4 A Ek 


(13) 


where  uq,  A£m  = 2 nB  and  A Ek  ~ A(mv2/2)  are  the  mean  neutron  speed,  the  magnetic  energy 
gap  and  the  neutron  kinetic  energy  spread,  respectively.  Consequently,  we  should  have 


(14) 


For  this  reason  we  can  set  the  following  limitation: 


Wmax  ~ iO4  . 


Additionally,  we  have  to  take  into  account  the  probability  of  reutron  leakage  or  absorption, 
a < 1,  at  each  step,  which  should  modify  the  probability  of  finding  the  neutron  as  follow*': 

P*(T)  = <rN P*{T)  . (15) 

We  cannot  take  the  limit  N — * oc  also  for  this  reason,  but  we  can  estimate  this  kind  of  loss  factor, 
both  experimentally  or  theoretically,  in  order  to  get  the  net  effect. 


5 Concluding  remarks 

We  have  shown  that  observation  of  the  QZE  does  not  signify  any  experimental  evidence  of  the 
naive  WFC  (the  simple  projection),  and  found  the  reason  why  Itano  et  ai’s  experiment  got  the 
same  result  as  Cook's  one,  even  though  they  did  not  exactly  follow  Cook’s  proposal.  We  have  alsc 
examined  an  important  limitation  arising  from  the  uncertainty  relations  and  other  limitations  to 
be  imposed  on  observation  of  QZE. 
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Abstract 

A method  for  producing  a 4 photon  entangled  state  based  on  the  use  of  two  independent 
pair  sources  is  discussed.  Of  particular  interest  is  that  each  of  the  pair  sources  produces 
a two- photon  state  which  is  simultaneously  entangled  in  both  polarization  and  space-time 
variables.  Performing  certain  measurements  which  exploit  this  double  entanglement  provides 
an  opportunity  lor  verifying  the  recent  demonstration  of  nonlocality  by  Greenberger,  Gome, 
and  Zeilinger. 


1 Introduction 

Hie  incompatibility  of  quantum  mechanics  with  some  of  the  intuitive  concepts  found  in  the 
premises  of  the  Ginstein-Podolsky- Rosen  argument  (EPR)  [1]  has  recently  ween  shown  through 
the  remarkable  demonstration  of  nonlocality  by  Greenberger,  Horne,  and  t^ei  linger  (GHZ)  [2]. 
Whereas  traditional  Bell-type  [3]  arguments  have  been  based  on  the  statistical  correlations  of 
two  entangled  particles,  the  GHZ  theorem  relies  only  on  the  perfect  correlations  of  three  or  more 
particles  to  exhibit  a blatant  contradiction  in  the  premises  of  EPR.  The  beauty  and  simplicity  of 
this  theorem  has  provided  strong  motivation  for  the  experimental  construction  of  a multi-particle 
entangled  state. 

In  this  paper  we  present  a method  for  constructing  a 4-photon  state  entangled  in  space-time 
variables.  As  has  been  shown  in  the  pioneering  work  of  Yurke  and  Stoler  [4]  (5],  EPR  effects  can 
arise  even  when  the  particles  do  not  originate  from  one  central  decaying  source.  Yet  rather  than 
basing  our  system  on  four  independent  single  particle  sources,  we  will  use  two  independent  pair 
sources. 

The  use  of  two  independent  pair  sources  in  two-photon  correlation  experiments  has  been  dis- 
cussed by  Zukowski,  Zeilinger,  Horne,  and  Ekert  (6),  and  by  Pavicic  and  Summhammer  [7],  Here, 
however,  the  interesting  feature  of  the  pair  sources  is  that  they  each  produce  two-photon  states 
which  are  simultaneously  entangled  in  both  polarization  and  space- time  variables.  This  double 
entanglement  is  used  to  overcome  a basic  problem  in  4-photon  experiments  which  is  introduced 
through  the  simple  example  of  'lie  double  Franson-interferomcter  (8).  Throughout  the  paper 
simplified  models  in  wh'ch  the  states  evolve  along  the  optical  paths  are  used  to  highlight  the 
importance  of  the  double  entanglement. 
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2 The  Double  FYanson-Interferometer  Example 

Perhaps  the  easiest  way  to  envision  constructing  a 4- photon  space-time  entangled  state  from  two 
pair  sources  would  be  to  use  two  standard  Ftanson - i nterferoraeter  setups,  and  a 4-fold  coincidence 
counting  scheme  such  as  that  shown  in  Figure  1.  Here,  two  type- 1 down-conversion  crystals,  X 
and  X\  are  coherently  pumped  by  the  same  continuous  wave  (CW)  laser  source.  The  signal  and 


FIG . 1 . The  double  Franson-interferometer  simply  consists  of  two  standard  Franson- 
Interferometer  setups  coherently  pumped  by  a single  laser. 

idler  photons  of  each  down-converted  pair  can  follow  either  a long  or  short  path  to  their  respective 
detectors.  For  simplicity  o,  0,  7,  and  6,  which  are  the  phase  delays  between  the  long  and  short 
paths  in  the  four  arms,  can  be  taken  to  be  equal. 

Considering  the  single  Franson-interferometer  setup  following  crystal  X,  one  would  first  per- 
form the  standard  procedure  of  making  the  two-photon  coincidence  circuit  time  window,  Tc> 
much  shorter  than  the  time  delays  associated  with  a and  0.  By  doing  this  the  two-photon 
probability  amplitudes  corresponding  to  one  photon  of  a down-converted  pair  taking  the  short 
path  while  the  other  takes  the  long  path  can  not  contribute  to  the  two-photon  coincidence 
counting  rate,  and  the  two-photon  space-time  entangled  state  originating  from  crystal  X is: 
|t/>2)  ~ |5)i|5)2  + c‘(a+<J,|L)i|L)2,  where  |S)i  denotes  the  photon  taking  the  short  path  to  de- 
tector 1,  and  so  on.  By  reducing  T'  a similar  state  is  realized  in  the  other  two-photon  setup  : 
|t/>2<)  ~ |S')3|S')4  -f  c,iy+6)\L')3\L,)A,  where  the  primes  always  indicate  origination  in  crystal  X'. 

Therefore,  the  4-photon  quantum  state  realized  by  combining  the  outputs  of  these  two-photon 
coincidence  circuits  into  a 4-photon  coincidence  circuit  would  be  the  product: 

l*«>  - (|S),I*>2  + c‘(“+i,)|L),|/,)2)  09  (m3|S')<  + eiiy+t)\L'h\L')4) 


= + e'^lShiswr.'hlL'u  + 

«,("+*lWi|t)*|S')3|S'>«  + e*‘“+*+-*+4»|L)1|/.)2|//),|l,,)4.  (1) 

This,  however,  is  not  a 4- photon  space-time  entangled  state  because  of  the  two  middle  terms, 
describing  the  amplitudes  where  some  photons  followed  the  short  paths  while  others  follower!  the 
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long  paths.  What  is  desired  is  toe  ellimination  of  these  two  terms  so  that  the  4-fold  coincidence 
counting  rate  shows  the  signature  interference  due  to  the  two  indistinguishable  processes  in  which 
all  4 photons  take  their  short  paths,  or  all  4 take  their  long  paths. 

At  first  glance,  one  might  be  tempted  to  try  and  achieve  this  Elimination  by  reducing  the 
4-fold  coincidence  time  window,  (as  had  been  done  in  each  of  the  two-photon  coincidence 
circuits)  to  "cut-off”  these  unwanted  terms.  However,  this  will  not  work,  as  can  be  seen  through 
the  following  simplistic  indistinguishability  argument:  Consider  the  case  when  a down  conversion 
pair  is  "born"  in  crystal  X at  some  time  t and  each  of  the  photons  follows  its  long  path  en  route 
to  detectors  1 and  2.  Then  at  some  later  time  t + r a pair  is  born  in  cyrstal  .V'  but  these  photons 
follow  their  short  paths  to  detectors  3 and  4.  Well,  in  the  extremely  unfortunate  circumstance 
that  r is  exactly  equal  to  the  time  delay  between  the  short  and  long  paths,  all  4 detectors  will 
fire  simultaneously.  Thus,  even  though  in  principle  T&  can  be  made  extremely  small,  the  4-fold 
coincidence  count  resulting  from  this  type  of  j/,)1|L)2|5,)3|5^4  amplitude  is  indistinguishable  from 
a \L)i\L)2\L,)a\L,)4  or  |5)i|5)2|5')3|5',)4  amplitude  when  the  two  pairs  were  born  at  exactly  the 
same  time.  In  other  words,  simple  attempts  at  space-time  based  projective  measurements  will  not 
result  in  a space-time  entangled  state. 

However,  these  two  unwanted  middle  terms  can  be  Eliminated  in  a similar  setup  whore  each 
of  the  two-photon  states  is  entangled  in  both  polarization  and  space-time  variables.  As  will  be 
seen,  the  find  projective  measurements  can  be  based  on  polarization,  leaving  a 4-photon  state 
entangled  in  space- time  varibles. 

3 The  Two-Photon  Double  Entangled  State 

Since  we  will  solve  the  above  problem  by  constructing  our  4-photon  entangled  state  from  two 
double  entangled  two-photon  states,  we  will  briefly  review  their  interesting  features.  The  two- 
photon  state  which  is  simultaneously  entangled  with  respect  to  both  polarization  and  space-time 
variables  has  been  observed  [9] , and  even  used  to  demonstrate  two  different  types  of  violations  of 
BEI’s  inequalities  in  a single  experimental  setup  (10). 

One  way  to  construct  such  a state  is  shown  in  the  cartoon  schematic  of  Figure  2a.  Consider 
a down-conversion  crystal,  X,  cut  at  a type-II  phase  matching  angle  [11]  which  produces  pairs 
of  orthogonally  polarized  signal  (parallel  to  the  e-ray  plane  of  crystal  X)  and  idler  (parallel  to 
the  o-ray  plane  of  crystal  X)  photons  that  travE  collinearly  in  the  same  direction  as  the  pump. 
Ideally,  the  crystal  should  be  thin  enough  so  that  its  birefringence  does  not  impart  any  significant 
temporal  phase  lag  between  the  two  down-converted  photons,  Ethough  in  practice  a thick  crystal 
may  be  used  followed  by  a compensation  device  [12]  [13]. 

At  this  point  the  state  can  be  roughly  described  by  polarization  kets:  |V’)  ~ |o)  ® |e).  After 
filtering  out  the  pump  beam,  the  down-converted  photons  pass  through  a thin  birefringent  crystal, 
BC,  whose  fast  and  slow  axes  are  aligned  at  ±45°  to  the  signal  and  idler  polarizations  (see  Figure 
2b).  Thus,  upon  encountering  BC,  the  state  emerging  from  the  crystal  evolves  as: 

|o)  ®|e)  — \ (|F)  + |S))  0 (-IF)  + |S»  = -i(|F>|F)  - |S)|S»  (2) 

where  |F)  and  |S)  describe  photons  polarized  along  the  fast  and  slow  axes  of  BC. 
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In  order  for  a coincidence  detection  to  occur,  the  photon  pair  must  be  split  by  50/50  beam 
splitter  BS.  In  each  of  the  output  ports  of  BS  are  delay  units,  which  could  be  variable  thickness 
birefringenl  material  or  even  Pocket's  ceils,  that  are  oriented  with  their  fast  and  slow  axes  parallel 
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FIG. 2.  a)  A cartoon  schematic  of  the  experiment  which  can  realize  the  two-photon 
double  entangled  state,  b)  The  polarization  orientations  of  the  signal  (c-ray)  and  idler 
(o-ray)  photons,  and  the  fast  and  slow  axes  of  BC. 

to  those  of  BC.  In  this  way  we  can  impart  variable  space-time  phase  delays,  a and  /?,  between  the 
fast  and  slow  "paths”  leading  to  each  detector.  Behind  each  delay  unit  is  a polarization  analyzer 
( 0i  and  02)  and  a detector. 

It  is  easy  to  see  that  after  BS  and  the  delay  units, 

.(|P),|P)J-ei'"*«|S)1|S)J)  (3) 

State  3 is  the  double  entangled  state.  Note  that  as  we  vary  the  phase  delay  a + 0 we  see 
a space-time  interference  between  the  two  indistinguishable  amplitudes  in  which  both  photons 
followed  their  fast  paths  and  both  photons  followed  their  slow  paths,  in  exact  analogy  to  the 
standard  Franson-interferometer.  Furthermore,  if  we  go  to  a space-time  coincidence  counting  rate 
minimum  or  maximum  (e.g.  o -f  0 = 0,x)  we  may  rotate  the  analyzers  0i  and  02  and  see  a 
polarization  interference  in  analogy  to  that  seen  in  some  of  the  earlier  tests  of  Bell’s  inequalties. 
It  should  be  emphasized  that  there  was  no  need  of  a short  coincidence  time  window  to  see  this 
effects. 


4 The  4-Photon  Space-Time  Entangled  State 

We  now  proceed  to  employ  two  of  these  double  entangled  two- photon  setups  in  a manner  analogous 
to  the  use  of  two  Franson  - interferometers  in  Figure  1.  Addi;  ion  ally,  we  insert  an  extra  50/50  beam 
splitter,  GBS,  so  that  photons  transmitted  by  BS  and  BS'  can  reach  either  detector  2 or  detector 
4,  as  is  shown  in  Figure  3a.  Furthermore,  we  align  the  fast  and  slow  axes  of  the  elements  in  the 
primed  system  orthogonal  to  those  of  the  unprimed  system  (see  Figure  3b).  As  in  equation  1,  the 
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4-photon  state  here  is  the  product  of  two  two-photon  entangled  states  (state  3 and  its  analog  in 
the  primed  system),  so  that  taking  into  account  the  action  of  CBS  and  ignoring  the  terms  which 
will  not  contribute  to  the  4-fold  coincidence  counting  rate,  it  is  not  difficult  to  see  that  (14): 


i0«)  ~ iF),iF)3{iF)»in.-in>iF)o 

-e*H'‘l|F),|S')s  - IS’MFM 

+e***'w’+‘>|S),|S')J  (|S),|S')«  - |S'),|S),)  (4) 

Although  analagous  to  equation  1,  we  see  that  the  inclusion  of  the  extra  beam  splitter  has 
essentially  divided  each  of  the  four  possible  4-photon  amplitudes  into  two  equal  phase  parts,  as 
indicated  by  the  curly  bracketed  terms  in  equation  4.  Based  on  the  polarization,  it  is  these  equal 


■X' 


FIG-3,  a)  The  envisioned  scheme  consists  of  two  coherently  pumped  "double  en- 
tangled two-photon  state”  setups  which  overlap  through  the  use  of  an  extra  beam 
splitter  (EBS).  b)  The  important  polarization  orientations  of  the  various  elements  in 
the  scheme.  Note  that  BC'  is  orthogonal  to  BC. 

phase  parts  which  will  constructively  or  destructively  interfere  to  produce  the  space-time  entangled 
state. 

For  example,  we  consider  the  projection  of  the  state  on  to  the  polarization  analyzers  and  note 
from  Figure  3b  that  |F)  and  |S'}  are  antiparallel.  Thus,  regardless  of  the  settings  of  analyzers  02 
and  the  two  equal  phase  parts  in  the  curly  brackets  of  the  second  term  will  subtract  and  this 
corresponding  4-photon  amplitude  will  vanish.  Likewise,  since  |S)  and  |F')  are  parallel,  the  two 
equal  phase  parts  in  the  curly  brackets  of  the  unwanted  third  term  will  also  subtract.  Furthermore, 
we  note  that  if  we  orient  02  and  as  shown  in  Figure  3b,  and  define  the  relevant  part  of  the 
polarizer  projection  operator  as  V = |0j)|04)(0«|{02|,  then  in  the  curly  brackets  of  the  first  4-photon 
term: 


P|F)2|F'>4  = -'p\r)2\F)„ 


(5) 
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and  these  two  equal  phase  parts  add  together.  The  same  is  true  inside  the  curly  brackets  of  the 
last  4- photon  term. 

In  other  words,  since  the  polarizations  are  associated  with  space-time  paths,  the  amplitudes  in 
which  some  photons  take  the  fast  paths  white  others  take  the  slow  paths  are  seen  to  vanish,  white 
those  in  which  all  four  photons  take  the  fast  paths  or  all  four  photons  take  the  slow  paths  remain! 
The  remaining  4-photon  state  is  entangled  in  space-time  variables: 

|0«>  = \Fh\Fh\F)3\F)4  + e*-+*+^>|S),|S)a|S)3|S)«.  (6) 

It  is  interesting  to  see  that  with  the  above  choice  of  and  84  settings,  there  is  no  dependence 
on  the  difference  in  pair  birth  times  (provided  it  is  within  the  coherence  time  of  the  pump),  nor 
any  reliance  on  any  type  of  ultra-short  coincidence  time  windows  provided  we  can  assure  at  most 
one  pair  of  photons  from  each  crystal  is  in  the  system  at  any  given  time. 
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Abstract 

We  review  the  formalism  for  describing  the  two  photon  state  produced  in  spontaneous 
parametric  down  conversion. 


1 Introduction 

in  this  discussion  we  will  first  outline  the  general  theory  of  optical  spontaneous  parametric  down- 
conversion  (OPDC).  We  will  then  discuss  the  phase  matching  conditions.  After  this  we  will  discuss 
the  classification  of  OPDC  into  type-I  and  type-II.  Finally  we  will  present  our  picture  of  the  two 
photon  state  generated  by  the  thory. 

The  work  discussed  in  this  paper  is  the  result  of  the  efforts  of  the  members  of  the  UMBC 
Quantum  Optics  Group: 

Y.  H.  Shih 
A.  V.  Sergienko 
T.  Pittman 
D.  Strekalov 
J.  Orzak 

D.  N.  Klyshko  (Moscow  State  University) 


2 Optical  Parametric  Downconversion 

Optical  Parametric  down  conversion  is  modeled  (in  the  interaction  picture)  by  the  interaction 
Hamiltonian  [1][2] 

H,  = |/ <PrX<”Ep(r,imr,t)E1(r,l)  (1) 

where  Ep  is  the  pump  electric  field  and  xll*  >s  the  second  order  susceptibility,  (\  = + \*2)  + 

x<3>  + ...).  The  integral  is  over  the  intersection  of  the  birefringent  crystal  and  the  pump  beam.  In 
writing  this  it  is  assumed  that  the  crystal  does  not  have  a center  of  symmetry  so  x£s£  / 0 and  that 
wave  length  of  the  light  is  much  greater  than  atomic  dimensions  so  the  crystal  can  be  treated  in 
the  continuum  limit.  The  pump  is  be  treated  classically.  For  spontaneous  optical  parametric  down 
conversion  the  wave  function  incident  on  the  crystal  is  assumed  to  be  the  vacuum,  >=  |0  >. 
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Using  first  order  perturbation  theory,  we  can  compute  the  wave  function  produced  at  the  output 
face  of  the  crystal.  It  is  a superposition  of  the  vacuum  and  a two-photon  state.  The  two  photon 
beams  are  often  referred  to  as  the  signal  and  idler  beams.  In  our  case,  we  choose  the  orientation  of 
the  optic  axis  of  the  crystal  and  the  polarization  of  the  pump  beam  so  that  the  produced  photons 
have  orthogonal  polarizations  corresponding  to  ordinary  (o-rays)  and  extraordinary  (e-rays)  rays 
in  the  crystal. 


i*>  = io>-[  r *****  i°> 

A J — OO 

= |0>  + E FkJc.«!k,aJk,|0  >,  (2) 

k,k' 

Fk.k'  = rk.k'6(wok  + Wek  - u}p)Lh(LAw)ktr{k,k').  (3) 

In  Eq.  (3)  Lh(LAkk>)  comes  from  the  integral  over  the  length  L of  the  crystal, 

1 - e~u 

h{x)  = i-4-  (4) 

tx 

Akk'  = kp  — kz  — k[  (5) 

The  integral  over  the  area  A of  the  intersection  of  the  beam  cross-section  and  the  crystal  gives 

Mk,kO=  / dV*(k+k')p-  (6) 

JA 

The  time  integral  gives  the  27r  times  the  Dirac  delta  function  which  is  the  steady-state  or  frequency 
phase  matching  condition.  If  we  assume  that  the  crystal  is  very  large  and  the  pump  beam  has  a 
large  cross  section,  then  the  integrals  can  be  taken  to  extend  over  an  infinite  volume.  This  leads 
to  the  trace  number  phase  matching  condition 

k + k'  = (7) 

The  assumption  of  a monochromatic  pump  beam  gives 

u?p=<*>0  k+^ek*.  (8) 

3 The  properties  of  the  two  photon  state 

3.1  Terminology 

We  introduce  some  terminology  for  OPDC. 

• Collinear  k and  k’  are  parallel  to  kp 

• Degenerate  u’i  = u;2 

• Type-1  Signal  and  idler  have  same  polarization 

• Type-II  Signal  and  idler  have  orthogonal  polarization 

We  next  remind  the  reader  of  the  definition  of  an  entangled  state  [3].  For  two  degrees  of 
freedom,  we  say  a state  $(1,2)  is  entangled  if  it  is  not  a product  state,  i.e.  $(1,2)  ^ <£(1)0(2).  A 
simple  example  of  an  entangled  state  is  the  singlet  state  of  two  spin- 1/2  particles. 
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3.2  OPDC  two  photon  state 

[4]  The  state  in  Fq.(2)  is  entangled  in  wave  number  and  frequency  or.  equivalently,  in  span*  and 
time  because  /*|t(c.  does  not  factor  into  a function  of  k and  k’.  In  general,  it  is  not  entangled  in 
polarization. 

ct 


FIG.  1.  A Feynman-Iikc  diagram  showing  a pair  created  at  point  A inside  the 
crystal.  For  the  case  shown  the  speed  of  the  e-ray  is  greater  than  that  of  the  o-ray 
in  the  crystal.  Since  the  first  photon  is  always  the  e-ray,  the  state  is  not  entangled  in 
polarization. 

The  simplest  experiment  to  study  the  two  photon  state  is  illustrated  below. 


FIG.  2.  A collinear,  type- II  experiment.  The  beam  splitter  seperates  the  polar 
izations  and  sends  them  to  the  two  detectors  1)1  and  D2.  A coincident  counter,  (’, 
detects  coincidence**. 


For  this  is  a collinear.  type-1 1 experiment  the  output  is  given  by  the  coincident  counting  late 
It  = lim  i ['  dt\  I'  dTi  < E{2-] - /,) 

I - ' / M I ./() 


(9) 
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where  S(t)  is  a coincidence  lime  window.  The  probability  of  a coincidence  is 


.4i/„/2)=--<0|#4t>i£i+,|*  > 


(to) 

MU 

02) 


0 — ■ i ) 'jh' 

where  7j  is  the  time  at  which  a photon  is  detected  a!  detector  j which  is  a distance  z,  from  the 
output  surface  of  the  crystal.  A is  called  the  two-photon  mnphtudv  or  Inphoton.  The  two- photon 
amplitude  is  of  the  form 

d(b.b)  = ”{<»  +0M0-M  (13) 


«(0 


r.  ,wd  : 


11(1), 


(H) 

♦■•(0  = 05} 

u*-=n0-ne.  (if») 

The  quantities  fl„  and  Ib.flfiU  + = w>r)  are  chosen  for  convenience.  For  details  see  [4). 


FIG.  3-  An  illustration  of  the  two-photon  amplitude.  In  most  experiments  the 
width  in  b - G is  much  smaller  than  the  length  in  t\  + b,  The  latter  is  determiner1 
by  the  coherence  length  of  the  pump. 

3.3  Double  entanglement 

it  is  possible  to  entangle  the  polarization  as  well  as  the  energy  and  momentum.  The  simplest 
experiment  for  seeing  this  is  shown  in  figure  4 below. 

A birefringent  crystal  is  placed  in  the  path  of  the  rays  to  compensate  for  the  different  group 
velocities  of  the  o and  e-rays,  if  the  e ray  emerges  from  the  crystal  first,  the  compensator  is 
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arranged  so  the  e-ray  passes  along  its  slow  axis.  The  length  of  the  compensator  may  lie  varied  so 
that  it  introduces  a delay  r in  the  e-ray  relative  to  the  o-ray. 


FIG.  4.  The  use  of  a birefringent  crystal  as  a compensator. 


If  the  beam  splitter  is  a 50-50  beam  splitter,  then  the  two  photon  amplitude  becomes 


^(^1^2)  — " r)M*t  — *2  + r)  _ ?1(-*i  + *2  + r)|- 


The  minus  sign  comes  from  the  reflection  off  the  mirror.  The  figure  below  illustrates  the  form  of 
the  bracketed  term  in  Eq.(17).  The  probability  amplitude  will  show  interference  between  these 
two  terms  if  r is  chosen  so  the  two  terms  overlap.  The  xounling  rate  is  then  vee  shaped,  going 

to  zero  for  complete  overlap.  We  refer  you  to  Dr.  Sergienko’s  talk  for  details  of  the  experimental 
n 


n<fc>  n(t) 


T'  1 ( * . 5.  The  form  ot  ihc  amplitude  in  Eq.  (17)  is  shown  for  no  overlap  and  partial 
overlap. 
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We  also  illustrate  this  effect  using  Feynman-like  diagrams  for  a some  typical  pairs. 


FIG.  6.  These  diagrams  illustrate  how  the  compensator  effects  pairs  that  are  ere 
ated  at  point  A near  the  input,  at  the  center,  and  near  the  output  of  the  crystal. 


4 Conclusion 

We  have  a good  understanding  of  the  structure  of  the  two-photon  amplitude  both  theoretically 
and  experimentally.  The  experimental  results  have  been  reported  by  other  members  of  our  group 
at  this  meeting.  We  have  recently  completed  some  work  on  the  transverse  correlations  of  the 
signal  ami  idler  beams. 
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Abstract 

A feasible  experiment  is  discussed  whir*  allows  us  to  prove  a Belt's  theorem  for  two 
particles  without  using  an  inequality.  T»»e  experiment  could  be  used  to  test  local 
realism  against  quantum  mechanics  without  the  introduction  of  additional  assumptions 
related  to  hidden  variables  states.  Only  assumptions  based  on  direct  experimental 
observation  are  needed. 


The  experiment  I wish  to  discuss  is  represented  in  Fig.l.  It  is  a variant  of 
Franson’s  two-photon  correlation  experiment  [1].  However,  variants  of  other  experiments 
could  also  be  considered  [2-4].  A source  (S)  emits  pairs  of  photons  (y,  and  y2).  The 

photons  are  emitted  simultaneously  [S],  but  there  is  uncertainty  about  the  time  of 

emission.  H,  and  H2  are  50%:50%  beam  splitters.  As  in  an  experiment  recently  discussed 
[6],  Hj,  Hj,  H3,  and  H4  are  not  50%. 50%  beam  splitters,  and  have  real  amplitude 
transmissivities  Tt.  T2,  T},  mid  T4,  and  real  amplitude  reflectivities  R,,  R2,  R3,  and 

R4.  M,,  Mj,  M2,  Mj  and  Mj’  are  mirrors,  and  <>,,  $2,  and  $3  are  phase  shifters. 

L2-S2=L,-S,  =cAT  is  much  greater  than  the  coherence  lengths  of  the  packets  associated 
with  v,  and  y2.  This  implies  that  Aoj,AT»1  and  A(i)>AT»l,  where  Ato,  and  AtOj  are  the 
uncertainties  in  the  angular  frequencies  of  y,  and  y2.  However,  A(to,  -Ho, )AT«1.  As  is  well 
known  U).  in  this  case  the  situation  in  which  both  photons  follow  the  long  paths  is 
indistinguishable  from  the  situation  in  which  both  photons  follow  the  short  paths.  In 
the  present  proposal  a balanced  Mach-Zehnder  interferometer  for  photons  y2,  constituted 
by  H3,  Hj,  Mj',  and  H4  has  been  introduced. 


* Permanent  address:  Umversidade  Federal  do  Rio  de  Janeiro,  Instituto  de  Fisica,  Caixa 
Postal  68528,  21945-970  Kio  de  Janeiro.  RJ,  Brazil 
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FIG.l.  Experiment  proposed. 


I will  consider  four  different  situations:  (A)  Hj  and  H4  are  removed;  (B)  HJ  is  in 
place  and  H4  is  removed;  (C)  Hj  is  removed  and  H4  is  in  place;  (D)  Hj  and  H4  are  in 
place.  The  detections  relevant  to  our  discussion  are  only  the  coincident  detections 
occuring  at  sites  1 and  2,  1 and  2’,  1’  and  2,  and  1*  and  2’.  Naturally,  the  probability 
of  coincident  detections  occuring  at  sites  T and  2 in  situation  A,  P4(l\2)=0,  since  in 
situation  A Yi(Y2)  has  to  follow  the  long(short)  path  to  be  detected  at  l’(2). 

The  probability  amplitude  of  coincident  detections  occuring  at  sites  1 and  2*  in 
situation  B is  [6] 


A*(l,2’)=  [ (aIot2+pip2)  , (1) 

where  c^^  is  the  probability  amplitude  of  having  a photon  Yi  with  a frequency  a),  and  a 

photon  y2  with  frequency  Wj,  a,=  2'in  expfitOjt^T,  is  the  probability  amplitude  of 
having  a photon  y,((o,)  following  the  short  path,  where  tj  is  the  time  spent  by  light  to 
follow  the  short  path,  a2=2',/2TJiR2expliti>2(ts+t’)]  is  the  probability  amplitude  of 
having  a photon  y2(^)  following  the  short  path,  where  t’  is  the  time  spent  by  light 
from  HJ  to  H4,  P,  =i212exp(i<>1)exp(io31tL)iRl  is  the  probability  amplitude  of  having  a 
photon  Y,(ti),)  following  the  long  path,  where  tL  is  the  time  spent  by  light  to  follow  the 
long  path,  and  P2 = i2‘,/2exp(it|>2)T2exp[ico2(tI_ 1’)|  .s  the  probability  amplitude  of  having 
a photon  Y2(<*h)  following  the  long  path.  Using  (1)  and  the  condition  A(w,  + to, )AT«1  we 
obtain 
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(2) 


A*(l,2’)=(i/2)  l A^^CT.TjRj-BR.T,)  . 

where  Au>i0l,»cWiW2exp(i<olis+ i<o,(ts+ t’)J and  Baexp[i(t|  +4h) + i(Wio+Wjo)AT]  where <o,0 and 
<o20  are  the  central  frequencies  of  Y,  and  Y:-  Choosing  T,T3R2«R,T2  and  using  Ihe 
condition 


we  obtain 


£ ,c<0,<0jl*=1  » 0) 

(0,(0, 


Pb(1  ,2*)=<  l/2HT,T3R,)2(I-ReB)  . 


(4) 


In  an  ideal  situation  we  can  have  [PB(l,2’)]m>n=0  (ReB=l)  and  lPB(l,2’)lmM=<T,T3R2)2 
(ReB=-l).  This  follows  from  quantum  mechanical  nonlocality.  But  in  a real  situation  this 
is  not  so.  Let  us  then  assume  that  ReB  = 1 -e  (ReB=-l  +e)  in  the  minimum  (maximum)  case. 
Then  we  can  introduce  the  visibility  VB  given  by 

v .tPaO^UrlPaO^)]^.^  (5) 

8 rai.r)]w+(PScu-)iM 

Thus, 

fPBd.2’)Li„=(l/2)(TlT3R2)2(I-VB)  . (6) 


Using  a similar  reasoning,  we  obtain 


A‘(l,2’)=  l c^^Sfp.+Pj)  . (7) 

«¥»2 

where  8=2',/Jexp(io),ts),  p,  =2l,2T3iR,exp[i(02(ts+t’)JT4,  and  p,=21/2iR3exp(i(>3) 
exp[i(02(ts+t’))iR4,  which  leads  to 

A‘=(l/2)  [ Aa)i<aj(iT3R2T4-CR3R4)  , (8) 

(0,(0, 

where  Csexp(i<>3).  Thus,  choosing  T3R,T4=R3R4  and  using  (3)  we  obtain 

Pc(  1 ,2’) =(  1 /2)(T3R2T4)2(  1 -ImC)  . (9) 
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As  in  (S)  and  (6),  we  can  introduce  the  visibility  Vc  to  obtain 


(Pc(  1 ,2')]lllin  *(  1/2)(T3R2T|)(  I -Vc)  . (10) 

In  an  ideal  situation  we  can  have  Vc= 1 and  {P^{l,2’)]injn=0.  This  follows  from  the  wave 
like  properties  of  light. 

It  is  also  easy  to  see  that 

A0(l,2’)  = £ cW,6>j[^|(0t'*'02)'*'^'203l  » 

(0,0)2 

where  A,  =2,aexp(i<o1ts)T1,  o,=2*,/2T3iR2exp{i<i)2(ts+t’))T4, 
explUDjOs+t’HiR.,,  A,=i2'  exp(i0,)exp(io),tL)iR,,  and 
exp[ico2(tL+t’)]T4,  which  leads  to 

Ao=(i/2)T,T3R2T4  £ A^fl-B+iC)  . 

<0,0)2 

Then,  choosing  and  <j>2  such  that  PB(l,2’)=[pB(l,2,)Jnkn, 

P‘(1,2*)«CPc0.2  )U,  we  obtain 

P^(1.2,)=(l/2)(T1T3R2T4)2[(3/2)-VB-Vc+VBVc-(l-VB),/2(l-Vc),a)  . (13) 

To  prove  a Bell’s  theorem  for  two  particles  without  using  an  inequality  we  can 
consider  the  ideal  situation:  VB=VC=  1.  I will  assign  the  value  r(/)  for  detections  that 
occur  at  sites  1 and  2’  (1’  and  2).  Thus,  assuming  there  can  be  hidden  variables  states 
(HVS)  of  the  photon  pair  which  mimic  quantum  mechanics,  we  can  wily  have:  (A) 
a£(A)bB(A)=i,-l;  (B)  ap(A)b£(>'=i,l,  from  (6);  and  (C)  a£(A)b£(A)=i,l,  from  (10).  aB(X) 
(bB(X))  represents  the  result  of  a measurement  performed  at  1,1’  (2,2’)  when  Hj  (H4)  is 
in  place  (removed),  and  so  on,  the  superscript  c refers  to  coincident  detections,  and  X 
represents  the  HVS  of  the  photon  pair  [7].  Assuming  locality,  that  is,  that  a£(X)  is  the 
same  in  A and  C,  for  example,  we  see  that  a^A)=i-M>B(A)=l-*-»a£(A)=i-M>p(A)=l.  That 
is,  Po(l,2’)=0  (local  realism),  in  disagreement  with  P^(  1 ,2 ’) = ( 1 /4)(T,T3R2T4)2  (quantum 
mechanics),  from  (13). 

Introducing  some  assumptions  which  are  based  on  direct  experimental  observation  the 
above  argument  can  be  extended  to  the  case  of  a real  (i.e. , non-ideal)  experiment.  Let 
us  initially  consider  situation  C and  select  only  those  events  in  which  detection  at  2’ 


(11) 


o,-2l/2iR3exp(i03) 

o3=i2 '"expGfcyrj 


(12) 


amt  (f>.  eitrii  that 
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occurs.  In  this  case,  whenever  a coincident  detection  at  1 occurs  we  know  that  y,  and  y2 
have  followed  the  short  paths.  I will  assume  that:  (Al)  if  H[  had  been  in  place 

(sit.C »sit.D)  the  number  of  photons  following  the  short  path  that  would  be 

coincidentally  detected  at  1 could  not  be  greater  than  the  number  of  photons 

coincidentally  detected  at  1 when  H|  is  removed  (I  will  return  to  this  point). 

Therefore,  the  number  of  coincident  detections  at  1 and  2’  in  sil.D  which  correspond  to 
the  possibility  in  which  y,  and  y2  follow  the  short  paths  cannot  be  greater  than 
N£(l,2’),  the  number  of  coincident  detections  at  1 and  2’  in  sit.C. 

Let  us  now  consider  situation  B and  select  only  those  events  in  which  detection  at  1 
occurs.  In  this  case,  only  the  coincident  detections  at  1 and  2*  can  correspond  to  the 
possibility  in  which  y,  and  y2  follow  the  long  paths.  According  to  (Al),  if  H4  had  been 

in  place  (sit.B *sit.D)  the  number  of  photons  following  path  n that  would  be 

coincidentally  detected  at  2'  could  not  be  greater  than  the  number  of  photons 

coincidentally  detected  at  2’  when  H4  is  removed.  Therefore,  the  number  of  coincident 
detections  at  1 and  2'  in  sit.D  which  correspond  to  the  possibility  in  which  y,  ami  y2 
follow  the  long  paths  cannot  be  greater  than  Ng(l,2’),  the  number  of  coincident 
detections  at  1 and  2'  in  sit.B.  Hence,  Nq(1,2')sN£(1,2')+Nb(1,2'),  or,  in  terms  of 
probabilities, 

P‘(1,2>P‘(1,2’)+P‘<1,2’)  , (14) 

since  : (A2)  coincident  detections  can  only  occur  when  photons  of  the  emitted  pair 
either  (a)  both  follow  the  long  paths,  or  (b)  both  follow  the  short  paths. 

Let  us  examine  (Al)  closer.  It  was  assumed,  when  changing  from  situation  C(B)  to 
situation  D,  that  the  number  of  detections  generated  by  photons  Y|(y2)  following  path 
S,(n)  could  not  be  increased  by  placing  a beam  splitter  Hj(H4)  in  front  of  the 
detectors.  Although  this  may  appear  to  be  a nonenhancement  assumption  [8],  this  can  be 
directly  verified.  For  example,  by  blocking  path  L,(q)  in  situation  D.  Now  we  are  not 
assuming  that  for  every  HVS  of  a photon  the  probability  of  it  being  detected  cannot  be 
enhanced  by  placing  a beam  splitter  in  front  of  the  detector.  However,  it  might  still  be 
argued  that  when  Hj(H4)  is  in  the  position  represented  in  Fig.l,  in  which  case  photons 
from  two  different  directions  can  impinge  on  it,  its  properties  are  modified,  in  such  a 
way  that  photons  coming  via  path  S,(n)  become  more  "detectable"  after  impinging  on 
H|(H4)  and  being  transmitted,  whilst  photons  coming  via  path  L,(q)  become  less 


155 


"detectable"  after  impinging  on  H|(H4)  and  being  reflected  [9).  However,  this  sounds  as 
a much  too  contrived  supposition. 

To  have  a rough  estimation  of  the  expected  disagreement  between  the  local  realistic 
and  die  quantum  mechanical  predictions  in  a real  experiment,  we  can  make  Vg=Vc=V.  Hence, 
using  (6),  (10),  and  (13),  we  see  that  in  order  to  have  a violation  of  (14)  we  must  have 

(TiT4)2[(l/2)-2V+2V2)/[(Ti+TlKI-V))>  1.  (15) 

Then , makingT,  =T4=T,R,=R4=R,  which  leads  toT3 = R2,  T2 = R3 = [-R + ( 1 + 3T2)I,21/2T,  weobtain 

(T2/4)(1-4V+4VV(1-V)>1  . (16) 

We  see  that  the  minimum  visibility  we  must  have  in  order  to  violate  (16)  is  given  by 
V >0.87  (T=  1).  Apparently  our  best  choice  would  be  T=  1 . However,  this  corresponds  to  the 
situation  in  which  HJ  and  H4  have  been  removed.  In  this  case  the  probabilities  drop  to 
zero,  and  we  would  have  to  wait  an  infinite  time  to  get  any  result.  V =0.90,  T— l/(1.2)l/2 
— »l.h.s.(16)>  1.3.  To  have  an  idea  of  the  time  necessary  to  perform  an  experiment  using 
these  data  we  can  calculate  the  ratio  between  the  probability  of  having  a coincident 
detection  in  a Fran  son’s  experiment  in  the  case  of  perfect  correlations  and  the 
probability  given  by  (13)  in  the  ideal  case  (V  = 1).  We  easily  see  that  we  need  about 
eleven  times  more  time  to  have  the  same  statistics  as  in  a Franson’s  experiment. 
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Abstract 

Simultaneous  entanglement  in  spin  and  spare-time  of  a two-photon  quantum  state  generated  in 
type-11  spontaneous  parametrit  down-conversion  is  demonstrated  by  the  observation  of  quantum  in- 
terferenc.  with  98  % visibility  in  a simple  beam-splitter  (Hanburry  Brown-Twiss)  ant iror relation  ex- 
periment. The  nonlocal  cancellation  of  two- phot  on  probability  amplitudes  a*  a result  of  this  double 
entanglement  allows  us  to  demonstrate  two  different  types  of  Bell's  inequality  violations  in  one  exper- 
imental setup. 


1 Introduction 

Two-particle  entangled  states  play  a particularly  important  role  in  the  study  of  the  Einstein- Podolsky- 
Roson  (EPR)  paradox  (1]  and  in  the  test  of  Bell's  inequalities  [2].  Entangled  states  are  states  of  two  or 
more  particles  that  can  not  be  written  as  products  of  single  particle  states.  [1],  The  physical  consequences 
resulting  from  the  EPR  states  violate  classical  local  realism  {3]. 

In  the  past,  EPR  type  two-particle  entanglement  has  been  demonstrated  by  two  types  of  experiments: 
(1)  two-particle  polarization  correlation  measurements;  most  of  the  historical  EPR-Bohm  experiments  [4] 
and  the  measurements  testing  Bell’s  inequality  exhibited  nonlocal  two-particle  polarization  correlation 
[5].  These  experiments  demonstrated  the  EPR  type  two-particle  spin-type  entanglement.  (2)  two-particle 
interference  (fourth  order  interference)  experiments;  recent  two-particle  nonclassical  interference  experi- 
ments demonstrated  two-particle  space-time  entanglement  [6]. 

Usually  two-photon  entanglement  appears  in  the  form  that  if  one  wants  to  measure  the  linear  po- 
larization of  a single  photon,  one  would  find  that  neither  of  them  has  a preferred  polarization  direction, 
however,  whenever  a single  photon  is  measured  to  be  polarized  in  a certain  direction  the  other  one  must 
be  polarized  orthogonal  to  that  direction.  A typical  EPR  type  two-photon  space-time  entangled  state, 
was  propased  by  Franson  recently  [7].  In  this  state  one  can  never  predict  “which  path"  for  a single  photon, 
however,  if  one  of  the  photons  traveled  through  the  longer  (shorter)  path  the  other  must  have  traveled 
through  the  longer  (shorter)  path.  The  signature  of  this  state  is  a cosine  sum  frequency  interference 
fringe  pattern  of  the  coincidence  counting  rate. 

The  non-local  spin  or  space-time  two-particle  entanglement  phenomena  is  unusual  from  the  classical 
theory  point  of  view.  The  third  type  of  simultaneous  two-  particle  entanglement  both  in  spin  and  in  spare- 
time  will  be  discussed  in  detail  by  reporting  several  experiments.  In  these  experiments,  it  is  interesting  to 
see  that  tin;  measurement  of  the  spin  and  space-time  observables  of  either  particle  determines  the  value 
of  these  observables  for  the  other  particle  with  unit  probability. 

2 EPR  experiments 

Spontaneous  parametric  down-conversion  (SPDC)  is  one  of  the  most  effective  sources  for  generating  two- 
photon  entangled  states.  In  SPDC  a pump  beam  is  incident  on  a birefringent  crystal.  The  nonlinearity  of 
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the  crystal  leads  to  the  spontaneous  emission  of  a pair  of  entangled  light  quanta  which  satisfy  the  phase 
matching  condition  [8], 


4 4 4 

W|  +U>2  » Wp,  k\  + ki  as  kp  (1) 

where  w,  is  the  frequency  and  k,  the  wave  vector,  linking  pump  (p),  signal  (1),  and  idler  (2).  The 
down-conversion  is  called  type-I  or  type-II  depending  on  whether  the  photons  in  the  pair  have  parallel 
or  orthogonal  polarization.  The  light  quanta  of  the  pair  that  emerges  from  the  nonlinear  crystal  may 
propagate  in  different  directions  or  may  propagate  collinearly.  The  frequency  and  propagation  directions 
are  determined  by  the  orientation  of  the  nonlinear  crystal  and  the  phase  matching  relations  in  (1). 

In  order  to  understand  the  two-photon  behavior  of  SPDC,  consider  the  experiment  which  is  shown 
in  Fig.  1,  a simple  beam-splitting  experiment.  Assume  that  a type-II  BBO  (ft  — DoBzOa)  crystal  is 
used  for  the  SPDC.  The  cotlinear  down-conversion  beam  is  split  by  a beamsplitter.  The  beamsplitter 
is  nssiuued  to  be  polarization  dependent  so  that  the  o-ray  is  transmitted  and  the  e-ray  is  reflected. 
Single  photon  counting  detectors  D\  and  Dz  are  placed  in  the  transmission  and  reflection  output  ports 
of  the  beamsplitter  for  detecting  the  o-ray  and  the  e-ray,  respectively.  An  introduction  of  the  effective 
wavefimetion  $(<i,t2)  is  helpful  for  understanding  the  physics  of  the  phenomenon. 


Figure  1.  Schematic  experiment  for 
study  of  the  type  II  SPDC  biphoton. 
BS  is  a beamsplitter.  D\  and  Dz  are 
photon  counting  detectors.  A coinci- 
dence circuit  is  used  for  recording  the 
coincidence  rate. 


For  collinear  type-II  SPDC,  a two-photon  part  of  the  state  exiting  the  crystal  may  be  calculated  from 
the  standard  theory  of  SPDC  [9]. 

I*)  = £ ^(wi  + <*>2  ~ WpM* l + *2  - M4(wi(*i))4(w2(*2))0)  (2) 

1,2 

The  effective  wavofunction  may  be  calculated  for  the  system  presented  in  Fig.l  (9] 

#(t,,t2)«< 0|£|+,4+)|*>.  (3) 

V(t\M)  = v(<!  + tz)u(t\  - tz)  (4) 


v(t)  = voexp(-iupt/2) 

/oo 

dv[  1 - eTp(-vDL)]/(ii>DL)cTp(~  ii/t) 

*00 

= c.rp(-iu;rff/2)n(t) 


1(0 


(5) 


IKO 


f/o  DL  > t > 0 

0 


where  />».  no  arc  constants  (normalization).  We-  have  approxiniatc*d  the  pump  to  be*  a plane  wave  in  the 
ealn  liar  ion.  If  the  pump  Imam  were  taken  to  he  a Gaussian  with  bandwidth  np.  it  is  not  difficult  to  sliow 
that,  the  constant  no  will  he  replaced  hy  a Gaussian  ftmrtion  »H)rrp(— erjjp*/#). 

Equation  ( l)denionstiates  a two  dimensional  waveparket.  referred  to  as  the  two-photon  effective 
Wiivefunetion  or  for  short-  the  Diphatnn  [S.  9].  It  is  clear  that  the  hiphot.on  is  entangled  in  space-time 
because  the  wavefuudion  can  not  factor  into  a function  of  fi  times  a function  of  t >. 

Fig.  1 illust artes  the  experimental  set  up  foi  the  verification  of  ll-shaped  hiphoto*-.  The  hcamsplitter 
is  polarisation  independent,  so  that  both  the  o-rav  ami  the  c-ray  could  be  transmit te*d  or  reHected  to 
trigger  D\  or  !)••.  A Gian  Thompson  linear  polarization  analyzer,  oriented  at  45"  relative  to  the  o-rav 
and  c-ray  polarization  planes  of  the  BBO  crystal,  is  placet!  in  front  of  each  of  the  detectors.  Birefringent 
material,  for  example  a se*t  of  quartz  plates,  is  introduced  into  the  single  incident  beam  for  manipulating 
the  optical  delay  between  the  » ray  and  the  e -ray.  The  fast  axes  of  the  quartz  plates  were  carefully 
aligned  to  match  the  o-ray  or  e-ray  polarization  planes  of  the  BBO  rrystid.  In  order  to  see  the  natural 
sprrtml  shapi  of  the  SPIX'.  no  any  narrowbaml  spectral  filters  are  used  except  1'V  cut  olf  filte-is  to  get 
rid  of  the  pump  scattered  light  [HI], 

It  is  interesting  to  see  that  when  no  quartz  plates  are  used  the  two  terms  in  the  etieetive  wavefuuctiou 
(4)  do  not  show  any  interference  since  U(/|  — /•_>)  ami  11(0—  (|!  do  not  overlap.  Physically  it  means  that 
the  o-ray  and  the  c-ray  photons  are  well  distinguished  in  space-time.  Now  consider  the  case  of  having  a 
quartz  plate  in  the  down-conversion  incident  beam.  If  we  align  the  quartz  caiefully  to  match  its  fast  axis 
to  tin-  o-ray  polaii/atiou  direction  «»f  the  BBO.  an  optical  delay,  t*  = (n„  — u.  )//c.  is  introduced  between 
the  o-ray  and  the  '-ray  of  BBO.  where  n„  and  n,  are  the  index  of  refraction  of  the  quartz  plates  for 
the  o-ray  ;m<l  the  c-ray  of  BBO.  and  I is  the  thickness  of  the  quartz  plate*.  The*  effective  wave-function 
becomes  (consider  the*  analyzers  arc  set  at  45"). 


'Ft'l.ot  = Of'e,  r(/|  + t,  - -#2  + <s)  - »{-1 1 + 0 + *)j  (C>) 

It  is  c-asv  to  sc-e  from  <-q.((i)  that  there  is  intc-tfc-rc'ncc-  now.  be -cause-  the  two  terms  overlap.  When 
A .=  DL/ 2 .tin-  two  terms  completely  overlap  and  therefore  ranee!  each  other.  This  may  be  considerc-d  as 
» pi-rfc'ct  nnti-eorrehition 


II,-  ~ /f,-Cl[  I — pit"  l] 

’ 0 -x  < h < 0 

I 0 < * < DL/ 2 

''  ~ 1 - k(6  - fM/2)  DL/2  <l><  DL  (0 

0 DL  < * < X 

The-  width  and  the  shape  of  the*  l>i  phot  oil  ran  be  evaluated  by  the  width  and  the  shape*  of 
Fig. 2 reports  typically  observed  ’V-shape*  eoinridenee  rate*  measurements  as  a function  of  the  optical 
delay  A.  which  verifies  the  Il-shape  effective  wave-function  [lOj.  Each  of  the  data  points  corresponds  to 
different  numbers  of  quartz  plates  remaining  m the  path  of  the  down-conversion  incident  beam.  It  is 
easy  to  find  that  the  vertex  of  tla*  V-shapc  function  has  a displacement,  of  (72  ± 3 )fs  from  zero,  which 
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corresponds  to  a time  delay  of  DLf 2 in  a (0.56  ±0.05)mm  BBO  crystal. 


Figure  2.  Lower  curve:  Coincidence 
countR  as  a function  of  optical  delay, 
which  corresponds  to  a certain  number 
of  quartz  plates.  The  solid  curve  is  a 
fitting  curve  of  eq.(7).  Upper  curve: 
Single  detector  counts. 


A strong  correlation  which  appears  in  the  form  of  almost  a 100%  destructive  quantum  interference 
is  a clear  demonstration  of  the  situation  where  the  Einstein-Podolsky-Rosen  argument  [1]  is  directly 
applicable.  The  triangular  shape  of  the  correlation  function  is  a clear  signature  of  the  rectangular  shape 
of  original  two-photon  effective  wavefunetion.  The  discussion  of  the  effective  wavefunction  is  important 
also  for  the  understanding  of  the  two-photon  double  entanglement. 


3 Double  Bell’s  inequality 

Taking  advantage  of  the  spin  and  space-time  entanglement  of  the  biphoton,  another  type  of  two-photon 
interference  phenomena  can  be  demonstrated.  With  the  addition  of  a Pockcl’s  cells,  and  a re-orientation 
of  the  quartz  plates  and  polarizers,  the  coincidence  counting  rate  exhibits  interference  modulation  of 
the  pump  frequency  when  manipulating  the  voltage  across  the  Pockel’s  cell,  regardless  of  the  optical 
delay  by  the  quartz  plates  ( which  is  much  greater  than  the  coherence  length  of  the  signal  and  idler  down- 
conversion  fields).  This  two-photon  interference  effect  is  again  due  to  a nonciassical  two-photon  state 
which  is  entangled  both  in  spin  and  in  space-time. 


Figure  3.  Schematic  set  up  for  the  new  type  two-photon  interferometer. 

The  schematic  set  up  of  the  experiment  is  illustrated  in  Fig.3.  The  type-II  SPDC  is  the  same  as  that 
in  the  quantum  beats  experiment.  The  collincar  down-conversion  beam  passes  through  a set  of  crystal 
quartz  plates  before  the  beamsplitter.  The  first  three  quartz  plates,  which  sum  to  2.4mm  in  thickness,  are 
oriented  in  a way  to  make  the  two  terms  of  the  II -shape  function  completely  overlap  (see  the  discussion 
in  section  2).  11  more  crystal  quartz  plates  follow  these  three.  The  fast  axes  of  these  11  quartz  plates  are 
aligned  carefully  to  be  oriented  at  45°  relative  to  the  o - ray  and  the  e-ray  polarization  planes  of  the  BBO 
in  order  to  introduce  a new  basis  associated  with  the  fast  and  slow  axecies.  Each  of  these  quartz  plates 
is  (1  ±0.1)m.m  in  thickness,  resulting  in  an  optical  delay  A / = 9/im  between  the  fast  and  the  slow  rays 
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of  the  quartz  crystal  at  wavelengths  around  700  nm.  The  optiral  delay  is  about  90/tm  after  11  quartz 
plates  in  comparison  with  the  coherence  length  of  the  field  which  is  about  25/un.  Therefore,  the  |X)  and 
the  IK)  components  of  the  original  o-ray  and  e-ray  of  suiter  enough  optical  delay  to  be  non-overlapping, 
where  |X)  and  |y)  correspond  to  the  fast  and  the  slow  axes  of  the  quartz  plates.  A Porkel’s  cell  with 
fast  and  slow  axes  carefully  aligned  to  match  the  |X)  and  the.  |K)  axes  is  placed  after  the  qnn-tz  plates 
in  each  output  port,  of  the  beamsplitter  for  fine  control  of  the  optical  delay  between  the  |X)  and  the  |y). 
The  spectral  filters  ft  and  have  Gaussian  shape  transmission  functions  centered  at  702. 2nm,  with 
bandwidths  of  19nm(full  width  at  half  maximum). 

The  down-conversion  |o)  and  |e)  polarized  photons  both  have  certain  probabilities  to  be  in  the  |X) 
or  the  |y>  state  when  passing  through  the  crystal  quartz  plates  and  the  Pockel’s  cells.  The  optical 
delay  between  the  |X)  and  the  |K)  is  then  introduced  by  the  anisotropic  refractive  index  of  the  quartz 
plates  and  the  Pockel’s  cells.  The  coincidence  time  window  in  this  experiment  is  1.8 nsre.  which  is  much 
shorter  than  the  distance  between  the  Pockel's  cells.  Bell  inequality  measurements  can  be  performed  for 
both  space-time  variables  and  for  spin  variables  in  one  experiment.  For  the  45°  oriented  polarizers,  the 
coincidence  counting  rate  is  predicted  to  be. 


Rr  = 1 - e.T J>[  — <7p(  A// 2c)2 j COS («,  A/,  + «;.A h)/c)  (8) 

where  A(,/c  is  the  optical  delay  introduced  by  the  ith  Pockel’s  cell  (to  simplify  the  calculation,  we  assumed 
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Figure  4.  A typical  observed  sum 
frequency  modulation  when  the  cross 
voltages  of  the  two  Pockel’s  cells  are 
manipulated  (negative  values  corre- 
spond to  negative  voltages).  The  in- 
terference visibility  is  (88.2  ± 1.2)%, 
which  violates  a Boll  inequality  for 
space-time  variables  by  more  than  14 
standard  deviations.{ll,  12] 

Change  in  optica)  delays  cAi  and  cAj  (nm) 

The  manipulation  ot  A Ip  is  realized  by  changing  the  applied  voltage  of  the  Pockel  s cells.  The 
coincidence  counts  are  direct  measurements,  with  no  “accidental"  subtractions.  It  is  clear  that  the 
modulation  period  corresponds  to  the  pump  wavelength,  i.o.,  351.  lnm.  Contrary  to  the  coincidence 
counting  rate,  the  single  detector  counting  rate  remains  constant  when  A !/>  is  manipulated,  as  is  reported 
in  the  tinner  part  of  Fig.  4. 

It.  i-  ..  cresting  to  see  that  in  the  same  experiment,  a test  of  a spin  variable  Bell  inequality  can  be 
made  • nipulating  the  orientation  of  the  polarizers  at  a totally  constructive  or  destructive  space-time 
interference  point.  Because  of  the  symmetries  present  r.  the  measurement,  we  are  able  to  study  one 
simple  form  of  Bell’s  inequalities  for  polarization  variables  (13), 


and  the  measured  result  is  A 


(5  * - »M3ir/8)]/7lo|  < 1/4  (9) 

0.309  ± 0.009,  implying  a violation  of  more  than  6 standard  doviat.ions.[l2] 


4 Conclusion 

Experiments  starting  with  type-II  down-conversion  are  a very  effective  mechanism  for  generating  two- 
photon  entangled  states  (biphoton).  The  type-II  SPDC  biphoton  is  entangled  both  in  space-time  and 
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spin.  A t-a-e  photon  iflinivr  wave  function  produc'd  by  Type-H  spontaneous  parametric  down  conversion 
is  studied  for  its  natural  shape  in  spacetime.  The  double  entanglement  of  the  two-photon  state  makes  it 
fNKsilde  to  (icrfonii  EPR  type  two-photon  interference  experiments  in  a simple  beam-splitting  set  up  and 
test  Bell's  inequalities  for  spare-time  variables  and  spin  variables  in  the  same  experiment.  Two- photon 
interference  visibi’ity  as  high  as  (98  ± 2)%  has  been  observe*!.  Experimental  lists  for  the  spare- time 
variables  and  spin  nriables  Bell  iuispialities  have  been  tneastired  with  violations  of  14  and  r standard 
deviations,  resjavtively,  in  one  rx|>eriinental  set  up. 
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Abstract 

By  the  measurement  theory  of  quantum  mechanics  and  the  method  of  Fourier 

8 

transform ,wc  proved  that  the  wave  function  $(x.y.z.t)  = $(I..t.x)$ 

(2*  V2L)S 

(I.*t*y)$(L.t  ,z>.  According  to  the  theory  that  the  velocity  of  any  particle  can  not 
be  larger  than  the  velocity  of  light  and  the  Born  interpretation. when  |d|Xct  + 
L).4»(L»t ,$)  = 0.  But  according  to  the  calculation. we  proved  that  for  some  8.  even 
if  |8i>(ct+U,*(I.,t.8)^0. 


By  the  measurement  theory  of  quantum  mechanics, if  someone  measures  the  coordinate 
of  a particlc.it  will  make  the  particle  to  the  eigenstate  of  the  coordinate.  The  eigen  function 
(with  eigen  value  zero)  of  the  coordinate  of  a particle  can  be  assumed  as  follows; 

when  — I,<x<I, 

a(x,y,z)  = — - L_  ■ — l.<y<L 

<V2l.)a 

— L<z<I. 

a(x,y,z)  = 0 otherwise  (1) 

I.  is  an  infinitesimally  positive  real  number.  Now  assume  someone  measures  the  coordinate 


165 


of  a particle  at  the  {dace  r =0  (r  represents  the  coordinate ) .suppose  this  particle  is  measured 
at  the  time  t— O.thus  this  particle  is  made  to  the  eigenstate  (with  eigen  value  went)  of  the  co- 

ordinate. the  wave  function  $ (r  ,t)  of  this  particle  will  satisfy  the  following  condition 

^(x.y*s*0)«a(x»y»s)  (2) 

By  the  Fourier  transform  and  the  Schrodinger  wave  equation.it  is  not  difficult  to  see 


ji(r  ,t)«  (2*y>n  Jp(k)expC»(k  • r-^)M»k 
Where  p(k)=^j«  J*(7,0)e-iJ'7d,7 

= (2^)i7i  f-t  f-L  JtL  ^^txpC-Oux-ik^-ikMx  dy  dz 
= ~7==-  £ sin  (k.L  >p»n  (k,L  >£sin  (lt,L) 

Thus  ^»,y.».t)=^ig  JV(k)expG(k  • r— ^^)Di*k 

exp(iCfcx-^+k,.-^+fc.-^))*.  dk,  dk. 

= 7-~3  — ;lr-*<L,t,x>*CL.t.y>*a.t.s> 

CZ  ) (v2L)s 


hk*t. .,r 


Where 


$(l-.t,x)=  J*1" sintk.l. ) exp('j (lt>x — ) 3dk, 

*«.„.y>-  jV"“2^t>expO(k,y-^)3dk, 

J -«*>  *jr  Z P 

j^S^expGfe-^Jdk. 


Thus  $(0,t,x)=“0 


cosk.L  expCi(k,x— ^~)3dk, 

it 


a.t.x)^  p* 

d L 

= (v-«P.<iM-)+»p(-ik,l-)expCi(k-x_h«!)Mk| 

-j(  j^ooexP0k,(x+I.))exp(— i ^~)dk. 


(3) 
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According  to  the  theory  that  the  velocity  of  any  particle  can  not  be  larger  than  the  veloc- 
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tty  of  light  c and  the  Born  interpretation. for  any  t(tX))  .when  |x|Xct4-l.)»  |y  | Xct  4- 
L)»|*|Xct+L)»$(x.y.*»t)  will  be  aero. This  means  if  |8|>(ct+U.^(3.8.8.t)will  be 
aero. Then  by  (5). when  |8| Xct-f  L),$(I.,t,8)  will  be  aero.  Therefore  when  |8| Xct-f 
«)®<L,t.d) 


I.). 


will  be  aero. 


ad 

According  to  (12). 
a4KL,t,fi) 


ad 


Now  assume 


— 7= ]%(\ ~ i) lexpCt( — expCi( ~ -Id8) ) 


aft(L.t.fi) 

ad 


=o 


Then  it  is  not  difficult  to  see 
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This  means  when  ~~  is  not  an  integer  .even  if  |8|Xct  + L) 
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1 ad 


(13) 


(14) 


(15) 


(16) 


(17) 


will  not  be 


aero.  This  result  contradicts  that  when  the  velocity  of  any  particle  can  not  be  larger  than  the 
velocity  of  light  and  the  Born  interpretation  is  valid,  if  [d[  Xct4~L) will  be  ze- 
ro. This  contradiction  means  that  there  is  a contradiction  between  the  measurement  theory  of 
quantum  mechanics  and  the  theory  that  the  velocity  of  any  particle  can  not  be  larger  than  the 
velocity  of  light. 
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1 Introduction 

One  of  the  most  surprising  consequences  of  quantum  mechanics  is  the  entanglement  of  two  or  more 
distant  particles.  The  two-particle  entangled  state  was  mathematically  formulated  !>y  Schrodinger 
|1  ]:  Consider  a pure  state  for  a system  composed  of  two  spatially  separated  subsystems, 

e»l*><*|:  |*>  = £>.‘>MI*>  (1) 

where  |n)  and  | b)  are  two  sets  of  orthogonal  vectors  for  subsystem  1 and  2.  If  c{a.  h)  does  not 
factor  into  a product  of  the  form  f(a)  x g(b),  so  that  the  state  does  not  factor  into  a product 

state  for  subsystem  1 and  2 (e.g.  p ^ p\  © P2)-  the  state  is  defined  by  Schrodinger  as  an  "entangled 

state". 

The  classic  example  of  a two-particle  entangled  state  was  suggested  by  Einstein.  Podolsky,  ami 
Rosen  in  their  famous  1935  gedankt  n experiment  [2]: 

I*)  = + b - c0)|«)|fe)  (2) 

a,6 

where  <•„  is  a constant.  What  is  surprising  about  the  entangled  state  (2)  is  the  following:  Ihf 
measured  calut  of  an  observable  for  cither  single  subsystem  is  undeterminatc.  llotrerer . tf  one 
of  the  subsysle  ms  is  measured  to  be  at  a certain  value  for  that  observable  (the  measured  value  i> 
ci  rtainly  an  eigen  ralue ) the  other  one  is  100%  determinate.  This  point  can  be  easily  seen  from  the 
delta  function  in  state  (2).  Based  on  this  unusual  quantum  behavior.  EPR  defined  their  “physical 
reality"  and  then  askisl  the  question:  “Can  Quantum- Mechanical  Description  of  Physical  Reality 
lie  ( 'onsidered  Complete  (-{]?“  One  may  not  appreciate  EPRs  criteria!)  of  physical  reality  and  insist 
that  "no  elementary  quantum  phenomenon  is  a phenomenon  until  it  is  a recorded  phenomenon" 
[4].  however,  no  one  can  ignore  the  unusual  nonlocal  behavior  of  state  (2).  especially  considering 
when  the  measurements  of  subsystems  1 and  2 are  space-like  separated  events. 

Optical  spontaneous  parametric  down  conversion  (SPDC)  (5]  [6)  is  the  most  effective  mecha- 
nism to  generate  an  EPR  type  entangled  two-photon  state.  In  SPDC,  an  optical  beam,  calk’d  the 
pmnp.  is  incident  on  a birefringent  crystal.  The  pump  is  intense  enough  so  that  nonlinear  effects 
lead  to  the  conversion  of  pump  photons  into  pairs  of  photons,  historically  called  signal  and  idler. 
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The  two-photon  state  generated  from  the  SPDC  crystal  may  be  calculated  from  the  standard 
theory  (first  order  perturbation  theory)  to  be  (6], 

I*)  = !><“•  + “.-  **)<<k.  + ki  - k>}  K(k.))<.J  (<*(*))  |0)  (3) 

».« 

where  ut  and  k represent  the  frequency  and  the  wave  vector  for  signal  (s),  idler  (i),  and  pump  (p). 
The  two  delta  functions  in  state  (3)  are  usually  explicitly  written  as  phase  matching  conditions: 

+ w*,  — ufp  , k,  -f-  k,  = kp  (4) 

Technically,  the  SPDC  is  said  to  be  type  1 or  type  II,  depending  on  whether  the  signal  and 
idler  beams  have  parallel  or  orthogonal  polarization.  The  SPDC  conversion  efficiency  is  typically 
on  the  order  of  I0~9  to  10~n,  depending  on  the  SPDC  nonlinear  material.  The  signal  and  idler 
intensities  are  extremely  low,  only  single  photon  detection  devices  can  register  them.  It  is  clear 
that  state  (3)  is  an  EPR  type  two-photon  entangled  state.  The  quantum  entanglement  nature  of 
SPDC  has  been  demonstrated  in  EPR-Bohm  experiments  and  Bell's  inequality  measurements  (7]. 
The  following  two  experiments  were  recently  performed  in  our  laboratory,  which  are  more  closely 
related  to  the  original  1935  EPR  gedankenexperime  nt. 

The  first  experiment  is  a two- photon  optical  imaging  type  experiment  [8],  which  has  been 
named  “ghost  image”  by  the  physics  community.  The  signal  and  idler  beams  of  SPDC  are  sent 
in  different  directions,  so  that  the  detection  of  the  signed  and  idler  photons  can  be  performed 
by  two  distant  photon  counting  detectors.  An  aperture  object  (mask)  is  placed  in  front  of  the 
signal  photon  detector  and  illuminated  by  the  signal  beam  through  a convex  lens.  Surprisingly, 
an  image  of  this  aperture  is  observed  in  the  idler  beam,  by  scanning  the  idler  photon  detector 
in  the  transverse  plane  of  the  idler  beam,  if  we  are  sure  that  the  idler  photon  detector  “catches” 
the  “twin  brother”  of  the  signal,  which  can  be  easily  performed  by  a coincidence  measurement. 
This  effect  is  even  more  striking  when  we  found  that  the  object-lens-image  relationship  satisfies 
the  Gaussian  thin  lens  equation. 

The  second  experiment  demonstrates  two-photon  “ghost”  interference-diffraction  [9].  The 
experimental  set  up  is  similar  to  the  image  experiment,  except  that  rather  than  a lens  and  an 
aperture  it  is  a Young’s  double-slit  (or  a single-slit)  inserted  into  the  path  of  the  signal  beam.  We 
could  not  find  any  interference  (or  diffraction)  pattern  behind  the  slit.  Surprisingly,  an  interference 
(or  diffraction)  pattern  is  observed  when  scanning  the  detector  in  the  idler  beam,  if  we  are  sure 
that  the  idler  photon  detector  “catches”  the  “twin  brother”  of  the  signed. 

2 Two-photon  “ghost”  image  experiment 

The  experimental  set-up  is  shown  in  fig.  1.  The  351. lnm  line  of  an  Argon  Ion  laser  is  used  to 
pump  a nonlinear  BBO  (/J-BaBjO*)  crystal  which  is  cut  at  a degenerate  Type-II  phase  matching 
angle  to  produce  pairs  of  orthogonally  polarized  signal  (e-ray  of  the  BBO)  and  idler  (o-ray  of  the 
BBO)  photons  [5].  The  pairs  emerge  from  the  crystal  near  collinearly,  with  u,  3?  u>,  — u>p/2, 
where  u >}  (j  = s,t,p ) is  the  frequency  of  the  signal,  idler,  and  pump,  respectively.  The  pump  is 
then  separated  from  the  down  conversion  beam  by  a UV  grade  fused  silica  dispersion  prism  and 
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FIG.2,  a)  A reproduction  of  the  actual  aperture  “UMBC”  placed  in  the  signal 
beam.  Note  that  the  size  of  the  letters  is  on  the  order  of  standard  text,  b)  The 
image  of  “UMBC”:  coincidence  counts  as  a function  of  the  fiber  tip’s  transverse  plane 
coordinates.  The  scanning  step  size  is  0.25mm.  The  data  shown  is  a “slice”  at  the  half 
maximum  value,  with  no  image  enhancement. 
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interesting  to  note  that  while  the  size  of  the  “UMBC”  aperture  inserted  in  the  signal  beam  is 
only  about  3.5mm  X 7mm,  the  observed  image  measures  7mm  X 14mm.  We  have  therefore 
managed  linear  magnification  by  a factor  of  2.  Despite  the  completely  different  physical  situation, 
the  remarkable  feature  here  is  that  the  relationship  between  the  focal  length  of  the  lens  f.  the 
aperture's  optical  distance  from  the  lens  S , and  the  image's  optical  distance  fmm  the  lens  (lens 
hack  through  beamsplitter  to  BBO  then  along  the  idler  beam  to  the  image)  S'  satisfies  the  Gaussian 
thin  lens  equation: 

111 

5 + S'  “ / ( * 


In  this  experiment,  we  chose  S = 600mm,  and  the  twice  magnified  clear  image  was  found  when 
the  fiber  tip  was  in  the  plane  with  S'  = 1200mm  (see  fig.3). 

To  understand  this  unusual  phenomenon,  we  examine  the  quantum  nature  of  the  two-photon 
state  produced  in  SPDC,  which  is  entangled  in  momentum.  The  spatial  distribution  of  the  photon 
pairs  is  the  result  of  the  transverse  components  of  the  wave  vector  condition  in  equation  (4)  and 
Snell’s  law  upon  exiting  the  crystal: 


A*,  sin  o,  = ki  sin  o,  — ► u/,  sin  = u),  sin  (6) 

where  o,  and  o,  are  the  scattering  angles  inside  the  crystal  and  and  f),  are  the  exit  angles 
of  the  signal  and  idler  photons  with  respect  to  the  kp  direction.  Therefore,  near  the  degenerate 
case  the  photons  constituting  one  pair  are  emitted  at  roughly  equal,  yet  opposite,  angles  relative 
to  the  pump.  Although  the  momentum  of  each  photon  is  indeterminate,  if  one  is  measured  at  a 
certain  value  then  the  other  is  100%  determined.  This  then  allows  for  a simple  explanation  of  the 
experiment  in  terms  of  “usual”  geometrical  optics  in  the  following  manner:  considering  the  action 
of  the  beamsplitter,  we  envision  the  crystal  as  a “hinge  point”  and  “unfold”  the  schematic  of  fig.  1 
into  that  shown  in  fig.  3.  Because  of  the  equal  angle  requirement  of  equation  (6).  we  see  that 


FIG. 3.  A conceptual  “unfolded”  version  of  the  schematic  shown  in  fig.  1,  which 
is  helpful  for  understanding  the  physics.  Although  the  placement  of  the  lens  and  the 
detectors  obey  the  Gaussian  thin  lens  equation,  it  is  important  to  remember  that  the 
geometric  rays  actually  represent  pairs  of  SPDC  photons  which  propagate  in  different 
directions. 
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all  photon  pairs  which  result  in  a coincidence  detection  can  be  represented  by  straight  lints  (but 
keep  in  mind  the  different  propagation  directions)  and  therefore  the  image  is  well  produced  in 
coincidences  when  the  aperture,  lens,  and  fiber  tip  are  located  according  to  equation  (5).  In  other 
words,  the  image  is  exactly  the  same  as  one  would  observe  on  a screen  placed  at  the  fiber  tip  if 
detector  D\  were  replaced  hv  a point -like  light  source  and  the  BBC)  crystal  bv  a reflecting  mirror 
(10|. 

3 “Ghost”  interference-diffraction 

The  schematic  experimental  set-up  is  illustrated  in  fig.  4.  It  is  similar  to  the  first  experiment 
except  that  after  the  separation  of  signal  and  idler,  the  signal  photon  passes  through  a double- si  It 
(or  single-slit)  aperture  and  then  travels  about  Ira  to  timet  a point-like  photon  counting  detector 
D\  (0.5mm  in  diameter).  The  idler  photon  travels  a distance  about  1 .2m  from  BS  to  the  input 
tip  of  the  optical  fiber.  In  this  experiment  only  the  horizontal  transverse  coordinate,  ,r2.  of  the 
fiber  input  tip  is  scanned  by  an  encoder  driver. 
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FIG.4.  A schematic  set-up  for 
the  two-photon  “ghost"'  interference- 
diffraction  experiment.  The  signal  (e-ray 
of  BBO)  and  idler  (o  ray  of  BBO)  pho- 
ton pair  is  generated  in  nonlinear  crys- 
tal BBO.  The  ultra  violet  pump  beam 
is  separated  from  the  down  conversion 
beams  by  a l"V  grade  fused  silica  disper- 
sion prism.  BS  is  a beamsplitting  Thomp- 
son prism  for  splitting  the  signal  and  idler 
beams  to  different  directions.  /,  and  f2 
are  spectral  filters  with  702.2nm  center 
wavelength  and  lOnm  bandwidth.  Both 
photon  counting  detectors  D\  and  D2  are 
dry  ice  cooled  avalanche  photodiode  op- 
erated in  Geiger  mode. 


Fig.  5 reports  a typically  observed  double-slit  interference-diffraction  pattern.  The  coincidence 
counting  rate  is  reported  as  a function  of  • 2.  which  is  obtained  by  scanning  the  detector  £>a  (the 
fiber  tip)  in  the  idler  beam,  whereas  the  double-slit  is  in  the  signal  beam.  The  Young’s  double-silt 
has  a slit-width  a = O.lorara  and  slit-distance  d = 0.47mm.  The  interference  period  is  measured 
to  be  2.7  ± 0.2 ram  and  the  half-width  of  the  envelope  is  estimated  to  be  about  8mm. 
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Detector  2 position  (mm) 


FIG.5.  Typically  observed  interference- 
diffraction  pattern:  tbe  dependence  of  the  co- 
incidences (per  400  sec)  on  the  position  of  op- 
tical fiber  tip  of  detector  D2,  which  counts  the 
idler  photons,  while  the  signal  photons  pass 
through  a double-slit  with  a = 0.15mm  and 
d = 0.47mm.  The  solid  curve  is  calculated  from 
equation  (7). 

By  curve  fittings,  we  conclude  that  the  observation  is  a standard  Young's  interference-diffraction 
pattern: 

*■(-)“  * im:>  (1?)  (l^r)-  (7) 

The  remarkable  feature  here  is  that  Z2  is  the  distance  from  the  slits  plane,  which  is  in  the  signal 
beam,  back  through  BS  to  BBO  crystal  and  then  along  the  idler  beam  to  the  scanning  fiber  tip  of 
detector  D2  (see  fig.  4).  The  calculated  interference  period  and  the  half-width  of  the  sine  function 
from  equation  (7)  are  2.67mm  and  8.4mm,  respectively.  Even  though  the  interference-diffraction 
pattern  is  observed  in  coincidences,  the  single  detector  counting  rates  are  both  observed  to  be 
constant  when  scanning  detector  Dt  or  D2.  Of  course  it  is  reasonable  not  to  have  any  first  order 
interference-diffraction  in  the  single  counting  rate  of  which  is  located  in  the  “empty"  idler 
beam.  Of  interest,  however,  is  that  the  absence  of  the  first  order  interference-diffraction  structure 
in  the  single  counting  rate  of  D\,  which  is  behind  the  double-slit,  is  mainly  due  to  the  divergence 
of  the  SPDC  beam  (>  A jd).  In  other  words,  the  “blurring  out"  of  the  first  order  interference 
fringes  is  due  to  the  considerably  large  momentum  uncertainty  of  a single  SPDC  photon. 

Furthermore,  if  D\  is  moved  to  an  unsymmetrical  point,  which  results  in  unequal  distances  to 
the  two  slits,  the  interference-diffraction  pattern  is  observed  to  be  simply  shifted  from  the  current 
symmetrical  position  to  one  side  of  x2.  This  is  quite  mind  boggling:  imagine  that  there  were  a first 
order  interference  pattern  behind  the  double-slit  and  D\  were  moved  to  a completely  destructive 
interference  point  (i.e.  zero  intensity  at  that  point)  and  fixed  there.  Can  we  still  observe  the 
same  interference  pattern  in  the  coincidences  (same  period,  shape,  and  counting  rate),  except  for 
a phase  shift? 


Detector  2 position  (mm) 

FIG.6.  Two-photon  diffraction:  coincidence 
counts  (per  400  sec)  vs.  the  idler  photon  count- 
ing detector  position.  A single  slit  of  width 
a = 0.4mm  is  in  the  signal  beam.  The  solid 
curve  is  a fit  from  the  theoretical  calculations. 
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Fig.  6 reports  a typical  single-slit  diffraction  pattern.  The  slit-width  a = 0.4mm.  The  pattern 
fits  to  the  standard  diffraction  sine  function,  i.e.,  the  “envelope”  of  equation  (7),  within  reasonable 
experimental  error.  Here  again  z2  is  the  unusual  distance  described  in  the  above  paragraphs. 

To  explain  this  unusual  phenomenon,  we  again  present  a simple  quantum  model  where,  sim- 
ilar to  the  “ghost”  image  experiment,  the  momentum  of  either  single  photon  is  undeterminate. 
However,  if  one  is  measured  at  a certain  value  the  other  one  is  determinate  with  unit  probability. 
This  important  peculiarity  selects  the  only  possible  optical  paths  in  fig.  7,  when  one  photon  passes 
through  the  double-slit  aperture  while  the  other  gets  to  D%.  In  the  near  degenerate  case,  we  can 
simply  treat  the  crystal  as  a reflecting  mirror. 


(a)  (b) 


FIG. 7:  a)  Simplified  experimental  scheme,  and  b)  its  “unfolded”  version  . The 
overall  optical  path  lengths  between  D\  and  D2  along  the  upper  (r^)  and  lower  (rg) 
paths,  appearing  in  equation  (11),  are  defined  as:  rA  = rM  + rA2  = rCi  + rc2,  and 
rg  = rgj  + rg2  =•  rpi  + rp 2,  where  ra  and  rpi  are  the  optical  path  lengths  from 
the  slits  C and  D to  the  ith  detector. 

The  coincidence  counting  rate  Rc  is  determined  by  the  probability  P12  of  detecting  a pair  of 
photons  by  detectors  Dj  and  D2  simultaneously.  For  SPDC,  P\2  is  proportional  to  the  square  of 
the  second  order  correlation  function  (£2+*£,  ) of  the  fields  at  points  D\  and  D2  (it  thus  plays 
the  role  of  the  two-photon  effective  wavefunction): 

P,,  = = |(E'+IE<+))|2.  (8) 

In  equation  (8)  (...)  = (’t) . . . |$),  and  |^)  is  the  four-mode  state-vector  of  the  SPDC  field: 

|ty)  = foac)  + e |a}a^e‘^  + fcj b] e‘*B  j |uac)  (9) 

where  c <C  1 is  proportional  to  the  pump  field  (classical)  and  the  nonlinearity  of  the  crystal,  4>A 
and  0g  are  the  phases  of  the  pump  field  at  A and  B,  and  a* (bj ) are  the  photon  creation  operators 
for  the  upper  (lower)  mode  in  fig.  7b  (j  = s,  i).  In  terms  of  the  Copenhagen  interpretation  one 
may  say  that  the  interference  is  due  to  the  uncertainty  in  the  birth-place  (A  or  B in  fig.  7)  of  a 
photon  pair. 

In  equation  (8)  tae  fields  at  the  detectors  are  given  by 

E[*]  = a,eikrA1  + b,eikTB'  ; P}+)  ~ a,e*r*3  + h,e,fcr“  (10) 


175 


where  rA,  (r0l)  are  the  optical  path  lengths  from  region  A (B)  along  the  upper  (lower)  path  to 
the  ith  dt  lector.  Substituting  equations  (0)  and  (10)  into  equat ion  (8). 

Rt<xHl2  = t2 a 1 + cos  ( k(rA  - rB)]  (II) 

where  we  assume  6A  - 6b  in  the  second  line  of  equation  (11)  (although  this  is  not  a necessary 
condition  to  see  the  interference  pattern,  the  transverse  coherence  of  the  pump  beam  at  A and  B is 
crucial).  In  equation  ( 1 1 ) we  defined  the  overall  optical  lengths  between  the  detectors  D,  and 
along  the  upper  and  lower  paths  (see  fig.  7b):  rA  = r*,  +rA2  = rf.i  +rc-2  .r»  = rB,+r«2  = rw,-f  r^, 
where  rr,  and  rWl  are  the  path  lengths  from  the  slits  C and  D to  the  ith  detector. 

If  the  optical  paths  front  the  fixed  detector  D\  to  the  two  slits  are  equal,  i.e..  rf  l = r/jt.  and 
if  z2  > d2/ A.  then  r*  - -«  = ra  — rni  = Xjdfzi  and  equation  (II)  can  be  written  as 

RA*t)  x eos*  • 1 12) 

Equation  (12)  has  the  form  of  standard  Young's  double-slit  interference  pattern.  Here  again 
z2  is  the  unusual  distance  from  the  slit * plant  , which  is  in  the  signal  beam,  back  through  BS  to  the 
crystal  and  then  along  the  idler  beam  to  the  scanning  fiber  tip  of  detector  Dt. 

If  the  optical  paths  from  the  fixed  detector  D\  to  the  two  slits  are  unequal,  i.e..  rf  | ^ r01, 
the  interference  pattern  will  lie  shifted  from  the  symmetrical  form  of  equation  (12)  according 
to  equation  (II).  This  interesting  phenomenon  has  been  observed  and  reported  following  the 
discussion  of  fig.  5. 

To  calculate  the  "ghost-  diffraction  effect  of  a single-slit  such  as  shown  in  fig.  6.  we  need  an 
integral  of  the  effective  two-photon  wavefunction  over  the  slit  width: 

RA* 2)  x | Jl  dxoc-tkri^  * ,smc2  ( 1.1) 

where  r( j-0, jt2)  is  the  distance  between  points  x0  and  x2.Xo  belongs  to  the  slit's  plane,  and  the 
inequality  :2  > a2/ A is  assumed. 

Repeating  the  above  calculations,  the  combined  interference-diffraction  coincidence  counting 
rate  for  the  double  slit  case  is  given  by 

R<(* 2)  x sine2  «>s2  ("jfT"")  ( * I) 

which  is  exactly  the  same  as  equation  (7;  obtained  from  experimental  data  fittings.  If  the  finite 
size  of  the  detectors  and  the  divergence  of  the  pump  are  also  taken  into  account  by  a convolution, 
the  interference  visibility  will  be  reduced.  These  factors  have  been  *aken  into  account  in  the 
theoretical  plots  in  figs.  5 and  6. 
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Abstract 

The  importance  of  not  only  uncertainty  relations  but  also  the  Pauli  exclusion  principle 
is  emphasized  in  discussing  various  “squeezed  states”  existing  in  the  universe.  The  contests 
include: 

I.  Introduction 

II.  Nuclear  Physics  in  the  Quark-Shell  Model 

III.  Hadron  Physics  in  the  Standard  Quark-Gluon  Model 

IV.  Quark-Lepton-Gaugc-Boson  Physics  in  Composite  Models 

V.  Astrophysics  and  Space-Time  Physics  in  Cosmological  Models 

VI.  Conclusion 

Also,  not  only  the  possible  breakdown  of  (or  deviation  from)  uncertainty  relations  but 
also  the  superficial  violation  of  the  Pauli  principle  at  short  distances  (or  high  energies)  in 
composite  (and  string)  models  is  discussed  in  some  detail. 


I Introduction 

I have  been  asked  by  Professor  Y.S.  Kim,  the  Principal  Organizer  for  this  Conference  to  present  a 
paper  based  on  my  recent  research  results  in  the  field  of  squeezed  states  and  uncertainty  relations. 
Since  I am  a particle  theorist,  1 have  not  so  much  to  say  about  “squeezed  states”  in  condensed 
matter  physics  (or  science).  Therefore,  what  I am  going  to  do  is  to  discuss  “squeezed  states” 
in  nuclear  physics  (or  science),  hadron  physics  (or  science),  “quark- lepton-gauge- boson  physics 
(or  science)",  astrophysics  (or  astronomy)  and  “space-time  (or  cosmic)  physics  (or  science)"  (or 
cosmology).  In  either  one  of  these  discussions,  I will  try  to  emphasize  the  importance  of  not 
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only  uncertainty  relations  but  also  the  Pauli  exclusion  principle.  The  reason  for  this  is  that  both 
tire  Heisenberg  uncertainty  principle  and  the  Pauli  exclusion  principle  are  the  most  important 
principles  after  the  particle-wave  idea  on  which  quantum  mechanics  is  based.  Also,  these  two 
principles  are  closely  related  to  each  other  so  that  they  may  not  be  discussed  separately.  Toward 
the  end  of  this  talk,  I will  even  discuss  not  only  the  |)ossible  breakdown  of  (or  deviation  from) 
uncertainty  relations  but  also  the  superficial  violation  of  the  Pauli  principle  at  short  distances  (or 
high  energies)  in  composite  (and  string)  models. 

f would  like  to  dedicate  this  talk  to  Dr.  Eugene  Paul  XVigner.  the  late  Professor  who  has 
developed  the  group  theory  and  its  application  in  quantum  mechanics  of  atomic  spectrum  based 
on  the  uncertainty  principle  and  the  Pauli  principle  [1]. 

II  Nuclear  Physics  in  the  Quark-Shell  Model 

In  1975,  Arima  ami  larhello  taught  me  that  nuclear  physics  (or  science)  [2]  yet  needs  a totally 
new  model,  their  interacting  boson  model  f.'ij.  In  1979.  I proposed  another  model,  the  quark-shell 
model  of  nuclei  iu  quantum  chromodynamics,  presented  the  effective  t wo- body  potential  between 
quarks  in  a nucleus.  |>oiuted  out  violent  breakdown  of  isospin  invariance  and  importance  of  U- 
spin  invariance  in  superheavy  nuclei  ami  predicted  possible  creation  of  “ super- hypernuclei”  in 
heavy-ion  collisions  at  high  energies. 

In  this  section,  let  me  start  with  discussing  squeezed  slates  iu  nuclear  physics.  The  nudeon 
density  in  au  ordinary  nucleus  with  the  mass  number  A am!  the  radius  R or  in  ordinary  nuclear 
matter  is  p\  = A/\‘  --  -l.-l/I r/C  — .1/1  - /C  = 0.l4/(/r.rim’)*  where  V = (4jt/3)W:i  since  R — 
for  Ra  = 1.2  feiiui.  A much  higher  nucleon  density  can  be  found  in  an  abnormal  nudear 
matter  such  as  the  neutron  star  oi  the  part  of  a compound  nuclei  to  be  formed  in  high-energy 
heavy-ion  collisions.  The  latter  of  which  may  lx-  produced  in  the  near  future  by  RHIC,  which 
is  now  under  construction  at  Brookhaven  National  laboratory.  It  is  very  intriguing  whether  the 
future  experiments  at  RHIC  will  observe,  for  the  first  time,  the  phase  transition  of  nuclear  matter 
from  the  ordinary  nudear  phase  to  the  abnormal  I.ee-Wick  phase  in  which  “effective”  nucleon 
(or  quark)  mass  inside  the  nucleus  may  be  much  smaller  than  the  normal  value  [4],  which  was 
predicted  in  1974.  and  also  the  phase  transition  from  the  ordinary  nuclear  phase  to  the  quark- 
gluon  phase  in  which  quarks  and  gluons  may  Ik*  deconfuied  or  liberated.  However,  it  seems  still 
very  difficult  to  calculate  the  cross  section  for  producing  such  abnormal  nuclei  to  a very  good 
accuracy  and  also  to  imagine  the  reliable  signals  for  observing  them. 

A little  later,  in  1979,  Chin  and  Kerman,  and  independently  myself  predicted  another  type  of 
abnormal  nuclei  (called  super-liypornuclci  or  “strange  quark  matter'’)  consisting  of  almost  equal 
numbers  of  up,  down  and  strange  quarks,  based  on  the  natural  expectation  that  they  may  enjoy 
suppression  of  not  only  the  Fermi  energy  but  also  the  Coulomb  repulsive  energy  in  nuclei  [5]. 
Furthermore,  the  possible  creation  of  such  abnormal  matter  in  bulk  (called  “quark  nuggets”)  in 
the  early  universe  or  inside  the  neutron  star  had  been  discussed  in  detail  by  Witten,  and  the 
properties  of  “strange  matter”  had  been  investigated  in  detail  in  the  Fermi-gas  model  by  Farhi 
and  Jaffe.  Recently,  Snito  et  a),  found  in  cosmic  rays  two  abnormal  events  with  the  charge  of 
Z = 14  and  the  mass  number  of  4 S 370  and  emphasized  the  possibility  that  they  are  super- 
hypernuclei (G).  In  order  to  determine  whet  her  or  not  these  cosmic  rays  are  really  super- hypernuclei 
as  claimed  by  the  cosinic-ray  experimentalists,  I have  investigated  how  the  small  charge- to- mass- 
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number  ratio  of  Z/A  is  determined  for  sujmm  hy|K*riiuc|ei  when  created  and  concluded  that  such 
a small  charge  of  3 — -10  may  l>e  realized  as  Z < (2t  15.7  for  .4  = 370)  if  the  nuclei  are 

created  spontaneously  from  bulk  strange  quark  matter  due  to  the  Coulomb  attraction  [7].  The 
second  most  likely  interpretation  of  the  Saito  events  is  that  they  are  “Teehnibaryonic  nuclei"  or 
“technibaryon-nucleus  atoms"  (S'. 

In  concluding  this  section,  I wish  to  advocate  my  proposal  for  measuring  not  only  the  weak 
mixing  angle  but  also  the  quark  density  in  nuclei  by  observing  the  cfTecl  that  the  electron  energy 
spectrum  in  nuclear  .f-divays  is  a (hr  ted  bv  the  weak  neutral  cm  rent  interaction  in  nuclei  to  the 
order  of  several  oY'  [!•].  Also.  I wish  to  advocate  my  proposal  for  studying  the  quark  structure  of 
nuclei  in  inelastic  virtual  Compton  scattering  of  photons  from  nuclei  for  lepton-pair  production, 
7 + A — * *>"  + aiiythhiy  ami  *•*  — * + i ~ [10]. 

Ill  Hadron  Physics  in  the  Quark-Gluon  Model 

In  this  section,  let  me  discuss  squeezed  stal«*s  in  hadron  physics.  The  quark  density  in  an  ordinary 
hadron  with  the  quark  number  .Y,  and  the  radius  /»>,  or  in  ordinary  hadronic  matter  is  ps  5? 
A ‘,/V’fc  — IXJUIIt  = !)/lsrj]  = 1.35  ~ 2.61  /(/mwi)’1  where  \h  — (\zf\)Rl  and  rp  is  the  proton 
charge  radius  of  the  order  of  O.SI  fermi  or  the  proton  "quark  radius"  of  the  order  of  0.65  fermi  [1  lj. 
A much  higher  quark  density  ran  be  found  in  an  abnormal  hadron  or  abnormal  hadronic  matter 
such  as  the  dense  quark-gluon  plasma  or  the  part  of  a compound  hadron  to  be  formed  in  super 
high-energy  hadron  collisions.  The  so-called  Cent auro  event s with  extremely  high  multiplicities  of 
produced  hadrons  (».*/,  — 100  ± 20)  and  with  unusually  high  average  transverse  momenta  ( (p?)  = 
0.35±0.10  CeY/r)  but  without  anv  *-'s  observed  in  the  cosmic  ray  experiments  by  the  Brasil-Japan 
Emulsion  Chamber  t 'oil  a bora  lion  in  1077  may  be  indications  of  such  abnormal  hadrons  although 
no  candidate  for  such  exotic  hadrons  have  yet  been  observed  in  any  accelerator  experiments  m 
However,  my  personal  prejudice  is  that  such  unusual  events  may  not  be  taken  as  indications  of  such 
exotic  hadrons  but  lu*  cxplaind  either  bv  coherent  effects  of  many  nucleons  in  projectile  and  target 
heavy  ions  or  by  incoheienl  effects  of  individual  nucleons  since  the  charged  multiplicity  in  hadron- 
hadron  collisions  at  veiy  high  energies  may  become  much  larger  than  usually  expected.  In  fact, 
iu  1682  1 demons! rated  that  tin*  average  charged  multiplicity  and  transverse  momentum 

( (i*f) ) of  produced  particles  in  hadron-hadron  collisions  at  very  high  energies  ( ^/s)  have  a simple 
relation  of  (nl-;,}*i,/>r//\A*i  = constant  (=  0.70  ±0.05)  in  t lie  generalized  Fermi-Landau  statistical 
and  hydrodyuamiral  model.  The  relation  >s  satisfied  remarkably  well  by  the  experimantal  data 
up  to  the  SI’S  Collider  energies  and  will  soon  be  tested  by  Tevatron  Collider  experiments. 
From  tin*  relation.  I have  predicted  that  the  average  charged  multipliritv  will  become  as  large  as 
(neK)  = -17  ± 2 at  v^=  !.S  TeV(l3j. 

I have  disci  issed  so  fin*  the  squeezed  stab’s  of  nuclear  matter  and  hadronic  matter  which  are 
squeezed  by  the  external  force  or  pt<*ssure  caused  by  heavy-ion  collisions  and  hadron-hadron 
collisions.  However,  some  inidtunic  matter  can  be  squeezed  l»v  itself  at  low  temperature’s  (or  low 
energies)  due  to  the  very  strong  attractor  .tree  between  constituents  of  hadronic  matter,  the 
quarks.  It  may  he  railed  “self-squeezing",  lor  example,  the  very  heavy  top  quark  (l)  and  the 
antiquark  must  have  a very  strong  attractive  force  due  to  an  exchange  of  the  Higgs  scalar  (//)  in 
the  standard  model  of  (llashow-Salam-Weiuberg  for  elect rowoak  interactions.  Therefore,  suppose 
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that  the  vacuum  consists  of  quark-antiquark  and  lepton-antilepton  pairs  as  in  our  unified  model 
of  the  Nambu-Jona-Lasinio  type  for  all  elementary-particle  forces  [14],  we  can  expect  that  a top 
quark  and  an  anti-top  quark  be  self-squeezed  to  form  a scalar  bound  state  of  tf  [14].  This  is  called 
“top(-antitop)  condensation".  According  to  Nambu,  this  is  a kind  of  “bootstrap”,  the  original 
form  of  which  was  advocated  by  Chew  in  hadron  physics  in  the  middie  of  1900’s,  since  the  Higgs 
scalar  is  taken  as  a bound  state  of  ff  or  a condensate  of  if  in  our  picture.  In  1980, 1 predicted,  from 
the  sum  rules  for  quark  and  lepton  masses  previously  derived  in  our  unified  model  of  1977  [14], 
the  top-quark  and  Higgs  scalar  masses  to  be  m,  5?  ^8/3mw  — 131  GeV  and  mw  S 2 mt  S 261 
Gev.  Much  later,  Nambu,  Miransky  & al-  and  Bardeen  d made  similar  predictions  for  mt 
and  mu  in  their  models  of  the  Nambu-Jona-Lasinio  type  which  are  similar  to  our  unified  model 
(14).  In  1990,  I derived  a similar  sum  rule  for  quark  and  lepton  masses  in  a model- independent 
way  [15]. 

IV  Quark- Lepton- Gauge- Boson  Physics  in  Composite 

Models 

In  this  section,  let  me  discuss  squeezed  states  in  quark- lepton-gauge- boson  physio.  Since  Pati 
and  Salam,  and  independently  ourselves  proposed  composite  models  of  quarks  and  leptons  in  the 
middle  of  1970’s  [16],  hundreds  of  particle  theorists  have  extensively  investigated  these  models  in 
great  detail  for  the  last  two  decades  [17].  For  the  last  decade,  thousands  of  high-energy  particle 
experimentalists  have  been  seriously  searching  for  a possible  evidence  for  the  substructure  and 
excited  states  of  not  only  quarks  and  leptons  but  also  gauge  bosons  [18]  although  they  have  not 
yet  found  any  clear  evidence  [19]. 

In  our  unified  composite  model  of  quarks  and  leptons  [16],  not  only  quarks  and  leptons  but 
also  gauge  bosons  as  well  as  Higgs  scalars  are  composite  states  of  subquarks  (or  preons),  the 
more  fundamental  and  probably  most  fundamental  constituents  of  matter.  All  these  fundamental 
particles  in  quark-lepton-gauge-boson  physics  may  be  taken  as  seif-squeezed  composite  states  of 
the  quark-leptonic  matter.  Since  our  composite  model  of  quarks  and  leptons  is  a simple  analogy 
of  the  celebrated  quark-gluon  model  of  hadrons  by  Gell-Mann,  Zweig  and  Nambu,  it  leads  us 
to  a lot  of  easy  analogous  ideas  in  quark-lepton-gauge-boson  physics.  One  of  the  most  eminent 
examples  is  the  principle  of  “triplicity”,  which  asserts  that  a certain  physical  quantity  such  as  the 
weak  current  can  be  taken  equally  well  as  a composite  operator  of  hadrons,  or  of  quarks,  or  of 
subquarks  [20]: 

1 - + Vfr( 1 ~ Ts )/‘  + 1 ~ 7s)r 

+ Tr;inA  l - ^7s)«  + - tt7»)A  + ■ • • 

t»“  g",  G**  gv 

= »'«7,.(1  - 7s)e  + *>r7i.(l  - 7s)/‘  + ''r7,.0  - 7s)t 

+ - 7sM  + V;,«,7,.0  - 7s)-».  + • • • 

= «'t7,.(l  - 7s)«’2. 

where  uq  and  u*a  are  an  iso-doublet  of  spinor  subquarks  with  charges  ±1/2  (called  “wakems”). 
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Another  example  is  scaling  mass  parameters  of  hadrons,  quarks  and  subquarks.  It  asserts  that 
the  current  mass  of  light  quarks  be  scaled  to  those  of  subquarks  which  can  be  as  small  as  45  GeV 
and  that  the  “elect rostrong”  gauge  theory  for  hadrons  may  appear  as  an  effective  theory  in  QCD 
as  the  electroweak  gauge  theory  for  quarks  with  the  scaling  relations  of  mH/mw  = malmp,  which 
predicts  rnH  94  GeV  (21]. 

The  principle  of  triplicity  tells  us  that  the  Higgs  scalars  can  be  taken  equally  well  as  compos- 
ites (or  condensates)  of  subquark-antisubquark  pairs  or  of  quark-antiquark  (or  lepton-antilepton) 
pairs  as  in  our  unified  model  of  the  Nambu-Jona-Lasinio  type  as  tr’s  and  a as  those  of  nucleon- 
antinucleon  pairs  as  in  the  original  form  of  Nambu-Jona-Lasinio  model  [14].  In  this  picture  of 
subquark-antisubquark  condensation,  we  have  derived  the  mass  formula  for  composite  quarks  and 
leptons  from  a partially  conserved  induced  supcrcurrent  hypothesis.  In  supersymmetric  composite 
models  [22],  it  leads  to  a simple  sum  rule  for  quark  and  lepton  masses  of  [23] 


if  the  first  generation  of  quarks  and  leptons  can  be  taken  as  almost  Nambu-Goldstone  fermions  [24]. 
We  have  found  that  not  only  this  square-root  mass  sum  rute  but  also  another  similar  sum  rule  of 
m}J*  — mV2  = m}J2  — m]j 2 are  satisfied  remarkably  well  by  the  experimental  values.  Furthermore, 
if  the  first  and  second  generations  of  quarks  and  leptons  can  be  taken  as  almost  and  quasi  Nambu- 
Goldstone  fermions,  respectively,  we  can  derive  n«*  only  a simple  relation  among  lepton  masses  of 
mr  3 (m*/me  )*/2  |25]  but  also  a simple  relation  among  quark  masses  nit  = (m<^m®m|/m0mf),/^ 

[26] .  These  relations  predict  mT  = 1520  MeV  and  mt  =•  177  GeV,  which  should  be  compared  to 
the  experimental  values  of  n\T  — 1777.1±°s  MeV  and  mt  = 176±S±  10  GeV  or  199  ±Jf  ±22  GeV 

[27] ,  respectively. 

In  1991, 1 suggested  that  the  existing  mass  spectrum  of  quarks  and  leptons  can  be  explained  by 
solving  a set  of  sum  rules  for  quark  and  lepton  masses  [2S].  Today,  I am  pleased  to  announce  that 
it  can  be  explained  completely  by  solving  a set  of  not  only  the  previously  derived  sum  rules  for 
quark  and  lepton  masses  but  also  these  newly  derived  relations  among  quark  and  lepton  masses. 
As  an  illustration,  given  a set  of  the  sum  rules  and  relations  of 
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I have  obtained  the  solution  of 


me 

mr 

mu 

mc 

TTli 

tVb 

0.51 1 MeV 
( input  ) 

4.5  x 1 .4  MeV 
( input  ) 

8.0  ± 1.9  MeV 
(7.9  ±2.4  MeV  ) 


105.7  MeV 
( input  ) 
1350  ± 50  MeV 
( input  ) 

154  ±8  MeV 
(155  ±50  MeV  ) 


1520  MeV 
(1777.1  ±05  MeV) 

183  ±78  GeV 

( 176  ± 8 ± 10  or  199  ±£  ±22  GeV  ) 
5.3  ± 0.1  GeV 

( input  ) t 


where  the  values  indicated  in  the  parentheses  denote  the  experimental,  to  which  my  predicted 
values  should  be  compared.  As  another  illustration,  given  another  set  of  the  sum  rules  and 
relations  of 
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sXj/e-:.. = = I-;.. 


4.1  <tJ  ^ 4>t  4^ 

m'*  = m1/1  - m*/*,.**/2  - = »»1/2  - »»l/a,m*/2  = - m^2, 

mem2  = m2,mam*wjf  = »ujm2m2, 

(»!„/»«, ),/2  = (mc/iHu ),/2  - (i»i,/mrf)l/2,(»nr/m<1),/2  = (»«i/mc),/2  - (mt/m,)1^ 

I have  obtained  the  other  solution  of  m|/(2  yjwfimw)  S 261  GeV  and 


/ 0.19  MeV 

(0.511  MeV  ) 
MeV 

(1.5  ± 1.4  MeV  ) 
6.3  MeV 
V (7.9  ± 2.4  MeV  ) 


10!  MeV 
(105,7  MeV  ) 
1204  MeV 
(1 .150  ± 50  MeV  ) 
140.8  MeV 
(155  ± 50  MeV  ) 


1454  MeV 
(1777.1  MeV  ) 

131  GeV 

( 176  ± 8 ± 10  or  199  sfcjf  ±22  GeV  ) 
5.3  ±0.1  GeV 

( input  ) > 


for  niic  = SO  GeV. 

In  1977,  I sugg<Ntt*<|  dial  the  CKM  quark  mixing  matrix  (V'wn)  can  be  defined  by  the  matrix 
element  between  the  mill  up-like  quark  ( / ) with  charge  2/3  and  the  nth  down-like  quark  (d*) 
with  the  charge  -1/3  as  («,„  j «h ')*«’*  | dn)  = V'„, „««,**,,</„  and  that  tin;  Cabbibo  angle  (and  all  the 
CKM  mixing  angles)  may  vary  as  a function  of  momentum  transfer  between  quarks  [29],  which 
should  be  observed  in  the  future  high  energy  experiments  such  as  for  decays  of  5 — » c at  B factories 
(or  t — > b)  and  for  scatterings  of  //  + u — * / -f  ^ and  -f  u — * /+ </  (or  t -f  ti  — » i / -f  d and  e + u — ♦ v + s 
at  HERA).  In  1981,  we  pmlict<*d  that  the  Cabbibo  angle  Ireconies  larger  as  momentum  transfer 
between  quarks  grows  up  in  a simple  suhquark  model  [.‘10].  Furtliermore,  in  1992,  I pointed  out 
that  given  the  ms  element  of  the  CKM  quark  mixing  matrix  (l  HS),  all  the  other  elements  can  be 
successfully  explained  or  predicted  by  using  the  five  relations  derived  in  a composite  model  of 
quarks  [31].  In  fact,  given  a set  of  the  relations  of 


K,  = -v;v  v*  = -v;;,|  v;,  |=  (»»,/m*)  | i;„ ;.]  vuk  |*  <»»>,,)  | vHSi;t  |,|  vtd  |s|  |, 


I have  obtained  the  solution  of 


(I'ki/  I i/i  I uh 

i:.<  i;4  i;6 

r,rf  v„  i it> 


0.975 

(0.97 17  ~ 0.9759) 
0.218  - 0.224 
(0.21s  ^ 0.22 1 ) 
0.0016 

< (0.001  ~ 0.01 5) 


0.218  ^ 0.221 
( input  ) 
0.97" 

(0.9738  ~ 0.9752) 

0.021 

(0.030  - 0.0 IS) 


0.0017 

(0.002  ~ 0.005) 
0.021 

(0.032  ~ 0.018) 
0.9996 

(0.9988  ~ 0.9995) 


To  sum  up,  I wish  to  emphasize  that  not  only  the  mass  spectrum  of  quarks  and  leptons  but 
also  the  CKM  quark  mixing  matrix  ran  lie  explained  successfully  in  the  unified  composite  model 
of  quarks  and  leptons  and  that  “elementary-particle"  physics  of  quarks  and  leptons  in  the  last 
quarter  century  will  no  doubt  proceed  by  one  step  forward  to  “subphysics",  the  elementary-particle 
physics  of  subquarks. 
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V Astrophysics  and  Space-Time  Physics  in  Cosmological 
Models 

In  this  section,  let  me  discuss  squeezed  vtntos  of  matter  in  the  universe.  A simplest  example  of 
self-squeezed  states  of  matter  in  the  universe  is  a star.  A planetary  system,  a nebula,  a galaxy,  a 
cluster  of  galaxies  and  a cluster  of  the  clusters  of  galaxies  are  also  self-squeezed  states  in  a sense. 
Since  I haw  no  time  (or  space)  to  discuss  either  one  of  these  examples  one  by  one,  1 only  point 
out  the  importance  of  searching  for  “supor-hypcrtmclear  stars”,  which  are  self-squeezed  states  of 
super-hypernuclei  (or  strange  quart:  matter)  predicted  by  Chin  and  Kerman  and  by  myself  [5].  It 
has  been  especially  advocated  later  by  Witten. 

More  fascinating,  however,  is  to  imagine  that  the  universe  itself  is  a self-squeezced  state  of 
matter.  No  question,  it  was  a self-sqwezed  state  of  matter  right  after  the  big  bang.  One  can 
imagine  that  it  had  also  been  a self-sqw-ezed  state  of  matter  even  before  the  big  bang.  In  order  to 
discuss  possible  physics  before  the  big  bang,  if  any,  we  may  not  be  able  to  use  any  more  Einstein's 
tlteory  of  general  relativity  on  gravitation,  instead,  we  must  adopt  "pregeomet rv” , the  more 
fundamental  theory,  first  suggested  by  Sakharov  in  1!K>7  [3‘2j  and  first  demonstrated  by  us  tit  1977 
(33],  in  which  gravity  is  taken  as  a quantum  effect  of  matter  fields  and  in  which  Einstein's  theory 
of  general  relativity  for  gravity  appears  ; s an  approximate  and  effective  theory  at  long  distances 
(or  low  energies).  In  I ‘183.  we  could  even  suggest  the  pregeometric  origin  of  the  big  bang  in  the 
following  way  (3  ij.  !*reg»'umetrv  has  changed  the  notion  of  the  space-lime  metric  completely  since 
the  space- time  met  tic  tan  be  taken  as  a kind  of  composite  object  of  the  fundamental  matters. 
I'll*  re  fore,  we  can  even  imagine  that  at  high  temjwrature  the  space-time  metric  would  dissociate 
into  its  const  it  nlents  just  «s  ordinary  objects  do.  Then,  the  metric  would  vanish  although  the 
fun-ia.  *tal  matter.-,  still  remain  in  the  mathematical  manifold  of  the  space-time.  Namely,  the 
pngcom,  ic  phase  is  the  phase  of  the  space-time  in  which  metric  g'^'ig^)  vanishes  (diverges) 
and.  therefore,  the  distance  of  «7.x2  = ytu.tljr*dr,f  diverges.  There,  the  space-time  still  exists  as  a 
mathematical  manifold  for  the  presence  of  the  fundamental  matters.  Such  an  extraordinary  phase 
may  be  realized  in  such  regions  as  that  beyond  the  space-time  singularity,  he.,  before  the  big  bang 
and  that  far  inside  a black  hole  where  the  temperature  is  extremely  high  (as  high  as  the  Planck 
mass).  In  a simple  model  of  progeometry,  Akamu  ami  I have  demonstrated  that  although  the 
pregeomet ric  phase  is  -.table  at  very  high  temperature  the  geometric  phase  where  the  metric  is 
finite  and  non-vanishing  will  tmn  out  to  be  stable  as  the  temperature  goes  down.  This  remarkable 
possibility  of  phase  t ransit  ions  of  I he  space- lime  between  t he  geomet  ric  and  pregeomet  rc  phase  will 
exhibit  a characteristic  feature  of  pregeomet ry.  if  it  is  found.  It  seems  very  attractive  to  interpret 
the  origin  of  the  big  bang  ef  our  universe  as  such  a local  and  spontaneous  phase  transition  of 
the  space- time*  from  tic  pregeomet r;c  phase  to  the  geometric  one  in  the  overcooled  space-time 
manifold  which  had  !>«cn  pieseut  in  the  "pie- big-bang"  era  for  some  reason. 

This  in’erptvla’ioii  of  :!tr  big  bang  also  suggests  that  there  may  exist  thousands  of  universes 
created  and  expanding  in  the  spare-time  manifold  as  our  universe.  It  even  predicts  that  such 
different  univeiM*.  may  collide  with  each  other.  Furthermore,  even  in  our  universe  there  may 
exist  " pregeo  me!  ric  hole-.".  the  local  spots  in  the  progeomclric  phase  with  an  extremely  high 
temperature  where  the  space-time  metric  disappears,  liberating  enormous  latent  heat,  and/or 
“space-time  discont ;imit i«-s“ . 'lie  final  plain-,  where  the  metric  (and.  therefore,  the  light  velocity 
or  the  Newtonian  giavi'at iouai  constant)  discretely  changes  due  to  the  phase  difference  of  two 
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adjacent  space-times  (or  two  colliding  universes).  I have  been  strongly  urging  astronomical  and 
cosmological  experimentalists  to  search  for  these  pregeometric  holes  and  space-time  discontinuities, 
which  are  much  more  exotic  than  black  holes.  It  would  be  fascinating  if  the  recently  observed 
"Great  Wall”  of  galaxies  (much  older  than  the  Chinese  Great  Wall)  be  caused  by  such  space- time 
discontinuity. 

The  most  fascinating  among  my  suggestions  on  squeezed  states  is  that  in  a model  of  the 
extended  n-dimensional  Einstein-Hilbert  action  for  space-time  and  matter  the  space-time  (or  uni- 
verse), when  contracted  (or  squeezed),  may  transit  into  a new  one  of  higher  or  lower  dimensions 
at  the  minimum  action  near  the  Planck  scale  (35).  Since  I suggested  this  in  1987,  many  authors 
have  discussed  this  "incredible”  possibility  and  concluded  that  it  is  possible  (36). 

k concluding  this  section,  I wish  to  announce  my  latest  work  on  squeezed  states  of  matter  te  the 
universe  entitled,  "The  Meaning  of  Dirac's  Laige  Number  Hypothesis”  {37}.  Dirac’s  large  number 
hypothesis  (LNH)  f18]  states  that  the  Eddington  large  numbers  [39]  Af|(s  afGmemp  & 1039), 
me(aH  S 1040)  and  /V3(=  4xpf$mpH3  = 10®°)  are  not  independent  but  related  with  each 
other.  By  reconsidering  the  meaning  of  the  LNH,  I have  shown  that  not  only  the  “dynamical” 
LNH  relation  of  iV3  ~ N\Ni  (40)  but  also  the  “geometrical”  LNH  relation  of  JV3  — (JV2)2  holds  so 
that  the  LNH  may  not  be  taken  as  a hypothesis  but  become  the  large  number  rule  (LNR). 

VX  Conclusion 

In  the  previous  sections,  I have  discussed  not  only  various  squeezed  states  existing  in  the  universe 
and  various  squeezed  states  which  might  be  existing  or  may  be  produced  in  the  universe,  but 
also  even  a squeezed  state  of  the  universe  (or  space-time),  itself.  In  this  last  section,  I have 
originally  planned  to  emphasize  the  importance  of  uncertainty  relations  and  the  Pauli  principle 
in  discussing  these  squeezed  states  in  the  nature.  However,  since  I have  no  time  (or  space)  '.o  do 
that,  which  seems  to  be  rather  trivial,  I will  instead  emphasize  how  closely  these  two  principles, 
the  Heisembertg  uncertainty  principle  and  the  Pauli  exclusion  principle,  are  related  with  each 
other  and  disci;  s how  they  may  be  violated  in  the  nature. 

The  close  relation  between  the  two  principles  seems  to  be  self-explained  in  the  following  chain 
diag;4m: 


Ap£  h -4  \p,q\  s -t'ft  -*  (v?(*).vKlf)]  - iA(x  - y)  and  (0(.r),$(y)}  = i{i  fix  + m)A(a  - y). 

The  possible  breakdown  of  (or  deviation  from)  uncertainty  relations  at  extremely  short  distances 
(or  high  energies)  has  already  been  suggested  and  extensively  discussed  in  superstring  models  [41] 
by  Amati,  Ciafaloni  and  Venezia  no  [42],  They  have  suggested  the  extended  uncertainty  relation 
(EUR  or  ACV  relation)  of 

Ax  > •£—  -j-  c/Ap, 

A p 

where  a'  is  the  Regge  slope  of  superstrings  which  is  the  order  of  ( Planckmass)~ 2.  This  realizes 
not  only  the  old  conjecture  by  Landau  and  Weiskopf  who  suggested  the  existence  of  natural  cutoff 
at  a short  distance  (or  high  energy)  of  the  Planck  scale  but  also  our  hypothesis  in  the  unified 
composite  model  for  all  elementary-particle  forces  including  gravity  [43]. 
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Abo,  the  possible  simple  violation  of  the  Pauli  principle  has  already  been  investigated  not  only 
theoretically  but  abo  experimentally  [44].  Recently,  we  have  discussed  superficial  violation  of  the 
Pauli  principle  due  to  the  possible  substructure  of  electrons  in  composite  models  of  quarks  Mid 
leptons,  Mid  estimated  the  ratio  of  the  Pauli  forbidden  atomic  transition  to  the  allowed  one  to  be 
of  order  10~so  - 10"44  for  heavy  atoms  if  the  size  of  the  electron  is  of  order  10-*7  cm  (45].  We  have 
also  emphasized  that  such  superficial  violation  of  the  Pauli  principle  must  exbt,  no  matter  how 
small  it  is,  if  the  electron  has  any  substructure  at  all.  It  seems  even  natural  since  it  is  a simple 
extension  of  the  familiar  effects  at  the  various  levels  of  atoms,  nuclei,  and  hadrons:  For  example, 
the  hydrogen  atom  which  consists  of  the  proton  and  the  electron  obeys  Bose  statistics  in  ordinary 
situations.  However,  when  two  hydrogen  atoms  overlap  each  other,  the  bosonic  property  of  each 
hydrogen  atoms  becomes  meaningless  and,  instead,  the  fermionic  property  of  the  constituent 
protons  and  electrons  becomes  effective.  Suppose  also  two  helium  nuclei  are  overlapping  each 
other.  Then,  the  genuine  bosonic  statistics  of  each  helium  nucleus  is  meaningless  and  only  the 
fermionic  statistics  of  the  constituent  nucleons  is  valid.  Furthermore,  when  two  protons  overlap 
each  other,  the  fermionic  property  of  protons  will  be  lost  and  that  of  constituent  quarks  wifi  he 
effective. 

A field  theoretical  formulation  of  such  an  effect  is  unfamiliar.  Suppose  that  the  electron  consists 
of  a fermion  w and  a boson  C as  in  the  minimal  composite  model  of  quarks  and  leptons  [17].  Then, 
the  local  field  of  the  composite  electron  V*  (of  mass  m and  energy  E)  can  be  constructed  in  the 
Haag-Nishijima-  Zimmer  man  n formalism  [46]  as 

..  ...  «?(r-K)C(r-f) 

’ X ((2n-)3(£/m)( 0 | w(x  + £)C(x  - 4)  | ^)],/a 

However,  in  the  local  limit  of  4 — ► 0 no  such  effect  as  a violation  of  the  Pauli  principle  due  to  the 
compositeness  of  electrons  can  be  expected.  To  find  such  an  effect,  let  us  consider  the  biiocat  field 
of  a composite  electron. 


t/’(r,4)  = Kw{x  -0. 

where  4 represents  the  finite  nonvanishing  size  of  order  ro  [=*  (42)*^2]  *^d  N is  an  appropriate 
normalization  factor.  The  an’icommutator  of  the  fields,  given  by 

Ara{0(x,4),V*(y.v)}  = {u'(r+Z),uiy+i))}C(x-t)C(y-ti)+w(y+ri)w[T+Z)[C(y-ri),C{x-Z)]t 

clearly  indicates  the  superficial  violation  of  not  inly  the  Pauli  princip'e  but  also  causality,  since 
neither  M.r  + 4),te(j/  + »/)}  nor  (C(2/-t?),C(.r-4)]  vanishes  for  ( x-y ) < 0 (although  the  former 
vanishes  for  (t  — y + 4 — i/)2  < 0 while  the  latter  does  for  (r  — y — 4 + y)2  < 0]. 

This  demonstration  may  illustrate  what  we  mean  by  the  superficial  violation.  Namely,  neither 
the  Pauli  principle  nor  causality  is  violated  at  the  level  of  constituent  fields  of  w and  C since  w 
and  C perfectly  obey  Fermi  and  Bose  statistics,  respectively.  Also,  the  anticommutator  of  te’s  and 
the  commutator  of  C’s  perfectly  respect  causality.  However,  due  to  the  possible  substructure  of 
electrons,  the  composite  electron  field  may  exhibit  the  situation  in  which  its  statistics  looks  neither 
purely  fermionic  nor  purely  bosonic  when  two  electrons  are  located  close  to  and  are  overlapped 
with  each  other  at  a distance  of  the  order  of  their  size  r0. 
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The  tcfot.t  experiment  of  Fjiri  H al.  [IT]  using  a Nat  detector  in  Osaka  University  may  be  able 
to  set  an  upper  bound  of  order  3 x 1 0—  **’  on  tlic  ratio  for  7.  — 53,  which  is  the  atomic  number 
of  /.  This  rorres|>onds  to  an  up|>er  l>ouiid  of  1 . 10-,‘  cm  on  tlie  electron  size  rD.  If  this  is  the 
case,  it  also  eorres|MMids  to  a lower  Ixxmd  of  2 TeV  on  the  inverse  size  of  electrons,  l/r»  which  is 
I order  of  magnitude  larger  than  the  known  lower  bounds  of  order  100  (ieV  on  the  rompositeness 
scale  of  el-'ctroiis.  A,  obtained  by  e*r~  collider  ex  peri  n wots  [48). 

In  the  rest  of  my  talk,  let  me  talk  about  the  future  prospects  of  these  two  principles.  One 
passible  movement  is  to  take  the  uncertainly  principle  nut  as  a fundamental  principle  but  a 
consequence  of  a more  basic  idea.  Along  this  line  of  thinking,  let  me  remind  you  of  the  latest  work 
by  Hall,  who  has  shown  that  the  sum  of  the  information  gains  corres|M>nding  to  measurements  of 
position  and  momentum  is  iKHimled  as 

/(A  j -:)  -r  /(/'  ! :)  < /«tf2(A.\  )t(A/>)r//* 

fora  quantum  ensemble  with  jiosition  and  momentum  uncertainties  AX  and  AP  (49).  In  any  case, 
we  may  need  to  investigate  seriously  extended  uncertainty  relations  such  as  the  ACV'  relation  in 
superst  ring  models  and  geiuTalized  nonkxa!  eomiuiit  at  ion  relations  such  as  ours  in  composite 
models  discusses!  in  Section  V (.  and  also  perhaps  quant  inn  group). 

Another  possible  movement  is  to  take  the  Pauli  principle*  not  as  a fundamental  principle  but 
a consrqucnco  of  the  more  l»asic  idea.  To  this  e*nd.  we  may  need  to  rpeonsieh’T  generalized  Bose- 
Einstein  anel  Fermi-Paufi  statisties  su<h  as  |»ara*>ose  and  jwrafermi  statistics  (,  and  also  q-bose 
and  q-fermi  statistics  [50]). 

More  interest  ing  seems  to  investigate  -prequant  uni  tiieory  (or  mechanics)-  in  which  the  familiar 
quantum  tlieory  (or  mechanics)  may  appear  as  an  approximate  an<l  effective  theory.  Along  this 
line,  we  may  need  to  reconsider  Bohm's  theory  with  hidden  variables  and  Einstein's  argument 
against  Bohr's  proha hi!itv-st at istira!  interpretation  in  quantum  mechanics. 

In  concluding  my  lalk.  I wish  to  emphasize  that  both  suhphvsics  and  pregoometry  are  at 
least  promising  "IIm-oik-s  of  everything-  and  working  frameworks  or  machineries  for  ‘“prephysics”, 
a new  line  of  physics  (or  philosophy  but  not  metaphysics)  in  which  some  basic  hypotheses  (or 
principles)  taken  as  *arred  ones  in  ordinary  physics  such  as  tin-  four  dimensionality  of  space-time 
[35j.  the  niim'x-r  of  s bquarks  (5 1 ],  the  invariance  tinder  gauge  transformation  [52),  that  under 
general  coordinate  transformation  [33 j.  the  microscopic  causality,  the  principle  of  superposition 
(or  particle-wave  idea  in  mote  general)  and  so  on  are  to  be  reasoned.  Therefore,  I wish  to  conclude 
this  talk  simply  by  modifying  iho  original  Wheeler's  word  into  the  following:  Never  more  than 
today  does  one  haw  the  incentive  to  exploio  prephysics  (or  "new  physics”)  [54]. 
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Abstract 

State  reduction  processes  in  di'ferent  types  of  photodetection  experiments  are  described 
by  sane  different  kinds  of  ladder  operators.  A special  model  of  discrete  pbotodetectioa  is 
developed  by  tbe  use  of  superoperators  which  are  based  on  the  Susskiud-Clogower  raising 
and  lower  operators.  The  possibility  to  reaSse  experimentally  the  discrete  photodetection 
scheme  in  a micromaser  is  discussed. 


1 Continuous  and  Discrete  Photodetections 


Usually,  photodetection  of  the  single-mode  radiation  field  is  described  by  the  use  of  the  mode 
annihilation  and  creations  operators  a and  a*,  which  can  he  written  in  terms  of  the  Susskind  and 
Gfogower  (SG)  [1,2]  operators  and  the  number  operator  A 

a * t/n+TiL,  a*  * (!) 

where 

E*.  = £]n  + l ><»],  E-  « £ [»><*  + 1|,  £_|0  >=  0 (2) 

n=0  mO 

Here  |n  > are  the  number  states. 

When  a and  a*  lower  or  raise  a number  state  In  >,  they  also  generate  the  weigh*  factor  y/n  or 
y/n  + 1,  respectively.  The  SG  operators  mid  b_  only  raise  or  lower  the  number  states  without 
generating  any  weight  factor.  The  essential  difference  between  the  two  types  of  ladder  operators 
implies  differences  between  two  photodetection  schemes. 


In  the  model  of  continuous  photodetection  [3-6]  the  density  matrix  of  the  field  is  continuously 
reduced  by  the  information  provided  by  the  photodetector.  The  instantaneous  process  of  one- 
photon  counting  is  described  by  the  superoperator  J: 


a#t)at 
Tvjtfoata]  * 


(3) 
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Hoe  K<)  Mid  Kt+)  are  Ike  density  operators  Cor  tfee  radiation  field  immediately  before  and 
after  the  ddectim.  The  superoperator  J consists  of  nonunit&ry  transformation  (describing  Ante 
redact ioo)  and  the  normalization.  The  aacoant  process  which  ocean  In-  a duration  lima  r is 
described  by  the  superoperator  5r: 


Men  A is  a parameter  characteristic  of  the  coupling  between  the  detector  and  the  field.  In  cau- 


ls the  present  work  another  photodetection  scheme  is  described  in  which  two-level 
atoms  in  the  lower  state  are  sent  through  a cavity  and  their  states  are  measured  at  the  exit.  The 
experimental  scheme  is  similar  to  that  of  a micromaser  [7].  According  to  the  theories  of  the  mkfo- 
if  one  starts  with  a density  operator  which  is  diagonal  m the  number  state  representation 


P = £ ?(»)!«  ><  *1 


(5) 


it  remains  diagonal  after  the  interaction  between  the  radiation  and  the  two- level  atoms  (S).  We 
would  like  to  use  the  information  obtained  from  the  measurement  of  the  atoms  outside  the  cavity 
in  order  to  describe  the  time  development  of  the  field  inside  the  cavity,  Cor  a diagonal  density 
matrix.  The  idea  is  that  in  this  photodetection  scheme  the  field  reduction  is  described  by  the 
superoprator  0.  which  includes  the  SG  operators 


£-i 


IMa 


1-  < 


(6) 


where  p and  p~i  are  the  density  operators  for  the  radiation  field  before  and  after  die  substruction 
of  a photon.  The  normalization  factor  is  Tr(pE+&-)  « 1—  < OjpjO  >.  In  order  to  understand 
why  Eq.  (6)  is  valid,  we  show  in  the  following  discussion  the  differences  between  the  present  motld 
of  discrete  photodetection  and  the  model  of  continuous  photodetection. 


In  continuous  photodetection  the  measurement  occurs  continuously  at  any  time  whenever  the 
photodetector  is  active.  In  discrete  photodetection  the  measurement  occurs  only  when  an  atom 
leaves  the  cavity,  to  that  the  number  of  measurements  is  equal  to  the  number  of  atoms  transmitted 
through  the  cavity.  The  only  referred  measurement  is  that  in  which  an  excited  atom  is  detected. 
Therefore  in  this  model  there  is  no  analog  to  the  no-count  process  of  continuous  photodetection. 
In  the  present  model  we  are  not  interested  in  the  properties  of  the  interactions  inside  the  cavity 
and  in  the  associated  probabilities.  By  getting  only  the  information  that  one  atom  is  excited  we 
reduce  an  n- photon  state  of  the  radiation  into  an  n-1  photon  state.  The  use  of  Eq.  (6)  for  the 
density  operator  of  Eq.  (5)  has  only  a statistical  meaning,  where  p{n)  in  the  statistical  probability 
that  the  state  is  |n  > while  in  fact  only  one  of  the  states  |n  > exists  in  the  cavity.  For  states 
with  different  number  of  photons  it  will  take  different  times  to  excite  one  atom,  but  by  repeating 
many  times  the  experiments  in  which  one  atom  is  excited  and  using  only  the  information  that  me 
atom  is  excited  the  density  operator  of  Eq.  (5)  is  reduced  according  to  Eq.  (6).  One  should  trice 
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into  account  that  the  continuous  photodetection  Ibeory  has  also  only  a statistical  meaning.  The 
statistics  obtained  by  that  model  is  exploited  by  averaging  the  time  development  of  the  system 
ewer  many  quantum  trajectories  (3].  By  getting  a different  information  according  to  our  model  we 
obtain  a different  photodetection  theory  which  we  call  discrete  photodetection. 


As  the  result  of  state  reduction  (6),  the  changes  in  the  photon  number  distribution  of  the 
radiation  field  can  be  expressed  in  the  present  model  in  the  following  form 


p„i<»)  -<  < > - i _ p(a)  ‘ 

For  comparison,  the  continuous  photodetection  model  jpves  for  the  one  count  process 


cd 


< » >*  < » >i 

The  mean  photon  number  immediately  after  the  measurement  of  an  excited  atom  is  given 
according  to  Eq.  (6)  by: 


< n >_i= 


< n > 

1 ~f<0) 


-1  , 


(S) 


white  in  the  continuous  photodetection  theory  the  mean  photon  number  immediately  er  the 
one  count  process  [6j: 


< n >,*=<  n >*  — 1 -#- 


(An)? 
< ht  > 


(m 


The  difference  between  the  continuous  photodetection  theory  and  the  model  of  discrete  pht- 
todetection  can  be  explained  also  as  the  difference  between  a statistical  model  of  matter-radiation 
interaction  by  a detector  and  a statistical  model  of  nondemolition  (9)  experiments,  respectively. 
The  measurements  of  atoms  excitations  outside  the  cavity  in  the  discrete  photodetection  model 
gives  information  only  on  the  change  in  the  number  of  photons  inside  the  cavity  but  does  not  give 
information  on  phase  changes  of  the  field.  This  quantum  feature  follows  from  the  fundamental 
principle  that  it  is  not  possible  to  produce  cloning  of  all  the  quantum  information.  Therefore 
in  the  present  experimental  scheme  of  the  micromaser  one  can  get  enough  information  only  for 
diagonal  density  matrix  in  which  the  information  on  phases  has  been  eliminated  [8]. 


2 Experimental  Realization  of  Discrete  Photodetection 

We  can  generalise  our  model  by  sending  atoms  in  the  lower  state  through  the  cavity  till  the 
measurement  shows  a desired  number  N of  excited  atoms.  Then  the  field  state  is  reduced  according 
to 


E^pE1* 

Tr (pE?E?)  ' 


(H) 
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Our  experimental  scheme  also  enables  us  to  add  photons  to  the  cavity  where  in  this  case  we 
send  atoms  in  the  upper  state  through  the  cavity  and  measure  their  states  in  the  exit  till  the 
measurement  shows  a desired  number  N of  de-excited  atoms.  Then  the  field  state  is  reduced 
according  to 

. (ti) 

In  any  real  experiment  we  cannot  ignore  losses,  and  the  detector  of  the  atoms  is  not  perfect. 
For  imperfect  detection  we  can  generalize  our  model  by  assuming  that  the  measurement  reduces 
the  density  operator  in  the  form 

(13) 

N 

The  detector  efficiency  distribution  a*  must  be  sufficiently  narrow  around  the  true  number  ft  of 
excited  (or  de-excited)  atoms  in  order  to  realize  our  mode.  The  validity  of  the  present  model  of 
discrete  photodetection  theory  can  be  checked  by  doing  the  experiments  with  the  micromaser  in  a 
way  special  way.  Two- level  Rydberg  atoms  which  are  in  the  lower  state  are  transmitted  through  a 
cavity  which  is  initially  in  the  vacuum  state.  In  many  experiments  atoms  excitations  are  measured 
outride  the  cavity  where  each  experiment  is  divided  into  two  stages.  In  the  first  stage  we  wait  a 
time  t|  till  a fixed  number  n of  atoms  is  excited.  This  time  is  variable  from  one  experiment  to 
another  according  to  quantum  mechanical  statistical  features  [8].  However,  in  each  experiment 
we  rescale  the  time  1 1 to  a zero  initial  time  and  measure  in  the  second  stage  the  number  of  atoms 
excitations  during  an  additional  time  t which  is  fixed  to  be  the  same,  for  all  the  experiments 
in  the  second  stage.  Now,  we  check  the  prediction  of  the  usual  quantum  mechanical  statistical 
theory  of  the  micromaser  (8)  for  a time  of  interaction  1,  assuming  an  initial  number  state  |n  >. 
The  interesting  point  here  is  that  we  can  verify  by  examining  the  results  of  the  measurements  in 
the  second  stage  that  our  initial  state  obtained  from  the  first  stage  was  the  number  state  |n  >. 
Such  experiments  can  be  a one  only  if  the  losses  are  quite  small  which  moans  that  the  criterion  of 
a narrow  parameter  a\  in  Eq.  (1)  is  valid. 
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By  fetfoduomg  a series  of  mathematical  symbols  and  phase  quantization 
condition,  we  give  a new  definition  of  the  phase  operator,  v iovh  sot  only  is  made 
directly  in  infinite  state  spaces,  bat  also  circumvents  an  difficulties  appearing  K the 
traditional  approach.  Properties  of  fee  phase  operator  and  its  oxpress**'  «.  in  some 
widely-used  representations  am  also  govern 

PACS:  03.65.Bz,  42.50.-p 


1 . Introduction 


The  phase  operator  is  very  important  in  the  quantum  optics  and  field  theory.  But  as 
was  clearly  pointed  oat  by  Susskind  and  Glogower[2},  there  are  many  difficulties  in 
fee  frad&oaal  definition  of  fee  phase  operator^  1,2).  The  additional  approach  required 
feat  fee  Hennitian  so sfeer  and  phase  operator  were  combined  in  a polar 
decomposition  of  fee  annihilation  operator: 


[«,#].-<  (2) 


But  fee  commutator^)  gives  rise  to  inconsistency  when  its  matrix  elements  are 

calculated  in  a number-state  basis  and  fee  uncertainty  relation  &NA0?t~  derived 

2 

from  Eq.(2)  implies  feat  a number  state  has  infinite  phase  uncertainty  which 
contradicts  to  fee  periodic  nature  of  fee  phase.  Furthermore,  fee  exponential  operator 
exp(tf)  in  this  approach  is  not  unitary  so  it  does  not  define  a Hcrmitian  0.  Recently, 

there  appeared  many  developments  on  this  problem[3*8].  Especially  Pegg  and  Barnett 
defined  a phase  operator  in  a finite-dimensional  state  space[3 ,4]  and  fee  definition  has 
been  widely  used  This  definition  circumvents  fee  difficulties  in  the  traditional 
approach  at  fee  price  feat  it  is  limited  to  a finite  state  space,  fee  dimension  of  which  is 
allowed  *o  tend  to  infinity  only  after  physically  measurable  results,  such  as 
expectation  values,  me  calculated  It  is  now  often  accepted  feat  a well-behaved 
Hennitian  phase  operator  does  not  exist  in  infinite  state  spaces[2-4].  In  this  paper  we 
give  a new  approach  to  fee  definition  of  fee  phase  operator.  We  have  defined  a 
Hennitian  phase  operator  directly  in  infinite  state  spaces.  By  introducing  a series  of 
mathematical  symbols  and  fee  phase  quantization  condition,  we  have  overcome  fee 
above-mentioned  difficulties  in  fee  traditional  approach.  As  a result  of  being  defined 
directly  in  infinite  state  spaces,  the  phase  operator  here  has  very  succinct  expressions 
in  some  widely-used  representations  which  make  it  very  convenient  for  use. 

II . Definition  of  the  phase  operator 
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We  consider  the  quantized  single-mode  boson  field  In  this  system  the  dimension  of 
the  sta'c  space  determined  by  the  Hamitot-an  H is  coumabte-mfimte  and  all  the 
eigenstates  of  the  number  operator  ,V  make  » complete  basis.  So  aa  operator  is  well 
defined  if  its  action  on  an  mtritrary  eigenstate  of  the  number  operator  is  given.  Wc 
define  the  phase  operator  as  the  infinites  unal  displace  i mt  operate!  of  the  number 
basis.  So  to  determine  the  phase  operator,  we  first  grve  the  following  definition  of  an 
unitary  displace  joeni  operator  £>  of  the  tmaater  basts 

3*n)  = j*-j)  (*>*0),  (3) 

- 1),  (4) 

where  - liiatn!  St-mc  explanation  need  be  added  to  the  definition  equation!  4 > 


Firstly.  one  may  just  suppose  = 0 B^t  this  idea  leads  to  comradtction.  It  makes 
D not  unitary  By  intux&oa,  the  displacement  operatoi  fj  should  transform  Jo)  to 

another  eigenstate  of  y Secondly  one  may  let  - '3C)  But  die  state  jao)  is  no: 
well  defined  because  x is  not  a simple  nanbw  Though  Pm-\  is  also  infinity,  the 
aces  j/>_  - 1}  ami  jar)  still  have  ditennunattoas.  The  stale  w just  indicates  that 

the  eigenvalue  of  „V  sends  to  infant)  ft  does  not  show  die  mode  of  tendency  For 
example,  when  n > x . the  sates  j2n)  wrf  [2 n-  l)  eta  sdi  be  written  as  joc)  ,but 

these  two  states  are  not  sums  because  they  are  cmhogooel  Though  the  disernmnasioo 
between  the  sates  ;/^  - l)  ami  jo)  is  not  important  to  the  final  physical  results 

because  the  stales  jn)  when  n o have  no  oentrihubon  to  usual  physical  states,  it 


plays  a important  role  m defining  a seif-cooststcox  Kenvrtian  phase  operatoi  because 
our  deficiuoo  is  made  dtreedy  is  infinite  suit  spaces  and  is  out  m view  of  concrete 
physical  states.  The  mode  of  tendency  to  infinity  must  be  determined  is  this  sJtuaoon. 
Equation! 4)  indicates  that  D transforms  jo)  to  an  eigenstate  of  y web  an 
eigenvalue  tending  to  infinity  and  the  mode  of  tendency  is  given  by  the  sequence 
In’-  l,(n  + !)•- 1.(«  + 2)’-  !,•  ■•}-  So  Z>  is  completely  defined  and  we  will  see  tins 

definition  of  D makes  a good  foundation  tor  the  definition  of  \ Hermitian  phase 
operator  in  infinite  state  spaces 

hi  the  number  representation  D defined  by  Eqs.(3X4>  has  die  matrix  form 
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(5) 


Its  eigenvalues  have  the  expic  aion 


a=e'*  ±-r'isr 


When  n -*  x , the  \alue  of  & limited  to  rational  ruobers  and  also  e‘lmr  with  any 


2i« 


rational  r is  the  eigenvalue  of  D Writing  the  eigenstate  of  D with  the  eigen-alue 
e,e  as  ,we  have 

= (7) 

where  $ satisfies  the  discrete  condition 


0=2*r(!€R)  (8) 

and  R is  the  rational  number  set.  Combining  Eq  (7)(8)  with  Eqs  DX4),  we  get  the 
transition  function  between  the  number  and  the  phase  KpreseeUuoa 

(9) 

where  A is  a nonnai’zation  constant 

Before  giving  the  correct  nonnxlization  of  the  states  |^,  we  make  two 
preparations  Firstly,  from  die  countability  of  the  rational  number  set,  all  0 between 
Q'  ard  6h  satisfying  the  discrete  condition  (8)  can  he  numbered  as  ,6.,  - • 

We  introduce  a symbol  called  discrete  integration  indicated  by  J dr6  to  represent  the 
mean  value  of  the  fu>c:  jo  f{9)  over  ail  $ between  f*a  and  8k  satisfying  the 


(hscretc  condition,  etal 


co» 

8 a **• 


The  defuutioo  domain  of  the  fonetton  /(d)  can  be  extended  analytically  to  the  teal 

randier  set  (the  ftmctioa  after  analytical  extension  is  unique  and  ail!  be  still  radicated 
by  f(9)  ) Because  the  rational  number  set  is  dense  in  the  real  number  set.  i:  is 

evident  dial 


£fw,o-fi0) - ± £J{g>te 

9 l ~ * Si  - ‘ (U> 

So  the  discrete  integration  can  be  expressed  by  the  real  integration  Secondly,  we 
introduce  a periodic  5 - function  (u-dteated  by  5r ) The  definition  of  &r  is 

rfr(<9)  = ;yJ(l9+2*l.  (12) 

d,(d)  = 0 (ft*2k*,k  r:Z)>  03 » 


J/r((>W0=- 1 (14) 

The  symbol  Z in  Eq.(13)  represents  the  integer  set  if  the  definition  domain  of  the 
fraction  6 , {0)  is  limned  to  all  0 satisfying  the  discrete  condition,  it  becomes  die 

periodic  discrete  5- function  and  die  integration  in  Eq.(l4)  should  be  replaced  by  the 
discrete  integration 

Having  these  preparations,  we  can  prove  that  the  states  j 9)  satisfy-  the  normalization 

(15) 

and  the  complete  equation 

J,.  1 (»«> 

when  we  make  the  normalization  constant 

A = . ■ • (17) 

V2* 


211 


Equation  (IS)  and  (16)  suggest  that  the  states  in  an  arbitrary  2a  interval 
[Oo,0o  +2jt]  satisfying  the  discrete  condition  make  an  orthogonal  and  normalized 
complete  basis. 

With  above  preparations,  the  phase  operator  now  can  be  easily  given.  6 corresponds 
to  the  infinitesimal  displacement  operator  of  the  number  bams  and  it  has  the  following 
relation  with  the  displacement  operator  D 

0 = -mD  (18) 

r 

So  from  Eq.(7)  in  the  phase  representation  $ can  be  expressed  as 

**£^40(*k*>  <i9> 

where  0O  is  arintrary.  The  arbitrary  0O  is  merely  de  reflection  of  tbe  periodic  nature 
of  the  phase 

From  die  definition  , we  know  the  eigenvalues  of  $ cannot  be  any  real  number,  it 
must  be  2a  times  a rational  number  This  oonfiction  can  be  called  phase  quantization 
condition  and  its  explicit  form  is  given  here  for  the  first  time.  This  condition  suggests 
that  the  eigenvalues  of  & cannot  change  contumely  though  their  change  can  be 
infinitesimal.  This  pieftue  is  different  from  that  given  by  the  classical  phase,  but  it  is 
natural  and  necessary.  Here  the  phase  operator  is  defined  in  a cotmtable-infinite  state 
space,  in  which  the  number  of  independent  vectors  cannot  be  beyond  countable- 
infinite,  but  tbe  eigenvectors  of  8 with  different  eigenvalues  a sc  orthogonal  mad 
independent,  so  the  eigenvalues  of  0 cannot  be  continue  and  at  most  be  coumabk.- 
infinite.  This  leads  to  the  phase  quantization  condition.  Tbe  condition  is  very 
important  for  a self-consistence  definition  of  the  phase  operator  in  infinite  state 
spaces 


IB.  Phase-timber  commutator  and 

expressions  of  the  phase  operator  in  some  wtddy-ased  representations 

Starting  from  tbe  phase  operator  defined  in  the  above  section,  we  can  grve  the 
expression  of  the  number  operator  in  die  phase  representation  and  die  phase-number 
commutator.  Firstly  we  introduce  a symbol  called  discrete  differentiation 


where  /(*)  is  the  analytical  extension  of  f(0r)  to  the  real  number  set  . Then  the 
number  operator  in  dm  phase  representation  has  a succinct  fonn: 

<2i> 

From  Eq.(21) , we  get  the  phase-number  commutator 

[tf,*]*i[/-2jrfr(d-*0)].  (22) 

If  we  limit  the  phase  value  to  [#O,0O  + 2rr]  in  the  classical  case  , the  commutator 
given  by  Eq  (22)  just  equals  ih  times  the  classical  Possionian  bracket[4].  This  feet 
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shows  that  the  definiuon  here  is  reasonable.  The  mean  value  of  Eq.{22)  over  a 
physical  slate  \p\  gives  the  result  obtained  in  Ref  (4) 

(p(X'i)/»)  = i[l-2aP{^)],  (23) 

where  />(0e)  = |<0O  |p)|2  is  the  probability  that  the  phase  of  the  state  is  <V  ^ 
phase-number  uncertainty  relation  is 


Further  we  give  direct  expressions  of  the  phase  operator  in  the  number  and  coherent 
representations  They  have  succinct  and  useful  expressions  which  benefit  from  tire 
feet  that  we  have  defined  the  phase  operator  directly  in  infinite  state  spaces 
In  the  number  representation  the  phase  operator  have  the  following  expression 

(25) 

where  tire  symbol  — represents  the  discrete  diferentiatioa  defined  by  Eq.(20). 
di 

Noticing  that  f{n)  is  equivalent  to  f{n\eatm  (keZ)  and  f(n ) is  different 

i dt 

1 £ i £ 

from \fln)eaim\  with  a difference  2k# , we  know  that  after acts  on  a 

i dn 1 J i dn 

function  f(n)  ibere  may  appears  a difference  2>  This  feet  also  results  from  the 
periodic  nature  of  the  phase  and  we  avoid  tire  aibitary  2k«  by  limiting  tire  mean 
value  of  0 in  Eq.(25)  to  [0#>0e  + 2jt]  - 

Equatioa(25)  is  very  convenient  for  use  because  usual  physical  states  are  easy 
expanded  by  Fock  states  and  that  using  Eq.(25)  we  can  analyse  phase  properties  of 
the  states  by  simple  differentiation. 

Now  we  give  an  approximate  form  of  the  phase  operator  expressed  by  the 
annihilation  and  cretioo  operators  2ta*  when  the  mean  photon  number  (n^»\  The 

result  is 

. Ind-la(i*a  + l)  (26) 

i ' f 

where  the  symbol : : represents  normal  prodixt  Using  Eq  P6)  we  get  the  approximate 
expression  of  the  phase  operator  in  tire  coherent  representation  when  the  mean  photon 
number  is  large. 

0 = ^ J|<r)  “jtaiflr  - + l^J(<rjrfJa . (27) 

* This  prefect  is  supported  by  the  National  Natural  Foundation  of  China 
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Abstract 

In  this  paper  by  employing  the  weight  conservation  and  the  diagrammatic  techniques  we  show 
that  the  solutions  associated  with  the  10- D representations  of  SL  (4)  are  standard  alone  . 

1 introduction 

It  is  well  known  that  the  quantum  Yang -Baxter  equations  ( QYBE)  play  an  important  role 
in  various  theoretical  and  mathematical  physics,  such  as  completely  integrable  system  in  (1*1) 
dimensions,  exactly  solvable  models  ir.  statistical  mechanics,  the  quantum  inverse  scattering  method 
and  the  conformal  field  theories  in  2 -dimensions  . Recently,  much  remarkable  progress  has  been 
made  in  constructing  the  solutions  of  the  QYBE  associated  with  the  representations  of  lie  algrebras  . 
It  is  shown  that  for  some  cases  except  the  standard  solutions,  there  also  exist  new  solutions,  but 
the  others  have  not  non  - standard  solutions  . In  reference  11,  we  derived  the  braid  group  repres  - 
entations  associated  with  the  10-dimens.onal  representation  of  SU  ( 4)  and  corresponding  tngon  - 
o metric  and  rational  solutions  . in  this  paper,  the  classical  limit  of  the  braid  group  representations 
is  checked  . Then  it  is  shown  that  the  solutions  associated  with  the  10-dimentional  representations 
are  standard  alone  . 

2 Classical  Limit 

It  is  well  known  that  in  the  classical  limits  as  q — 1 the  standard  solution  of  QYBE  require 
that1*! 

S = P [ 1 + (q-1)  r 1 +o(  (q-1)  1 ] (2.1) 

q - 1 

and 

®7di»,  = Cv  = 2C;-Cs>  (2.2) 

where  r is  the  permutation  operator  and  stands  for  the  normalized  classical  eigenvectors,  r is 
the  classical  r- matrix,  C„  and  Cc,arc  the  Casimiis  . The  eigenvalues  are  given  by 

K = (*)  qc-  (2  ■ 3) 

In  Ref.  (11).  We  have  derived  the  braid  group  representations  associated  with  the  10-  D 
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representations  of  SU  (4)  . The  Casimir  eigenvalues  of  S-  matrix  were  given  by 

*,  = q ’ • *j=  ~q  . *,  = q*  (2  . 4) 

From  the  result  of  Ref . (11)  we  know  that  there  are  some  fundamental  submatrices  . A,,  A, 

A, <n,  A,0*.  A, <w  and  \ n\  and  others  can  be  expressed  by  direct  sum  of  the  fundamental  su- 
b matrices  . So  we  discuss  only  the  classical  limits  of  this  submatrices  . 

For  example,  we  discuss  only  A, 

0 q 

q 1 qw 

qw  (1-q1)  w 


0 q 

2-q  4 (1-q) 

4 (1-q)  0 

-4  0 

-1  4 

0 1 


(2.6) 


(2.7) 


From  Ref  . (11)  we  have  known  that  so  long  as  u = u,  = u =u  ..  there  the  alone 

— 4 0 

solution  . In  Ref . (11),  we  have 

iW  ” •'  + w,  61  p,2 '■  •'  = w,c  <4 ' 61  p62  '■  " 

iW" " + w,0 ,4  61  u42=u4wl(,2»  “ +wl0  <4  61  p,^  ■ (3.1) 

1 1 2 — P (4.6)  _ 2 „ „ 
u4  r 10  V 6 
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(2.6) 

U*P8  =P.O  * 


uW2'6’  =p62,1“ 

, (-5.-4) 

U-5  q-.o  " " +w_, 


(3  . 2) 


, (-5.  -4) 

P-W—  *’  =W-9 


P-II 


2 ( t Jl 


2 ( 5.  -4) 

u_<q  * 1 + w_9 

- 10  v 


2 2 1 s 4)  ( 5 . 4)  2 , 

u_52=w_9  u_5  + w_9  .P-q’ 


■J 

1 

Os 

1 

) 

1 

u-s  =P-n 

P-, 

(-6.  -4) 

2 (-6.  -5) 

u *p 

- 6 F-I0 

=p-„ 

U -6  . -4) 

2 ( J 4) 

u 4P 

-10 

= P-, 

(3  . 3) 
(3.4) 


2(.„  , (-6.0)  2,,4,  (-6.0)  2(b„ 

U<flo  +w_s  p„-"=w_6  p6-“ 

usflk""  +U.V-*  =Uow6J“" +w,6°  ® Pe!”" 


(3  . 5) 


„2__(0.6)  <-«■« 
Uo  ~Pe  P_6 

i . (-6.6)  _ ^ 

U_6Po  P-6 
iM>o''6®  =P62’" 


(3  . 6) 


From  eq  . (3  . 1,,  we  have 

(4.6)  . (2-4) 

U4  = PtO  * P6  = PlO 

From  eq  . (3.2)  + oq  . (3  . 6).  we  have 


(3  . 7) 


a2=“6 
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u_5=p 


(-5.  -4) 


-9 


p_9<-5.-4)  =p_ 


(-6.  -5) 


(3.9) 


u_4=u_6 

Uo  = P6(0$) 


_ (0.6)  (-6.0) 
F6  P-6 


U-6  = U6 

From  eq  . (3  . 8),  (3  . 10)  and  (3  . 12)  we  have 
U6  = U2  = U_4  = U_6 

Therefore  the  solutions  of  the  QYBE  are  standard  alone  . 


(3  . 10) 

(3.  11) 
(3  . 12) 

(3  . 13) 
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Abstract 

The  solutions  of  the  spectral  independent  QYBE  associated  with  ( 1 - 3/2  ) - D representations 
of  SU,  ( 2)  are  derived,  based  on  the  weight  conservation  and  extended  Kauffman  diagrammatic 
technique  . It  is  found  that  there  are  nonstandard  solutions  . 

1 Introduction 

It  is  well  known  that  the  quantum  Yang -Baxter  equations  ( QYBE)  play  an  important  role 
in  various  theoretical  and  mathematical  physics,  such  as  completely  integrable  systems  in  ( 1 + 1 ) 
dimensions,  exactly  solvable  models  in  statistical  mechanics,  the  quamtum  inverse  scatteringmethod 
and  the  conformal  filed  theories  in  2 - dimensions  . '"^Recently,  much  remarkable  progress  has 
been  made  in  construction  the  solutions  of  the  QYBE  associated  with  the  representations  of  Lie 
algebras  . m In  this  paper  we  denve  the  solutions  of  the  spectral  independent  QYBE  associate 
with  ( 1 - 3 2 ) -D  representations  of  SU,  ( 2)  . based  on  the  weight  conservation  and  extended 
Kauffman  diagrammatic  technique  . It  is  found  that  there  are  nonstandard  solutions  . 

2 Braid  relations  of  ( 1 — 3/2)  — D representations  of  SUq(  2 ) 

We  know  that  there  is  the  relation  for  Universal  R- matrix: 


jj.  w,  u, 

"n  *\|,  23  I'D  I'd  tv 


"23 


"13 


12 


We  define  the  new  R- matrix: 


RW,  = PRJJ, 


(2.  1) 
(2  . 2) 


Where  P is  the  transposition  (P:  V3'  (x)  Vh  —*  VJl  (x)  V3') 


Then  the  eq  . (2-1)  can  be  rewritten  ax  follows 

K K K =<  K K (2  • 3) 
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For  the 

(1-3/2) 

-D 

representation  of 

SU,(  2 ) , a,.  Jr.  i ,)  € 

(1,  1,  3/2).  then 

.(2.3) 

gives  the  following  relations 

R>: 

R 3/2 

K23 

D 1 ^ 

KI2 

_ p1  3/2  r1  3/?  r" 

“ K23  KI2  K23 

(2.4-1) 

C 

-11 

*23 

R‘,2 

_R»  R3/2  1 

K23  *'l2 

J/2  1 
K23 

(2.4-2) 

r‘  3/2 
K12 

R " 

K23 

r:;21 

-r3/2‘  r" 

K.J3  K12 

-1  3/2 
*23 

(2.4-3) 

These  arc  the  braid  relations  associated  (I  -3/2)-D  representations  of  S U,(2) . We  suppose  that 
the  R satisfies  the  C-P  invarance,  then  eq  . (2.4-1)  is  equal  to  eq  . (2.4-2) . 

3 The  weight  conservation  and  the  solutions  of  QYBE 

To  determine  the  structure  for  the  solutions  , We  consider  the  weight  conservation 

— «b 

( R)  =0  unless  a + b=c+d  (3.  1) 

Ca 

where 

_ _ I 3/2  - 30  I -I) 

R=R  , R , R 

a.  b,  c,  d C (±3/2,  ±1/2,  ±1,  0) 

_ II 

It  is  weO  known  that  R which  satisfied  the  conditions  of  c-p  invarance  and  eq  . (3  . 1)  be 
written  as 


R"  =5>.  E»(S>E.,  + £w“  " I P“  H 

a a<b  a±b 

+F<bV»  <E*<3E»,  + EcdtS>E*b>  (3.2) 

Where 

u0=l,  u,,=qJ,  p •«».  ')  =p  0.  » -\t  p <*'•  *i>  =q-J 

w (»  » =w=ql-q  l,  w <->•')  = (1 -q1)  w.  q„ ! '■ 0>  =qb  =q  'w  (3.3) 

- 1 3/2 

By  the  weight  conservation  R can  be  constructed  in  the  form 
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a .c 


(3  . 4) 


-B, 


= I P 


a . b 


a-  b 


E*  +ZA  q 

ta  a <d  a *■» 
c <d 


E 0E 

at  bd 


V/heic 

a.  b C (41,0);  b,  c(  (43/2,  ±1/2)  P(ab  and  q ' a'  c) 

a~h  3-b 

at  the  determined  parameters  . 

Substituting  cq  . (3  . 2) . (3.4)  into  eq  . ( 2 . 4 - 1 3) , We  obtain  the  unknown  parameters 

by  extended  Karffman  diagrammatic  techk’uc  . 


( 1 37) 

5 2 

, (-1.  -3/2) 

q P-52 

„ (U  32) 

P Q=q3Q 

5/2  n 

p(  1.-12) 

- 32 

- P3.2'  Q=qQ 

p (0.  b) 

’ b 

=0 12 

(3  . 5-1) 

(0.17)  & 
M 3 2 

q-12(^-2'.-3  2)  = (, 

-q'2  ) qJ2 

([31!)' 2 Q"4 

(-1,  12) 

Q'  i q*0  - 3'2)  = 0- 
-12 

q"2  ) q->4 

(13)!)' 2 Q'4 

(0.-.2)  ^ 
12 

- 1 2 (-1,-12)  _ 
q-2 

(1  -q  “ 2 ) q 1 

1 mf2  o’4 

J 1.-  12) 
q 17 

- q ( ~ ‘ ~ 3 - (1 
-12 

q'2  ) q ([2)!(3]!),;2Q  34 

(3  5-2) 

Where 


q-q> 


| j]!  = Iu)  |u~ 11-11]  , [0]!  ^ 1 


(3.;  - 3) 


Substituting  eq  (3.5)  into  cq.(3  4),  we  obtain  the  solutions  R1  3 2 . And  we  obtain  the  sol 
utions  R ' * by  employing  the  c - p invarance 

We  have  derived  the  solutions  of  the  spectral  independent  QYBE  associated  with  (1  -3/2) -D 
representations  . It  is  easy  to  see  that  there  is  a new  arbitary  parameter,  Q , then  thirc  are  new 
solution  . In  fact  when  Q-l,  the  solutions  is  Universal  R- matrix  of  SL'q  (2). 


( R^'  ) m’m'  = ^ m.  + nq  l 0 q 2 ) 


m,  -m, 


m,m2 


m,  + m. 


K -m,l  ! 


rrm,  + m,m' 

q 1 


-1/2  (m, -m,)(  rn,  - m- 1) 


I 12 

0,-rm,)!  (j.-mJlOi-m,)  ! (>:  + mj)!  ! 


| (j,-m, )!  (li 4 m,)!  (j2  (-m2 )!  (j2-m,)! 


(3.6) 
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Standard  solutions  . When  Q 1,  there  «je  new  solutions  . 
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Abstract 

A quantization  procedure  for  the  elm-tromagnetic  field  in  a rectangular  cavity  with  perfert 
conductor  walls  is  presented,  when-  a decomposition  formula  of  the  field  p’ays  an  essential 
role.  All  vector  mod*'  functions  are  obtained  by  using  the  decomposition.  After  expand- 
ing the  fiHd  in  terms  of  the  vector  mode  functions,  we  get  the  quantized  electromagnetic 
Hamiltonian 


1 Introduction 

Kecent ly  we  have  < arried  out  the  field  quantization  in  several  rectangular  cavities  using  the  vector 
mode  functions  (I  j.  The  vector  mod'  funetions  have  h«vn  ohtaineil  with  the  help  of  an  orthogonal 
matrix.  However,  the  procedure  developed  there  has  not  been  applicable  to  other  cavities  in  a 
si  raight  forward  manner. 

To  overcome  the  above  difficulty,  wc  have  presently!  another  quantization  scheme  for  the  field 
in  a circular  cylindrical  cavity  |2j.  All  victor  moile  functions  have  been  obtained  by  using  a 
decomposition  formula  deriveil  from  Maxwell's  equations  dinvtly.  This  method  is  more  general 
Ilian  before,  beiausc  it  is  also  applicable  to  ri*ct angular  and  spherical  cavities. 

In  this  paper,  we  applimi  the  above  method  to  a rectangular  cavity  with  perfect  conducting 
walls  Then  spontaneous  emission  of  an  atom  inside  the  cavity  is  calculated. 


2 Decomposition  of  Electromagnetic  Fields 

ill  this  sivtiou,  we  derive  the  divoinposit  ion  formula  for  the  field  in  the  (artesian  cix>rdinates.  We 
shall  use  this  result  in  performing  the  field  quantization  in  a rectangular  cavity  in  Sec.  3. 

Maxwell's  equations  for  the  elm-trie  field  E and  the  magnetic  field  B in  fm*  space  are  given  by 
V • E n,  V B 0,  and 


V x E i 0,  V x B - -^E  0,  (1) 

where  e is  the  velocity  or  light  in  fnv  space  and  H d/<H. 

The  elect  romagnetic  field  E and  B can  be  written  in  the  ('artesian  coordinates  (j,  y,  z)  as 
E Err  I E*.  B Br  I B*,  where  Er  eTf"Jx  ! eyh’y  is  the  transverse  component,  of  the  field 
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and  E2  ezEz.  Hon*  e„  e„,  and  ez  an-  1.1m*  unit  vectors  in  the  x,  y,  and  z directions,  respectively, 
for  simplicity,  the  derivative  with  n*p*ict  to,  for  example,  x is  described  as  ()/ dx  dx. 

Since  V*  x E*  0,  the  first  equation  in  ( 1 ) giv<* 

-VrxEr,  t^Br  -V/-  x E*  - V2  x Er  (2) 

Similarly,  the  sticond  equation  in  ( I ) leads  to 

— f^E2  Vt  x Br,  -^$Er  Vr  x B*  + V*  x Br-  (3) 

Equations  (2)  and  (3)  give 

ArE  -V  x V x Ez  + V x $BZ,  ArB  — !r  V x $EZ  - VxVxB,.  (4) 

& 

1b  rewrite  Kq.  (4),  we  must  decompose  the  components  Ez  and  Bz  into  two  parts.  Suppose 
that  the  field  is  in  a finite  region.  Ia*t  us  expand  Ez  and  Bz  in  terns  of  a certain  complete  system 
of  functions  with  mode  s: 


Ez(r,t)  5Z(/*;„(r,f)  ( c.c.),  Bz{r,t)  5Z(B„(«*,t)  + c.c),  (5) 

9 9 

when*  E„{r,t)  A-’2*(r)c“ta'*|(  and  Ba{ r,f)  B„{ T)e~'u’2‘.  Here  uj„  {uj„  > 0,  a 1,2)  is 

determined  by  using  given  Ixjundary  conditions.  Since  Ez  and  Bz  satisfy  the  wave  equation,  the 
comfHments  /*>’„  and  liZ3  satisfy  the  Helmholts  equations: 

Afc«  A B„  -J&/Ur),  (6) 

where  tfa  <£/<?.  We  assume  that  the  components  satisfy 

-hlxE„,  <£/*„  - -h]2B„,  (7) 

where  hfa  is  determined  by  the  boundary  conditions.  Then  we  have  two  dimensional  Helmholtz 
equations: 

Ar£«(r)  -j£tE„{  r),  Ar  #«(«*)  -faB^r),  (8) 

when*  £0  kfa  - hfa 

Hen*  we  define  two  functions  F„  from  Eu  and  Bz»  with  (fa  / 0 as 

Klt.l)  £ |C„(r,<)  I M.|  £ |A.(r>e~-  lc.r.|,  (9) 

»i./»  Sja/0 

where 

/* *1  /'»/ gB\,  /*«2  Bza/s* 2t  (ffaa  f 0)-  (10) 

The  functions  F„  and  their  components  F»a  satisfy  the  same  equations  as  Fz  and  Eu,  respectively. 
The  component  F0  is  a solution  of  the  Poisson  equation.  On  the  other  hand,  if  there  is  a component 
tfa  or  Ifa  with  (fa  0,  Eq.  (8)  reduces  to  two  dimensional  Laplace  equation. 
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'IV  functions  A rh'„  satisfy 

-A  rh\  £ &F*  Y -Ar^i  E E 01) 

9i,/o  »?,/«  9?j/° 

I define  /'^,2  and  /f()2  as 

#4,  /•>’,  » Ar/'*.  E **>»  1 Ar^’a  E R*»  02) 

9?,  » S^a  0 

which  satisfy  A7-/v,  0 and  A 7/fo*  d.  Then  we  have  useful  fomulas  for  fc’z  and  /fz: 

l''z  - A/'/'i  I hloz,  liz  At/'’2  I /ioz  (13) 

Using  Kq.  (13)  and  defining  F„  as  F„  e2  /*’„ , we  can  rewrite  f]q.  (1)  as 

A7(E  - VxVxFi  I Vx  $F2)  -V  x V x Eo2  I V x ftBo*,  (14) 

ATfB  - ^7xfl(F,-VxVxF2)  -Vx^-VxVxBa,,  (15) 


where  E^  ezKo : and  B0,  e2  Bq..  Define  Eq  and  Bo  as  the  quantities  in  the  parentheses  at 

the  left  hand  side  in  Kqs.  (I  t)  and  (15),  respectively.  The  results  of  this  section  is  summarized  in 

the  following  t.h«*orem. 

Theorem  I:  If  the  components  ICza  and  Hza  satisfy  Kq.  (7),  the  field  can  be  decomposed  into 
three  components  as  follows: 

E VxVxFj-Vx  4F2  t Eq,  B -^V  x d^F,  t V x V x F2  I B0,  (16) 

c* 

where  E0  atid  B0  sat  isfy 

ArEo  -V  x V x Eos  t V x Bqz,  AtBo  — ~ V x Ejoz  V x V x Boz  (17) 

& 

Theorem  I plays  a cent  ral  role  in  performing  the  field  quantizat  ion  in  this  paper.  It  is  worth 
emphasizing  t hat  each  term  in  Kq.  (16)  is  a solution  to  Maxwell’s  equations. 

3 Vector  Mode  Functions  and  Field  Quantization 

The  cavity  we  t reat  here  is  enclose!  by  rectangular  walls  having  sides  LXl  Ly,  and  Lz  in  the  j,  y, 
and  z directions,  respectively:  0 < x < l,T,  0 < y < Ly,  and  0 < z < Lz.  We  assume  that  the 
cavity  has  perfectly  conducting  walls.  The  tangential  component  of  the  electric  field  E|tan  and  the 
normal  component  of  the  magnetic  field  B|n,inn  must  accordingly  vanish  at.  the  boundaries  of  the 
cavity. 
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'1*1  »»*  above  boundary  condition  mil***  to  that  for  the  z components 


Ez  0,  <)rHz  0,  (x  0,  Lx),  (18) 

Ez  0,  dyIiz  0,  (y  0,  /,,),  (19) 

IE  0,  0ZEZ  0,  (z  0,  Lz)  (20) 

The  solution  to  the  llelmholls  equation  (ti)  f >r  the  components  E„  and  under  the  above 
boundary  conditions  is  given  by 

E„{  r,  f)  ('ai{l)sin{tnx/  Lz)  sin{mny/ Ly)  cos(nnz/Lz), 

liza(r,t)  <7,2(0  ™*i(tnx/  l'x)'<*{mnz/  Lz)sin(nnz/  Lz),  (21) 


when*  the  mode  index  is  $ {t,  m,  n)  (l,  m,  n 0,  ± 1 , ±2,  • • •). 

I'Vom  the  solution  (21)  we  have 


& = 9l  (tir/L T)2  t (mir/ Ly)2 , 

k2M=kl  ( (tt/L x)2  I (rmr/Ly)2  1 (wr/L*)2. 


(22) 


Constxjuently,  we  can  use  Theon*m  1 in  the  preceding  section.  Although  it  follows  from  Eq.  (22) 
that  > 0,  we  can  prove  that  g%a  > 0,  which  results  from  the  following  lemma.  We  omit  its 
proof. 

l/cmnui:  Eq,  Bq  0 and  >0.  As  a result,  the  term  with  t m 0 in  Eq.  (21)  cannot  be 
used. 


|jot  us  next  obtain  the  functions  E0,  whose  definitions  are  given  in  Eqs.  (9)  and  (10).  That  is, 
the  functions  are  given  by 


n / .i  ^(td)  . I ku)a  . 

(r , l)  — ^ — = i J 2^a»»  (0^*i  (r)> 

,,  , .v  Ezs(r,t)  . jhoj„  . . . . 

k»2 (r,<)  — p — = * J — a,2(0^.2(r), 

where  u/*,  = a’,  and  we  have  introduced  a^it)  awy(0)e-“‘'*<  and  V7*®  given  by 


(23) 


^.((r,/)  c«|Sin(f7rx/L1E)sin(m7rj//Ls)co8(n7rx/LI),  (24) 

i>„2  (r,  £)  ca2cas{(irx/Lx)cos(miry/Ly)sin(m(z/Lz),  (25) 

with  c,i  |8/(l/A^^)j1/2  and  c<2  |8/(  Vu^<^)j,/2.  The  functions  tl>M  has  the  orthonormality 

property 

r)tiva(r)  ^|c„|2V^,  (26) 

where  fc  dr  /ravity  dxdydz  and  V'  is  the  cavity  volume.  Here  the  quantity  cosx  in  Eqs.  (24)  and 

(25)  must  la*  changed  to  l/\/2  when  x 0. 

Substituting  the  functions  Fc  in  Eq.  (23)  into  E in  Eq.  (16),  we  find 


E(r,I) 


(<K*(r) 


(27) 
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where  the  victor  mod*'  funct  ions  arc  given  by 


u,i  V x V x ezi/jal , u,2  x e^,2. 


(28) 


Tin*  victor  mode  functions  satisfy  V u„„  0,  (A  I A£,)u«,  0,  and  at  the  Inmndaries  u^lta,, 

U,  V x u*,!„<imt  0.  They  also  sat  isfy  t he  ort  hononnalit.y  property  needed  for  quantization: 


jTdru^(r)  • u.v(r)  (29) 

To  get  the  quantized  field,  the  functions  aM(t)  are  regarded  as  annihilation  operators  satisfying 
the  commutation  relation  Then  we  get  the  following  theorem. 

Theorem  2:  The  quantized  held  anti  the  Hamiltonian  are  given  by 

E(r,  t)  i £ fa«7(f)u„(r)  - «L(0*C(r)l , (30) 

» V 

B(r,f)  x u**(r)  1 x iC(r)],  (31) 

/ifi  ^ ' , 1 htJn  y " hu)a  I ; j (32) 

m * «7  ' *' 


4 Spontaneous  Emission 


As  an  application,  we  consider  the  transit  ion  rates  of  an  atom  in  the  cavity,  using  the  dipole 
approximation.  The  Hamiltonian  is  given  by  H Ha  I Hr  4 ///,  where  Ha  is  the  free  Hamiltonian 
for  the  atom.  Hr  for  the  held  which  is  given  in  Kq.  (32),  and  Hi  eD  • E(R)  (— eD:  the  total 
electric  dipole  moment  of  the  atom;  R (A',  K,  Z):  the  position  of  the  atom). 

At  t 0,  the  atom  is  in  an  energy  state  |i0  > (with  energy  and  the  held  is  in  the  vacuum. 
Then  the  probability  per  second  of  finding  the  atom  in  a state  (with  energy  H,)  at  sufficiently 
large  time  / is  given  by 


w 


C27T 


£oh 


£|«*(R)-  < to|Dj*  > 


^in(u^i  u^q)( 
tr( u),  - u»o) 


(33) 


where  hu;0  - Ht. 

I jet,  us  take  the  average  of  the  (X)ordinates  Y and  Z and  take  Lz  —*  oo.  The  transition  rates 
wy  and  wz  vanish  (u\  indicates  the  rate  where  the  dipole  moment  is  along  with  the  i direction). 
The  rate  te,  is  given  by 

W’xM)  -^-J3(l -m2/^)",^(l (34) 

nSV  m 

where  uqLJcit,  £x  1/2,  w0  e2|  < iojDjt  > |2u»o/(37r/ifo^),  0(x)  1 ( x > 0),  and 
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0(x)  0 (j:  < 0),  which  is  shown  in  HC.  I. 


FKI.  1.  'lYansition  rate  wx  for  Lz  — > oo,  where  the  dipole  moment  is  along  with 
the  x direction. 

Setting  here  ufo  1013  Hz,  we  have  />,  4.7  x IO-2  mm,  so  that  the  cavity  is  quite  narrow. 

Also,  KKJ.  1 shows  that  the  transition  is  forbidden  when  < 1,  i.e.,  Ly  < 9.4  x 10"2  mm.,  where 
the  cavity  is  a thin  tube  in  this  case. 


5 Conclusions 

The  quantization  for  the  field  in  the  cavity  has  been  performed  as  follows:  obtain  the  decom- 
position fonnula  (lti)  in  the  ( ’artesian  coordinates;  solve  the  Heimholts  equations  (6)  for  the 
components  Fza  and  ttza  under  the  boundary  conditions;  determine  the  functions  F„,  substitute 
them  into  the  decomposition  fonnula  (lb),  and  obtain  the  vector  mode  functions  satisfying  the 
orthonormality  property  (29);  then  we  arrive  at  the  quantized  field  and  Hamiltonian.  In  the  whole 
prociss  of  quantization,  the  decomposition  formula  in  Theorem  1 plays  an  important  role. 
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Abstract 

Introducing  the  generalized  Langevin  equation,  we  extend  the  stochastic  quantization 
method  so  as  to  deal  with  singular  dynamical  systems  beyond  the  ordinary  territory  of 
quantum  mechanics.  We  also  show  how  the  uncertainty  relation  is  built  up  to  the  quantum- 
mechanical  limit  with  respect  to  fictitious  time,  irrespective  of  its  initial  value,  within  the 
framework  of  the  usual  stochastic  quantization  method. 


1 Basic  ideas  of  stochastic  quantization  method  (SQM) 

The  Parisi-Wu  stochastic  quantization  method  (SQM)  [1,  2]  was  so  designed  as  to  give  quantum 
mechanics  as  the  thermal  equilibrium  limit  of  a hypothetical  stochastic  process  with  respect  to  a 
new  (fictitious)  time  other  than  the  ordinary  time.  The  Background  idea  is  that  a d-dimensional 
quantum  system  is  equivalent  to  a (d+  l)-dimensional  classical  system  with  random  noise.  We  can 
consider  the  SQM  to  be  a third  method  of  quantization  remarkably  different  from  the  conventional 
theories,  i.e.,  the  canonical  and  path-integral  ones.  The  SQM  has  the  following  advantages: 

1.  We  can  quantize  any  dynamical  system  only  on  the  basis  of  equation  of  motion , while  the 
canonical  method  is  based  on  Hamiltonian  and  the  path-integral  method  on  Lagrangian. 

2.  We  can  quantize  the  gauge  field  without  resorting  to  the  conventional  gauge  fixing  procedure 

[3], 

We  deal  with  the  dynamical  system  described  by  Euclidean  action  Sgfal,  where 
q(x)  = {qt:i  = 1,2,  ••  •}  are  dynamical  variables  and  x is  the  ordinary  time  for  particles  or  4- 
dimensional  coordinates  for  fields.  As  the  first  step,  we  show  that  SQM  gives  the  same  result  as 
given  by  the  conventional  path-integral  method: 

<G>  = C J VqC{q)exp(-SE[q]/h)  , (1) 

Mx,x')  = c j Vqq(x)q(x')exp(~SB[q}/h)  , (2) 

where  < G > is  the  quantum-mechanical  expectation  value  of  an  observable  G(q),  A(j,x')  is  the 
propagator  and  C the  normalization  constant  In  this  paper  we  also  observe  how  the  uncertainty 
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relation  is  built  up  to  the  quantum-mechanical  limit  within  the  framework  of  the  hypothetical 
stochastic  process  of  SQM. 

According  to  the  prescription  of  SQM,  we  set  up  the  basic  Langevin  equation  in  the  following 
way: 


dqt{x,  t) 
dt 

< f]i{,X , () 


+ »7,(x,e) , 


_ 

g=:q(Z|t) 

0 , < rji{x,t)r}j{x',t')  >„=  2 a6i}6(x  - x>(t  - t')  , 


(3) 

(4) 


where  t stands  for  the  fictitious  time,  rj,  for  Gaussian  white  noises  and  a for  the  diffusion  constant. 
Using  its  solution  in  the  thermal  equilibrium  limit,  we  get  the  same  expectation  value  as  given  by 
the  conventional  path-integral  method.  To  show  this  situation  more  clearly,  we  need  to  use  the 
Fokker-Planck  equation  corresponding  to  the  Langevin  equation. 

Defining  the  probability  distribution  functional  $[0,  f]  by 

/ 1 ?qG{q)*[q,  t}=<  C(<tf(x,  t)  >„  , (5) 


we  can  derive  the  Fokker-Planck  equation  as 
d_ 
dt 


!*[,,!]  = «M,  f = 


__  j. 


6qt{x)  l6qt(x)  a 6qt(x) 


(6) 


where  F is  the  Fokker-Planck  operator.  If  the  drift  force  K,(q,  t)  = -(fiSslq}/ t>qt)q=q(x,t)  has  a 
damping  effect,  i.e.  (<5S£[g]/<5<7, ),=,(!,*)  > 0,  we  get  the  thermal  equilibrium  limit  (t  — » oo)  as 
follows: 

^{q}  = Cexp(--SE{q))  ■ (7) 

a 

Putting  a = h,  therefore,  we  obtain  the  prescription  of  SQM. 


Um  < G(q?(x,t)  >„  = lim  J VqG(q)$[q,t] 

= jvqcm^q]  = cJVqG(q)ex?(-±SB[q})=<G>  . (8) 


2 Building-up  of  the  uncertainty  relation  in  the  hypo- 
thetical stochastic  process 


Quantizing  one-dimensional  harmonic  oscillator  by  means  of  SQM,  let  us  see  the  dependence  of  the 
uncertainty  relation  on  the  fictitious  time.  The  Euclidean  action  of  the  one-dimensional  harmonic 
oscillator  is  given  by 


M dq_  2 
2 Kdx 0’ 


+ ImV,1 


(9) 


According  to  the  prescription  of  SQM,  we  set  up  the  Langevin  equation  of  this  harmonic  oscillator 
as  follows: 


— <?(xo,0  = Af2 


_a_ 

dxl 


— uj 


q(x0,t)  -4-  t)  , 


= 0,  < q{x0,  t)r}{x'0,  t')  >v=  2hf>(x0  - x'0)6{t  - t') 


< 0,0  >v 
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(10) 

(11) 


Solving  this,  we  easily  obtain  the  following  dependence  of  the  uncertainty  relation  on  t : 

h 2 


(Aq(t)Y(Ap(t))2  = 


— [ dkpWe-™*^'  + — L f 

J 2 Mui  \fH  Jo 


e“*  dz 


~ f dkk2p(k)e~2M^2)t  - [ 

2tt  j 2 v'7r  J o 


s/2  Mu,Ji 


e'z*dz 


(12) 


where  p(fc)  = (A<?(fc,  0))2  is  the  initial  value  at  f = 0. 

{Aq  Ap)z  / h1 


O a 8 12  16  20  2M  col  t 

FIG-  1.  We  show  how  the  uncertainty  relation  were  built  up  with  respect  to  the 
fictitious  time.  The  solid  line  corresponds  to  the  uncertainty  relation  for  &q{k,0)  = 0, 
the  dotted  line  to  that  for  Aq(fc,0)  ^ 0.  Note  that  the  negative  sign  of  (A<jAp)2  is 
due  to  the  Wick  rotation  (x0  — * — ix0). 


In  FIG.  1,  we  can  clearly  see  that  the  uncertainty  relation  in  the  hypothetical  stochastic  process 
approaches  to  the  quantum-mechanical  limit,  irrespective  of  its  initial  values. 


3 Generalized  stochastic  quantization  method 


We  have  many  basic  Langevin  equations  to  give  the  same  quantum  mechanics  [2].  By  making  use 
of  this  kind  of  freedom,  we  can  go  beyond  the  ordinary  territory  of  quantum  mechanics. 

A generalized  Langevin  equation  to  give  the  same  quantum  mechanics  is  given  by 


!*<!,!)  = -/ rfV  j + /*1SJ  - f**'  ,(*'.()  , (13) 


< 7/(x,  t)  >-  0 , 


£<p(x\  t) 

< 7 j(x,t)7}(i',  0 >=  2fid(x  - x')6{t  - t')  . (14) 


Note  that  we  put  h = 1 hereafter.  As  an  example,  let  us  discuss  the  bottomless  system  described 
by  scalar  field  <p(x)  with  the  following  action 

Sb{4>\  = SfreeM  + S[ntW  , (15) 

x being  d-dimensional  Euclidean  space-time  point.  *%ee[0’j  is  the  free  part  of  the  action  and 
5int[$;  the  bottomless  interaction  part.  We  know  that  we  can  hardly  quantize  the  bottomless 
system  by  means  of  the  conventional  quantization  method.  For 

K(x,x'\<t>)  = 6d{x  - x’)K{4>\  , G{x,x':<p)  = fd(x  - x)K1/2[<t>\  , (16) 
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(17) 


we  simplify  the  above  generalized  Langevin  equation  as 


-K{<p\ 


£5Ej0j 

6<p(x,t) 


+ 


6K[<j>] 

6<p{x,t) 


+ K}/2[4>\  r}{x,t), 


(is) 

where  we  have  put  5k  = 5b  — In  K . Provided  that  the  drift  force  has  a damping  effect,  that  is 
to  say,  5k  = 5E  - In  K > 0,  this  Langevin  equation  has  the  thermal  equilibrium  limit.  To  satisfy 
this  condition  in  the  bottomless  system,  we  may  choose  the  Kernel  as  K[<p]  = exp{5jnt}.  In  this 
case  the  generalized  Langevin  equation  becomes 


(19) 


Based  on  this  equation,  we  can  perform  the  numerical  simulations  of  bottomless  scalar  field  models 
and  the  bottomless  hermitian  matrix  model. 


4 Application  to  bottomless  systems 

A simple  bottomless  example  [4]  is  given  by 

5(0]  = 52[0j  - 54['0]  , 52[0]  = \rn2tp2  , 54[0]  = -6*  , X > 0 , (20) 

2 4 

where  0 is  a zero-dimensional  field.  If  we  put  K[<p ] = exp(A k-04),  the  well-posed  condition  men- 
tioned in  the  preceding  section  becomes 

5/f  = Se  — In  K = -Tn2(p2  4-  — (A#-  ~ A)04  > 0 , i.e.  Xk  > X . (21) 

If  we  choose  A#  equal  to  A,  the  Langevin  equation  reduces  to 

J^0(O  = -m2exp(-54]0(O  + exp[-54/2]rj(<)  . (22) 

Based  on  this  Langevin  equation,  we  have  numerically  simulated  the  stochastic  process  of  0. 


FIG.  2.  Distribution  of  numerical  solution  of  the  Langevin  equation  (22)  (open  cir- 
cles) for  A = 0.1 , m - 1.  For  comparison,  we  plot  the  path-integral  measure  exp{-5} 
of  the  bottomless  action  (20)  (solid  line)  for  the  same  parameters. 
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FIG.  2 shows  that  the  form  of  the  distribution  of  numerical  solution  is  consistent  with  the  form 
of  the  path-integral  measure  exp{-S}  of  the  bottomless  action  (20)  in  the  central  region  of  0. 
From  the  prescription  of  SQM  that  at  the  thermal  equilibrium  limit  we  get  the  same  expectation 
value  as  given  by  the  path- integral  method,  we  conclude  that,  in  the  central  region  of  0,  the 
probability  distribution  of  solutions  of  the  generalized  Langevin  equation  (22)  is  consistent  with 
the  path-integral  measure  exp{-5}  even  of  the  bottomless  action. 

As  the  next  example,  let  us  consider  the  bottomless  hermitian  matrix  model  [5],  which  is 
regarded  as  an  important  model  of  two-dimensional  quantum  gravity  [6].  The  partition  function 
of  N x N hermitian  matrix  model  is  given  by 

f N 

Z=  I d0exp{-5[0j}  , d(p=]\d<p%t  0(Re0,.?)d(Im0,J)  . (23) 

J «=i  1<K;<N 

Independent  variables  of  the  hermitian  matrix  model  are  Re0v.  Im0,j  ( i < j)  and  0„ 
with  i,  j = 1, 2,  • • • N.  The  action  of  the  bottomless  hermitian  matrix  model  is  given  by 

S(0j  = 5free[0)  f 5inti0!  , Sfree^i  = Mr[^02l  , 5int[0]  = -Ntr[g<fi*}  = -S4[0]  , g > 0 . (24) 


For  kernel  K\<p)  - exp{-S4[0]},  the  generalized  Langevin  equation  becomes 

^0»,(O  = -Ne~s*<p„{t)  + e~>S4T]„(t)  , (25) 

= -2Ne-s^/(t)  + e-l^/(t)  , (i  < j)  . (26) 

The  statistical  properties  of  the  Gaussian  white  noises  must  be  subjected  to 

< n»(0  >n  = 0 , < Tf„(t) riu(t')  >„=  2 6,/(t  - t')  , (27) 

< r)*(t)  >„  = 0,  < viMi?)  >„=  ?*AB6*6jl6(t  - f)  . (i<  j,k  <l)  , (28) 

< <(0^mm(f')  >,=  0 . (i  < j)  , (A,  B = R,  l)  . (29) 


One  of  the  most  remarkable  results  is  observed  in  the  deviation  of  < tr 02  > /N  from  the 
planar  calculation  [6],  as  shown  in  FIG.  3. 

< tr  0-  > / IV 


FIG.  3 Expectation  values  < tr <p2  > /TV  for  various  values  of  N(open  squares). 
The  solid  line  shows  the  planar  result  6j 

This  deviation  has  so  far  been  anticipated  only  from  theoretical  conjecture. 
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5 Conclusion 

We  have  observed,  within  the  framework  of  SQM,  that  the  uncertainty  relation  will  be  built  up  to 
the  quantum-mechanical  limit,  irrespective  of  its  initial  value,  in  a hypothetical  stochastic  process 
with  respect  to  the  fictitious  time. 

Introducing  generalized  (keiueied)  Langevin  equations,  we  have  extended  SQM  so  as  to  deal 
with  oingular  dynamical  systems  beyond  the  ordinary  territory  of  quantum  mechanics.  We  also 
have  attempted  to  quantize  a few  singular  systems,  such  as  bottomless  systems,  by  means  of  SQM 
which  is  based  on  the  generalized  Langevin  equations. 


Acknowledgments 

Applications  of  the  generalized  Langevin  equation  to  the  above  singular  system  have  been  done 
in  collaboration  with  S.  Tanaka,  I.  Ohba,  and  M.  Mizutani.  The  authors  are  indebted  to  all  of 
them  and  H.  Nakazato  for  stimulated  discussions  and  also  to  the  Ministry  of  Education,  Culture 
and  Sciences  for  financial  supports. 


References 

[1]  G.  Parisi  and  Y.  S.  Wu,  Sci.  Sin.  90  (1981),  48o. 

[2]  M.  Namiki,  Stochastic  Quantization  (Springer,  Heidelberg,  1992) 

[3]  N.  Namiki,  I.  Ohba,  K.  Okr.no  and  Y.  Yamanaka,  Prog.  Ther.  Phys.  69  (1983),  1580. 

[4]  S.  Tanaka,  M.  Namiki,  I.  Ohba,  M.  Mizutani,  N.  Komoike  and  M.  Kanenaga,  Phys.  Lett. 
288B  (1992),  129. 

[5]  M.  Kanenaga,  M.  Mizutani,  M.  Namiki,  I.  Ohba  and  S.  Tanaka,  Prog.  Ther.  Phys.  91  (1994), 
599. 

[6]  F.  David,  Mod.  Phys.  Lett.  A5  (1990),  1019;  Nucl.  Phys.  348  (1991),  507. 


234 


NEXT 

DOCUMENT 


DAMPED  OSCILLATOR  WITH  DELTA-KICKED 

FREQUENCY 


0.  V.  Man’ko 
Lebedev  Physical  Institute 
Leninsky  Prospekt,  53,  Moscow  ! 17924,  Russia 


Abstract 

Exact  solutions  of  the  Schrodinger  equation  for  quantum  damped  oscillator  subject  to 
frequency  6-kiek  describing  squeezed  states  are  obtained.  The  cases  of  strong,  intermediate, 
and  weak  damping  are  investigated. 


1 Introduction 

The  aim  of  the  paper  is  to  consider  parametric  excitation  of  damped  quantum  oscillator.  The 
parametric  excitation  is  choosen  in  the  form  of  very  short  pulse  simulated  by  6-kick  of  frequency. 
The  damping  is  considered  in  the  frame  of  Caldirola-Kanai  model  [1],  [2].  This  model  is  a partial 
case  of  the  multidimensional  system  described  by  nonstationary  Hamiltonian  which  is  a general 
quadratic  form  in  coordinates  and  momenta  operators  considered  in  [3],  (4].  The  problem  of 
quantum  oscillator  with  a time-dependent  frequency  was  solved  in  [3]- [16].  In  [3],  [4]  it  was  shown 
that  the  solutions  for  systems  with  quadratic  Hamiltonian  are  expressed  in  terms  of  classical 
trajectory  of  the  system.  The  case  under  consideration  is  interesting  due  to  possibility  of  finding 
the  classical  trajectory  in  explicit  form.  The  goal  of  this  work  is  to  extend  the  analysis  of  [13]  to 
more  simple  one-oscillator  case  but  taking  into  account  the  dissipation  and  to  study  the  influence  of 
the  damping  on  the  squeezing  phenomenon  for  the  kicked  oscillator.  Here  the  quantum  dispersion 
of  coordinate  of  damped  oscillator  is  obtained  in  explicit  form  and  the  influence  on  squeezing 
phenomenon  of  strong,  intermediate,  and  weak  damping  is  studied. 

2 Integrals  of  Motion 

Let  us  consider  the  quantum  damped  parametric  oscillator  in  the  frame  of  Caldirola-Kanai  model 
[1],  [2]  using  the  method  of  integrals  of  motion  [31,  [4],  (7).  The  Hamiltonian  of  the  system  is 

H = ^mewu;J(t)zJ  + -^-e^'p2,  (1) 

l im 

where  m is  the  mass  of  the  oscillator,  7 is  the  damping  coefficient,  x and  p are  the  coordinate 
and  momentum  operators,  and  ^'(t)  is  time-dependent  frequency  of  the  oscillator.  The  equation 
of  motion  for  the  classical  coordinate  x and  momentum  p are  of  the  form 

x - pc-2"’*,  p - -u/^Oe^x,  x + 27X  f u;2(()x  = 0.  (2) 


235 


The  Heisenberg  equation  of  motion  for  the  position  and  momentum  operators  have  the  same  form. 
Let  us  look  in  the  Schrodinger  representation  for  the  integral  of  motion  A(t)  which  is  linear  in 
coordinate  and  momentum  operators  and  satisfies  the  equation  \ihd/dt  — II  ,A\  = 0.  At  the  initial 
moment  of  time,  this  integral  of  motion  is  equal  to  usual  boson  annihilation  operator.  Then  for 
the  operator  A,  one  obtains  the  expression 


A(t)  = 


where  e(t)  is  the  solution  to  the  equation  of  motion 


* 


(3) 


e(t)  + 27 i(t)  + u ;2(t)e(t)  = 0,  1^(0)  = u,2(0)  - 72,  (4) 

with  initial  conditions  £(0)  = 1,  e(0)  = iil(0).  In  order  the  operator  (3)  and  its  hermitian 

conjugate  satisfy  at  any  time  t the  boson  commutation  relation,  e(t)  must  satisfy  the  additional 
condition 


{ee'  - f)  = 2i«(0).  (5) 

The  eigenstates  of  operator  (3)  are  the  complete  set  of  the  squeezed  correlated  states  of  damped 
oscillator.  Solving  the  equation  A(t)^„(x,t)  = Q$a(i,l),  where  a is  complex  number,  one  can 
obtain  these  eigenstates  in  the  explicit  form 


^a(x.t)  = (7rea/2)-,/4exp 


/ ife^'x2 

V2£/*ft(0)  + 


y/2ax 

el 


e*a 2 


2e 


(6) 


where  / 2 --  The  wave  functions  in  coordinate  representation  are  gaussian  packets 

with  time-  dependent  coefficients  in  quadratic  form  under  the  exponential  function.  The  density 
propability  has  consequently  the  gaussian  form,  too  and  the  quantum  dispersion  of  coordinate  in 
the  state  (6)  can  be  immediately  obtained.  It  is  of  the  form 


<rlS  = <#Q  | x2  | *Q)  - <^Q  | x | *a)*  - 


(7) 


One  can  obtain  for  the  quantum  dispersion  of  momentum  and  for  the  squeezing  coefficient, 


<Tpa  = (^|pa|4'a)-(«'«|p|^)2  = 


ftV*  I i I2  , *At)  ,.p 

2/2n2(o)  ’ Ox*  (0)  11 


(8) 


If  | e | 2 < 1,  which  means  that  the  disperssion  of  coordinate  at  the  same  moment  of  time  t 
is  less  than  at  the  initial  one.  the  squeezing  phenomenon  appears.  Due  to  this  the  states  (6) 
are  called  squeezed  correlated  states  as  well  as  in  the  case  without  damping.  Then  all  physical 
characteristics  of  the  system  are  expressed  through  the  solution  of  classical  equation  of  motion 
e(<).  The  only  remaining  problem  is  to  find  explicit  expression  for  e(Z)-  In  the  following  sections 
the  explicit  expressions  for  classical  trajectories  will  be  found  for  different  regimes  of  damping. 
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3 The  Case  of  Weak  Damping 

We  consider  a quantum  damped  oscillator  with  time-dependent  frequency  which  varies  in  the 
specific  manner  of  6-kick 

u/2(t)  - - 2 k6(*), 

where  u*o  is  constant  part  of  frequency,  6 is  Dirac  delta-function.  For  e{t),  we  have  the  equation 

e(t)  + 2ye(t)  + u£e(t)  - 2 k6(0  = 0.  (9) 

In  this  section  we  consider  the  case  of  weak  damping,  when  u»o  > y.  Before  and  after  6-kick  of 
frequency  the  solution  to  Eq.  (9)  is  given  by 

e.(t)  - Ate-****  + fc  = 0,l,  (10) 

where  in  the  case  of  weak  damping  U = (cjq  - 72)Ij/2.  Due  to  continuity  conditions, 


£o(0)  — £i(0),  fj(0)  — Co(0)  - 2kcO(0). 


(ID 


The  coefficients  A * and  Bk  must  satisfy  the  relations  which  can  be  expressed  in  matrix  form 


(A  ,\_/l-i«/n  ~iK/Q\(Ao\ 

w/n  uw/olUi'  1 ] 

If  e(— 0)  = 1,  i(- 0)  = iQ  at  the  initial  instant,  then  Ao  = 1 — iy/2U,  B0  — iy/2Q,  one  has  for  the 
classical  trajectory  after  6-kick, 


£i(t)  ~ 


1 - 


»(«  ± 7/2)' 

n 


exp(-yt  + iflt)  - *—  exp(  -7 1 - iClt). 


(13) 


If  before  the  first  6- kick  the  oscillator  was  in  the  state  (6)  with  e(t)  = e“',*(e*nt  + ^sinDf).  the 
parametric  excitation  will  transform  it  into  a squeezed  correlated  state  determined  by  (6)  with 
£■(*)  given  by  (13).  One  can  calculate  the  quantum  dispersion  of  coordinate  in  excited  correlated 
squeezed  state,  it  is 


<7rj(0 


he  27t  r 

2mQ  [ + 


sin2  Qt 


(2k  + 7)2  + (2k  + 7) 


sin  2 Qt 
~Q~ 


(14) 


From  the  above  expressions,  we  see  that  the  maximum  and  minimum  of  axi{t)  and  of  squeezing 
coefficient  k2(t)  = <rx»(t)/<7**(0)  depend  on  ratio  of  the  force  of  6-kick  and  damping  constant  to 
the  frequency  of  oscillations,  while  lower  limit  of  squeezing  coefficient  is 


k2  = 


1 + 2^/^  - V2)’\  n> 


D2 


K", 


exp 


{s®8'1 


n 


7(k  + 7/2)2  + D2 


_Tr(2n_1)}' 


(15) 
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n = 0,1, FYom  the  above  formulae,  one  can  see  that  the  squeezing  phenomenon  can  be  achieved 

for  all  values  of  damping  coefficient.  So  choosing  kicks  of  frequency  (increasing  the  force  of  6- 
kick)  we  can  squeeze  quantum  noise  in  coordinate  even  in  the  case  of  large  (but  smaller  then  u*>) 
damping  coefficient  7. 

In  the  case  of  zero  damping,  formula  (15)  coincides  with  the  result  of  [5j  and  [13)  (for  two-mode 
system).  In  the  case  of  zero  damping  (7  = 0)  for  the  limit  of  free  particle  (ui0  = 0),  one  6-kick  of 
frequency  does  not  produce  squeezing  (17). 

4 The  Case  of  Strong  Damping 

Let  us  consider  quantum  damped  oscillator  in  the  regime  of  strong  damping,  when  7 > t^).  In  this 
case  the  solution  to  Eq.  (9)  before  and  after  6-kick  of  frequency  is  Eu  = /Ue*0-1*1  + B*e-(l+n)f 
with  frequency  ft  = (7*  — u$),/2.  Making  the  same  procedure  as  in  Section  2 one  can  obtain 
that  after  6-kick,  coefficients  A\  and  B\  are  connected  with  the  initial  ones  through  the  matrix 
equation 


Taking  the  initial  conditions  in  the  form  £(0)  = 1,  £(0)  - ift  one  has  Ao  = 1(1  + 1 + 7/ft), 
Bo  + 5(1  — « — 7/ft)-  The  classical  trajectory  e(t)  after  6-kick  of  frequency  is 

e(t)  = e-7*  Jcosh  ftt  + sinh  ftt  + ^ + • (17) 

The  dispersion  of  coordinate  after  6-kick  of  frequency  takes  the  form 


ox*(t)  = 


2 mft 


cosh  2ftt  + 


2k  + 7\2  cosh2ftt  — 1 /2k + 7 


(W 


cosh2  2ftt  — 1 


(18) 


Since  cosh  a > 1,  the  dispersion  cannot  be  less  than  he_2lt/2mft,  squeezing  (by  6-  kick  of  fre- 
quency) cannot  exist  in  the  system  under  study  in  the  regime  of  strong  deunping. 


5 Parametric  Excitation  of  Free  Particle  Motion 

In  the  last  section  we  consider  the  case  when  the  constant  part  of  frequency  is  equal  to  zero  but 
parametric  excitation  acts  on  the  free  particle  motion.  The  gaussian  wave  packets  for  such  systems 
without  parametric  excitation  were  considered  in  [18]-  [20).  The  equation  for  classical  trajectory 
in  case  = 0 is 


i(t)  f 27c(f)  - 2k6(0  - 0.  (19) 

Before  and  after  6-kick  the  solution  to  this  equation  is  given  by  expression:  £*  = Ak  + Btc-27*. 
Applying  the  procedure  used  in  Section  2 and  continuity  conditions  one  can  obtain  the  relation 
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(20) 


/M,  \ _/1  + k/7  k/7  WA0\ 

\BiJ  \ -k/7  1 - k/7  ) \B0J 

Taking  into  account  coeficients  Aq  - 1 4 i/2  and  Bo  — —i/2,  which  coincide  with  the  initial 
conditions  considered  above,  the  expession  for  classical  trajectory  after  6-kick  can  be  obtained 

£«)  = 1 + + 5(1  - e~™).  (21) 

The  excited  states  are  determined  by  formula  (6)  with  dispersion  of  coordinate  (7),  where  e{t)  is 
given  by  (21).  The  squeezing  coefficient  is 

k2=  1 + ^(1  - e~27*)2  + — (1  - e-27‘).  (22) 

V 7 

Prom  this  expression,  one  can  see  that  squeezing  coefficient  k3  > 1 (e-27*  < 1),  for  t > 0 and 
7 > 0.  The  squeezing  cam  not  be  obtained  for  free  damped  particle  by  one  6-kick  of  frequency. 

6 Conclusion 

We  have  considered  in  the  frame  of  Caldirola-Kanai  model  the  parametric  excitation  of  damped 
oscillator  and  discussed  the  influence  of  different  regims  of  damping  on  the  possibility  of  appearing 
the  squeezing  phenomenon  in  this  system.  It  is  worthy  to  note  that  different  aspects  of  the  damped 
oscillator  problem  was  considered  in  (7J,  [18)-  [27].  Here  the  parametric  excitation  is  choosen  in 
the  special  form  (6  kick  of  frequency),  which  permits  to  obtain  explicit  expressions  for  squeezing 
coefficient  and  quantum  coordinate  dispersion  for  different  regimes  of  damping.  It  is  shown  that  in 
the  region  of  small  damping  the  squeezing  can  be  obtained  for  all  7 < by  choosing  different  force 
of  6-kick.  In  the  region  of  strong  damping  and  for  damped  free  particle  motion,  it  is  impossible 
to  have  squeezing  phenomenon  by  6 kick  of  frequency. 
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Abstract 

One  of  standard  met  bods  to  predict  the  phenomena  of  squeezing  consists  in  splitting  the 
unitary  evolution  operator  into  the  product  of  simpler  operations  (Yuen  |lj.  Ma  and  Rhodes 
|2|).  The  technique,  while  mathematically  general,  is  not  so  simple  in  applications  and  leaves 
some  pragmatic-  problems  open.  We  report  an  extended  class  of  exponential  formulae,  which 
yield  a quicker  insight  into  the  laboratory  details  for  a class  of  squeezing  operations,  and 
moreover,  can  be  alternatively  used  to  progiamme  different  type  of  operations,  as:  1)  the 
free  evolution  inversion,  2)  the  soft  simulations  of  the  sharp  kic  ks  (so  that  all  abstrac  t results 
involving  the  kic  ks  of  the  oscillator  potential,  become  realistic  laboratory  presc  riptions). 


1 The  manipulation  problem 

Below,  we  shall  dissent  from  the  orthodox  subject  of  “squeezed  states"  and  dedicate  some  attention 
to  a more  general  problem.  Suppose,  one  has  a quantum  system  whose  states  are  represented  by 
vectors  in  a Hilbert  space  "H  Now,  choose  anv  unitary  operator 

U.H-^H  (1) 

Can  U be  achieved  as  a realistic  evolution  operation,  performed  under  the  influence  of  some 
external  fields? 

The  problem  so  stated,  belongs  to  the  quantum  manipulation  theory,  a domain  which  has 
progressed  quickly  in  the  last  decades.  The  first  cases  of  the  dynamical  manipulation  (for  a finite 
dimensional  space  of  states)  achieved  wide  publicity  under  the  name  of  the  spin  echo  (e  g.  |3|). 
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The  general  problem  of  manipulation  (control)  of  quantum  states  dates  from  the  works  of  Lamb 
[4 1 . Lubkin  jo)  and  followers  |<>,  7,  8.  9,  10).  Quite  independently,  the  subject  has  been  put  forward 
ill  quantum  chemistry  where  it  may  soon  become  crucial  (11.  12).  For  an  infinite  dimensional 
H = L‘( R)  some  dynamical  operations  present  a considerable  challenge  but  only  one  of  them  has 
become  a “conference  subject” . We  of  course  refer  to  the  operation  of  squeezing: 

U — a^!2  (general  squeezing)  z € C (2) 

and/or 

U = c‘M«p+p«)/2  (scale  transformation,  A e R (3) 

coordinate  squeezing) 

Note,  that  there  are  several  concepts  of  squeezing  in  the  literature.  Bv  choosing  (2-3)  we  ask 
about  the  "operatorial  squeezing” . i.e.  the  shape  transformation  which  affects  all  wave  packets 
alike,  independently  on  their  initial  form.  Thus,  under  the  influence  of  (3)  the  canonical  observ- 
ables q.p  are  transformed  into 

V'qlJ  = e'Aq 

U'pU  = exp  (4) 

and  simultaneously  all  the  wave  packets  p = (v  (•*■)}  are  deformed  as: 

((Jv)(x)  = y/k  w(kx),  k = eA  (5) 

As  found  by  Yuen  jlj,  the  simplest  method  of  producing  such  effects  in  L~{H.)  consists  in 
application  of  variable  oscillator  potentials  with  the  time  dependent  Hamiltonians: 

2 ° 

H(t)  = ^ + (<7,  p|  = i (6) 

and  the  most  explicit  illustrations  of  this  fact  can  be  found  in  the  exponential  formulae , which 
express  the  evolution  operator  C(f)  (generated  by  (6))  as  the  product  of  simpler  exponential 
operations. 

The  very  subject  of  the  exponential  identities  has  already  some  antiquity,  starting  from  the 
papers  of  Zassenhaus,  Baker,  Campbell  and  Haussdorff  (BCH)  (13).  However,  the  exponential 
identities  of  BCH  type  involve  infinite  series  and  do  not  offer  closed  solutions.  The  key  to  the 
techniques  of  squeezing  are  the  following  formulae  cf  Yuen  |lj  and  Ma  and  Rhodes  )2|,  which 
might  be  interpreted  us  exactly  soluble  cases  of  BCH  and  Zassenhauss.  If  no  linear  terms  in  H(t) 
are  present,  they  read: 

U{t)  ~ eB{t)a"em*'«eE(tW  (Yuen.  1976)  (7) 
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and 


U(t) 


— „!*(')'»  1/2  -i'.(i)aTu 


(Ma  ami  Rhodes,  1988) 


(8) 


where  B(t),  Q(t),  E(t),  r(f),  o(t)  are  <> number  coefficients  and  = means  the  proportionality  of 
the  unitary  operators  (U  — !!'  =*  <’  - > tnl ",  a € R).  These  identities  precisely  provide  the  proof 
that  the  variable  oscillator  potentials  (more  generally:  quadratic,  lime  dependent  Hamiltonians) 
can  produce  the  effects  of  squeezing  (2)  (or  the  scale  transformation  ('!)).  A particularly  simple 
identity  for  two  oscillator  Hamiltonians  Hj  — p‘,/2  t w’q~/‘2  acting  during  tvo  time  lapses  rt , r 2, 
was  detected  by  Griibl  |14|.  If  the  time  intervals  r 1 , n>  are  in  adequate  proportion  to  the  frequencies 
*c'i,  a- 2 (e.g.,  Wi  t|  — <r / 4,  u/'jrj  — djr/2),  then: 


e*A(<JP+p<f)/2  _ g-o-2//2e-iT,//i 


0) 


where  A — Inwo/uq.  (Note,  that  Griibl  had  no  confidence  to  the  operatorial  formulae.  He  has 
proved  (9)  implicitelv.  working  with  Gaussian  packets). 

While  mathematically  complete,  (7-8)  are  not  quite  easy  to  apply,  due  to  involved  systems 
of  non-linear  equations  for  the  e-number  coefficients.  This  explames  a quick  development  of 
alternative  methods  derived  from  evolution  matrices  or  adiabatic  invariants  [15,  Itij.  Yet,  the 
“damped  oscillator"  of  1940  [17],  and  the  “step-Hamiltonian”  of  Griibl  (9)  remain  the  principal 
cases  solved  with  all  numerical  details. 

It  will  be  our  purpose  to  show  that  the  trend  of  the  algebraic  identities  (7-  8)  is  not  at  all 
exhausted!  To  the  contrary,  appart  of  (7-8).  it  can  provide  a class  of  “easy  formulae”  for  the 
squeezing  and  for  more  general  control  operations. 


2 The  spin  echo  without  spin 

The  first  “easy  formula”  (accidentally  detected  in  lt)?7  |(>j)  has  the  form  of  the  "c  ircular  identity”: 


e 


-iq2/2 


e 


>p2/2 


12  terms 


(10) 


for  the  operators  q , p in  L‘( R),  with  \q,p\  = 1 Note,  that  all  signs  in  the  exponents  are  the  same: 
the  product  (10)  is  therefore  simpler  than  it  could  be  in  the  classical  case!  The  formula  (10)  has  an 
elementary  operational  sense.  Every  operator  exp|-tp‘/2j  represents  the  free  evolution  per  unit 
time  of  the  Schrodinger  s particle  in  L2{ R).  Every  expj-t(7*/‘2|  is  the  unitary  evolution  operation 
caused  bv  infinitely  sharp  and  quick  pulse  of  time  dependent  oscillator  potential  (the  “6-like  kick” 
of  the  ellastic  force): 


e,-w?/2  „ lim ‘ *«Lp3/2^<  ~ 
«-0 


(11) 
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The  identity  (10)  describes  a dynamical  “evolution  loop":  the  wave  packet  in  L2(R),  manipulated 
by  6 oscillator  kicks  and  6 free  evolution  intervals  must  return  to  its  initial  state  (no  matter  what 
this  state  was!).  This  might  be  illustrated  by  the  following  closed  diagramrne: 


whose  sides  simbolize  the  free  evolution  intervals  and  vertices  the  oscillator  kicks.  An  immediate 
consequence  of  (10)  is: 


p+*pV 2 _ e-tqi/2f,-ip2/2 


e-<P2/2e-'r/2 


it 


(12) 


The  right  hand  side  represesents  a sequence  of  admissible  dynamical  events  (6  kicks  and  5 rest 
intervals),  while  the  left  one  is  the  operator  inverse  to  the  free  evolution.  The  formula  (12)  thus 
tells  how  to  invert  the  free  evolution.  Since  (12)  is  an  operator  identity,  the  prescription  can  be 
applied  “in  blind":  every  wave  packet  in  L~[ R).  entertained  by  11  dynamical  events  must  “go 
back  in  time",  returning  to  its  past  shape,  no  matter  what  this  shape  was  j8j.  (Compare  “Particle 
Memory"  of  Brewer  and  Hahn  J 18).) 

After  some  consideration,  the  formula  (10)  looses  a part  of  mystery:  it  is  just  a “discrete 
imitation"  of  the  oscillator  force  (the  oscillator  potential  acts  only  in  selected  time  moments, 
producing  nonetheless  a closed  dynamical  process).  Note  however  the  existence  of  other  “circular 
identities"  |8j: 

e~tpz /2 e~i\/Z<i2/2 p-ip2 /2 ty/iq2 /2  e+i\j1q2;2  ^ ^ 

i — u — 

The  left  hand  side  represents  a sandwich  of  the  3 attractive  and  3 repulsive  pulses  interrupted 
by  6 free  evolution  intervals.  One  might  expect  that  the  attractive  and  repulsive  shocks  will  cancel 
“in  average",  producing  a zig-zag  equivalent  of  the  free  evolution.  However,  it  is  not  the  case.  The 
whole  sequence  traps  the  Schrodinger  s packets  into  a closed  dance,  with  the  evolution  operator 
= 1 Note  furthermore: 

^ — 1,  (4  shocks,  4 free  evolutions)  (14) 
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Both  formulae  (13-14)  can  he  illustrate*!  by  graphs: 


The  simplest  loop  iu  L~( R)  must  involve  at  least  3 kicks  and  3 rest  intervals;  its  general  form  is: 


Its  ‘incomplete  version”: 

p+i7P2/2  p-i**r*/2,'2p-i3p2/2(>-nr«2/2t(-inp2/2f-i^rv2/2 

permits  one  to  manipulate  the  free  evolution  at  will.  Thus,  for  atjl,  7 > 0,  (16)  provides  a 
prescription  of  how  to  enforce  the  Schrddinger’s  wave  packet  to  “go  hack  in  time”,  whereas  for 
7 < 0,  otji  > 0 one  obtains  a “time  machine”  able  to  slow  or  accelerate  the  free  evolution  |8,  lOj. 

The  loop  formulae  are  the  obvious  analogue  of  the  spin-echo  for  non-spin  states.  As  far  as 
we  could  check,  the  possibility  of  the  (lion-adiabatic)  loop  effects  in  L'2( R)  was  Hist  piedicted 
in  1970  (by  reinterpreting  the  transparency  phenomenon  of  the  potential  wells;  see  Malkin  and 
Man’ko  [19|,  p.  388),  though  the  subject  was  later  put  sued  in  a inherent  direction.  The  first 
kicked  system  was  considered  in  1977  (6)  and  the  manipulation  of  quantum  states  by  potential 
pulse  s systematically  studied  since  1980  |8,  9,  10]. 

r!  ponential  identities  suggest  also  how  to  generate  the  scale  transformation.  The  simplest 
formuui  requires  again  a pair  of  oscillator  pulses  os  lifferent  amplitudes: 


t l/A)*/2/2p->g2/2f>-i(U  A)*/2/2  ^ pi  In  A(w>4 /></)/2  p 


(17) 


and  produces  the  scale  trausfoi  mat  ion  supei  posed  with  paiity  (P)  The  repetition  of  the  operator 
sequence  of  ( 17)  yields  the  genuine  squeezing  (without  parity  one  of  the  simplest  cases  of  Brown 
and  ('arson  algorithm  |20|).  Some  unite  general  scenarios  for  the  squeezing  opeiation  (2)  (multiple 
kicks  on  a background  of  a constant,  ellastic  foice)  are  recently  studied  |2l|. 
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3 Evolution  control  in  three  dimensions 


All  these  techniques  concern  the  S<  -hrodiiiget  s particle  in  I space  dimension  and  are.  in  fact, 
only  -tn  abstract  introduction  to  physically  important  problems.  It  is  thus  essentia!  to  find  their 
analogues  in  3 s]w:ce  dimensions.  Some  lesults  can  be  already  reported. 

In  the  first  place,  the  sequences  of  sign  changing  kicks  [eg.  (13-I4)|  can  be  used  to  construct 
sequences  of  harmonic  pulses  in  R'"'  generating  the  loop  effect  in  L~( R’’)  |tt|.  This  suggests,  that 
the  loop  effect  (state  echo)  in  R?  might  be  produced,  in  principle,  by  shock  waves  of  source  free 
external  fields.  As  the  matter  of  fact,  some  closed  dynamical  processes  can  Ire  induced  even  without 
any  kicks,  by  a source  free,  stationary  field  of  an  adequately  gauged  ion  trap  [9|.  A simple  scenario 
of  additional  potential  kicks  (electric  pulses  applied  to  the  trap  walls)  permits  then  to  generate 
effects  of  squeezing  upon  the  charged  wave  packet  retained  in  the  trap  interior  (see  the  report  by 
one  of  us  |9|). 

What  no  less  important,  the  effects  of  positive  (attractive)  oscillator  potentials  in  L~( R)  tra- 
duce themselves  immediately  into  effects  of  homogeneous  magnetic  fields  in  1 space  dimensions. 
As  an  example,  we  have  considered  a quite  simple  sequence  of  identic  ally  shaped  magnetic  pulses 
in  three  orthogonal  directions:  n,  tn.  s,  n.  m,  s . As  we  have  reported  on  the  previous  IWSSUR 
93,  an  adequate  proportion  between  t»*ne  sepaiations  and  the  pulse  intensity  assures  that  the 
sequence  must  produce  the  loop  effect  tor  the  wave  packets  in  L~( R3).  Moreover,  the  same  opera- 
tional scheme,  with  differently  shajred  pulses,  turns  out  to  work  as  a “time  machiue”,  permitting 
to  accelerate,  slow  or  invert  the  free  evolution  operation  of  the  Schrodinger’s  wave  jracket  [10|. 


A sequence  of  homogeneous  magnetic  pulses  from  3 orthog- 
onal directions  permits  to  manipulate  the  free-  evolution  (see 
our  repot l in  IWSSl’R  9.3). 


4 The  general  manipulation  scheme 

The  most  immediate  reason  why  one  might  be  interested  in  the  “evolution  loops”  is  the  possibility 
of  controlling  the  fuzziness  (diffiactior  of  the  wave  packets  due  to  its  free  evolution),  essential  for 
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electronic  microscopy.  programming  tlie  non-demolishing  measurements  etc.  (see  also  Caves  et 
al.  |‘22|,  Yuen  [21|,  Rover  |24|).  Also,  the  original  subject  of  the  transparent  wells  |19|  might 
still  bring  some  surprises  |25j.  However,  the  loop  phenomenon  seems  most  crucial  for  the  general 
manipulation  methodology. 

The  class  of  the  dynamical  operations  induct'd  by  stationary  fields  is  rather  narrow  (for  the 
Schrbdinger’s  particle  they  are  always  of  the  form  exp|-»W|  where  the  exponent  //  is  at  most 
quadratic  in  p! ). 

The  situation  is  more  interesting  for  a microobject  trapped  in  an  oscillating  held  of  an  evolution 
loop.  As  loug  as  the  loop  fields  are  mautained.  the  wave  packets  perform  a "periodic  dance”.  A 
distinct  phenomenon  occurs,  if  the  loop  Helds  are  perturbed  or  iinperfert.  Instead  of  a closed 
process,  the  system  will  then  perform,  after  every  loop  period  i . a non  trivial  unitary  operation, 
interpretable  as  the  loop  precession. 


The  precession  of  a distorted  > >op: 
a natural  key  to  the  manipulation. 

An  elementary  algebraic  argument,  shows  that  the  precession  operations  are  much  more  general 
than  the  operations  stimulated  by  the  stationary  fields.  In  fact.,  they  are  the  key  to  solve  the 
manipulation  problem:  by  “adding  precessions"  an  arbitrary  unitary  operation  C : 7i  — ► H can  lie 
approximated  |8|.  In  some  cases,  already  an  unsophisticated  distortion  of  the  "circular  processes” 
brings  interesting  results  (like  e g.  the  squeezing  or  free  evolution  distortion  in  "wrong  loops”). 
In  principle,  every  one  of  the  “circular  identities’  (10.11-15)  is  a natural  starting  point  for  some 
manipulation  procedures  solving  the  inverse  evolution  problem  (1 ).  With  one  little  ammendment, 
however. 


5 The  “soft  kicks” 

The  ‘‘ellastic  kicks",  while  of  undeniable  illustrative  value,  are  not  so  easily  accessible  in  labora- 
tories. The  difficulty  is  almost  anecdotic  if  the  "Mike  kick”  has  to  be  engineered  with  the  help  of 
homogeneous  magnetic  field  acting  e g.  inside  of  a cilliudnctd  solenoid.  Since  u?J(t)  of  the  resulting 
"magnetic  oscillator"  is  proportional  to  B(t):  jlOJ,  (where  B{t)  is  the  magnetic  field  intensity), 
the  B(t)  in  the  solenoid  would  have  to  model  the  square  root  of  the  Dirac's  <?.  The  request  might 
be  promising  for  the  theory  of  non-lineal  distributions,  but  is  a nightmare  in  the  laboratory!  (As- 
suming even  that  the  laboratory  team  would  dominate  the  techniques  of  approaching  Jb (f),  the 
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radiative  corrections  would  probably  spoil  the  effects  of  the  operation). 

What  one  needs  are  the  soft  analogues  of  oscillator  kicks  (11),  and  they  ure  not  so  difficult 
to  programme  with  the  help  of  exponential  formulae.  Below,  we  shall  report  a quite  simple 
“exponential  experiment”. 

Consider  first  of  all  the  product  of  three  operators: 


W = e,x^P+p<t)/‘^e-n>ii/2e-ia(p2^q7)/2 


(18) 


Let’s  ask  the  question:  can  one  choose  A,  7,0  to  lie  three  functions  of  time  in  such  a way  that 
the  product  W fulfills  a physically  interpretable  evolution  equation 

— ^-iH(t)\\(<)  (19) 

at 

with  H(t)  having  the  oscillator  form  (6)?  To  simplify  the  problem,  we  shall  first  determine  A and 
7 as  functions  of  o,  A = A(o)  and  7 - 7(0),  and  only  afterwards  we  shall  look  for  a = a (t).  Each 
term  iu  (18)  is  easily  differentiable: 


"*** “W(n( 

where  H 0 - p2/2  + g2/2  — a'a  t 1/2.  Due  to  the  transformation  rule  (4)  and: 

. •4Wo.-4  _ iiuii: , «1 

w u it 


jne  easily  finds 


dW  ( ip 

— = W(a)W(a)  = I ( — A + 7)  — 


y’  + i), 


(«) 


To  assure  that  the  term  with  (qp  + pq)/ 2 vanish  it  suffices  to  put 

7(0)  = A(o) 

thus  obtaining: 

If  now  o = o(f).  the  differential  equation  foi  VT  in  terms  of  t reads: 


<m-  (d  o\"‘ 


(20) 

(21) 

(22) 

(23) 

(24) 

(25) 
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utii)  if  in  addition  rt(l ) is  determined  bv. 


then  (25)  acquires  the  fumiliur  form: 


rfU 

dt 


dn 

~dt 


~M'»i 


r 

2 


H (/  » 


whore  a(t)  is  Riven  by  (20)  uiul 

flit)  (*,  4 


(20) 


(27) 


(28) 


If  uow  U (t)  sutishes  (27).  then  t:(l)  - IV(#)H'(0)~1  solves  the  evolution  problem  (6)  with 
*'(()2  - g(l)  and  with  the  iuitiul  eonditiou  7 ' (0)  = 1 

Adopting  A(o)  defined  in  |0.  2it]  as  our  arbitrary  “manipulation  function".  wfe  can  model  at  will 
the  desired  proj»erties  of  11' (f)  Jaud  consistently,  of  f/(f)j.  Thus,  if  A(0)  ^ A(2h  ) but  A(0)  = A(2t; ), 
It  at  o - 2*  liecomes  the  scale  operator  of  form  (4)  amt  the  function  g{t)  defined  by  (28)  gives 
the  prescription  of  how  the  effect  can  lie  generated.  If,  however.  A(0)  - A(2«  ) but  *.  i - A(2s  ) ^ 
A(0)  - 0.  the  same  product  (18)  mliu-es  to  the  single  non  trivial  term 

W(t)  = ^‘^:2  (29) 


and  henceforth,  ft  imitates  the  effects  of  the  5-like  kick  of  the  oscillator  force  As  an  example,  we 
report  two  simple  computer  simulations  where  the  manipulation  function  A(o)  yields  either  the 
“soft  imitation"  of  the  oscillator  kick  or  the  coordinate  squeezing  (see  below).  It  seems  jiertinent  to 
notice,  that  if  an  authentic  kick  were  to  l>e  applied  in  the  lalxuatory  e g by  creating  a very  short 
and  sharp  magnetic  pulse,  then  in  the  first  place  it  could  never  lie  exact  (nor  well  approached: 
the  ^-functions  are  not  truly  accessible  in  labs!)  In  our  scenario  lielow,  this  difficulty  is  absent: 


Manipulation  function 
X(re) 
l 

1/2 
0 

A.(«)  = sin(a/2)  - sin(a)/2 


Ellastic  amplitude  g(t) 
9(0 


O I 2 


Effective  Operation: 
e r ' (repulsive  kick) 
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The  kick  effect  cau  be  exact  (produced  with  unlimited  accuracy),  even  if  negative,  and  is 
achieved  by  softly  varying  fields  awaking  little  radiative  response.  By  the  same,  all  previous  results 
involving  the  oscillator  kicks  |6-9,23|  cau  be  interpreted  us  realistic  laboratory  prescriptions.  Note 
also  the  squeezing  sceuario  based  on  the  same  formula  (18): 


Manipulation  function  Ellastic  amplitude  g(t) 


X(a)=0.05  cosa-02  cos(a/2)  Effective  Operation: 

The  shape  of  g(t)  agrees  with  the  observation  that  the  squeezing  is  caused  by  an  increase  of  the 
ellastic  constant  |!4,  17], 

The  story  does  not  end  up  here;  it  hardly  starts.  The  method  of  distorted  loops  makes 
possible  much  more  sophisticated  manipulations  of  quantum  degrees,  which  will  be  probably  the 
daily  routine  of  the  experimental  physics  iu  a predictable  future. 
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Abstract 

For  the  first  time,  from  the  natural  requirements  for  the  successive  approximation  the 
general  necessary  condition  of  validity  of  the  Dirac’s  method  is  explicitly  established.  It 
is  proved  that  the  conception  of  "the  transition  probability  per  unit  time"  is  not  valid. 
The  "super-platinium  rules"  for  calculating  the  transition  probability  are  derived  for  the 
arbitrarily  strong  time-independent  perturbation  case. 


1 Introduction 

The  problem  of  calculating  the  probability  of  a transition  caused  by  a small  perturbation 
was  considered  by  P.A.M. Dirac  in  1926  [1]  . The  validity  condition  of  the  Dirac’s  theory  for  the 
case  of  the  constant  in  time  perturbation  is  that  the  acting  time  must  be  not  too  large.  In  an 
application  of  the  theory  the  coupling  parameter  or  the  interaction  constant  often  plays  a role  of 
the  perturbation  coefficient.  Naturally,  it  is  veiy  valuable  to  clarify  the  relationship  between  the 
perturbation  coefficient  and  the  time  range,  in  which  the  theory  is  valid. 

In  this  paper  the  problem  is  solved:  the  general  necessary  condition  of  validity  is  established 
as  a explicit  function  of  the  perturbation  coefficient.  By  deriving  the  exact  formulae  we  show  that 
the  conception  of  "’the  transition  probability  per  unit  time”  always  is  not.  valid. 

2 Theory 

For  calculating  the  transition  probability  one 


*('1  (2) 


Let  us  now  analyze  the  Dirac's  method  in  detail, 
has  to  solve  the  Schrodinger  equation: 


dt 


with  the  initial  condition: 


//  = //„  + eV(f) 

*(r,l  = 0)  = 


2S3 


where 


//uvUO  = fct0,v»-(n  . (3) 

First,  consider  the  discrete  spectrum  case  [lj.  The  transition  probability  li',/  from  state  y>,  to  yj 
is  | aj(t)  |2  where 

#(>\*)  = a/(t)'S/(r,l)  (4) 

/ 

The  equation  defining  «/(/)  is  [2]: 

ihaj(t)  = F/k(0*,w/“«-i(0  (5) 

k 

or  in  the  integral  form  is  : 

thaj(t)  = ,AAt/  + e f dtx  T V/*(f  ,)«-''*“  «*(/,)  (6) 

* r 


where 


V/»(<)  = /^VJMVtOv*  <o 

The  a/(<)  is  expressed  in  the  form  (2): 


w/jt  = 


_ £4u> 


(7) 


«/(<) 

= e(i[l!(f)  + e2a 

«r 

ii 

= o^(0)  = ...  =0  . 

(8) 


At  this  stage  we  liAve  to  make  the  first  remark.  It  is  natural  that  the  successive  approximation 
will  make  sense  only  if  the  following  question  is  answered:  What  c-order  is  the  contribution  of  the 
neglected  part  less  than  It  is  evident  that  a^f ) takes  part  in  the  transition  probability: 

_l  J°h2  j_,f  J°LOh  x . -2/-WJ2)*  x J«K.<2)  , i JD  (A 


Wtf  = \ af  \ +e{aj  aj  ffl/  «/  ) + « («/  «/  + «/  «/  + I «/  1 ) + ■ (0) 

at  terms  containing  ep  with  p > n.  After  n steps  have  been  carried  out,  in  order  that  the  contri- 
bution of  the  neglected  part  is  less  than  c*"-1*,  | a^(<)  | must  be  of  zero-order  of  c . Consequently, 

the  numerical  value  j F(n,(f)  \s  of  a time-dependent  part  F(n,(<)  of  a{j'*(t)  must  be  less  than  e-’ . 
Inserting  (8)  into  (6)  one  gets: 

iM«m. + e«^(0  + ff*«l?H0  + ...)  = 


ihSmi  + £ £ / dtx  Vmk(ti) etu,mkt'  (6k,  + e«i.I)(€, ) + e2a|t2>(€1)  + ...) 
, Jo 


(10) 


Considering  e V as  a small  quantity  of  the  first  order  of  i ( i.e  V'  as  a zero-order  quantity)  and  ” 
equating  terms  of  the  same  order  ” [1],  one  gets1 


iheaW(t)  = e f dtt  Vmi(h)  e"'""* 
Jo 

if>epaW(t)  = tp£  f dUVM* 

k Jo 


•«mkU  a^_l> 


Vt) 


(ID 


'From  mathematical  point  of  view  the  group  scale  { r"  Jwith  u being  integers  is  chosen  for  comparing  the  terms. 
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In  all  of  those  expressions,  the  summations  are  extended  over  all  the  eigenfunctions  of  //0. 

At  this  stage  we  have  to  make  tin*  following  remarks:  l.Each  side  of  Kq.(IO)  has  infinite 
number  of  terms;  the  set  (II)  has  infinite*  nmnlxn  of  the  equations.  2. Because  of  the  term  value  is 
changed  in  time,  the  term  order  may  lie  changed.  Therefore  "equaling  terms  of  the  same  order  " 
is  not  always  equivalent  to  ” equating  terms  containing  the  factor  z of  the  same  order  ",  in  geting 
(11)  one  has  made  actually  the  latter.  2. for  separating  (10)  into  (II)  by  doing  *o  the  following 
conditions  are  necessary: 

i)  The  modulus  of  both  sides  in  every  equation  of  set  (II)  must  be  of  the  same  order. 

ii)  The  modulus  of  the  right-hand  sides  in  different  equations  of  set  (II)  must  be  of  different 
order,  i.f.  in  Kq.(10)  the  modulus  of  the  terms  containing  the  factor  z of  different  order  must  lie 
of  different  one.  Therefore  at  any  time  j F^‘\t)  |\  must  not  change  their  order  relation  determined 
by  one  between  their  factors  { en  }.  This  means  that 

| Fl"\t)  I*  < z~l  for  any  n.  (12) 


This  condition  is  in  similar  but  rather  deep  sence  as  discussed  by  Bogoliubov  and  Mitropolski  (3). 

Consider  now  the  case  when  V’  is  time-independent.  Denoting  by  / the  set  of  all  of  the  states 
of  energy  etc,  from  Eq.(ll)  we  obtain  ( ia  £ 1 ; m $ I ): 


- ( ft)V,OI< 

- 1 

«»(<) 

2 ^ 

/ » \ * . 

= h (E  vuk-. 

' l Me / 

- f-rVl  £ 

^mn  V 

\ n<(»/u/| 

^ •Wmi  t 

+ K,» 

•<.€/ 

t- 

^mi 

iw.. 


t ( » - I ) 
— + ' 2 

£ *•"?»»!  t | ^ | 


tu,\: 


\ ^mi ) J m.feM 


- 1 


(13) 
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It  should  be  noted  that  in  the  expression  of  ; in  (fc  l the  terms  in  which  the  two  summation 
indexes  get  equal  values  ( i.e.  the  terms  with  V*.j.  k J.  k noim  \l ) also  contain  the  factor 

/,  etc.  This  means  that  a^H\t)with  n > 2,  always  contain  the  secular  terms  (3). 

The  general  form  of  F{n)[t)  is 

F{n)(t)  -III  </f,  exp{?(  (14) 

Jyj  JO  JO 

where  % is  real  for  any  ti.  It  is  easy  to  see  [4]  that 

I F(n>(<)  | < ~ (15) 

The  maximal  value  of  | F*n,(/)  j corresponds  to  the  transition  , in  which  the  final  and  all  of  the 
intermediate  states  have  the  same  energy  as  the  initial  one.  Hence  the  general  necessary  condition 
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(16) 


of  validity  (Eq.(12))  leads  to  (r  denotes  the  numerical  value  of  0 

t < T/  = min {( niff"1 )"}  « = 1,2, ...oo  , 

i.e.  the  action  time  of  the  time-independent  perturbation  must  be  less  than  the  limiting  value, 
which  is  an  explicit  function  of  the  perturbation  coefficient.  For  example,  when  £ = in  the 
system  of  units  with  h = c = 1 we  get  tf  < 2.4  x 10-,oaec.  Hence  the  time  range. in  which  the 
Dirac’s  method  is  valid, is  ultra-short. 

The  condition  (16)  is  quite  general,  purely  mathematical  and  independent  of  the  fact  whether 
the  perturbation  is  turned  on  suddenly  or  adiabatically.  The  time  t = 0 is  namely  the  moment, 
from  which  the  perturbation  could  be  considered  as  constant  in  time. 

In  the  continuous  spectrum  case,  by  repeating  the  formalism  just  developed  above,  it  is  not 
difficult  to  obtain  directly  the  same  condition. 

This  condition  is  also  the  necessary  one  of  validity  for  an  arbitrarily  time-dependent  pertur- 
bation case  because  the  time- independent  perturbation  case  is  its  particular  one. 

It  must  be  emphasized  that  when  the  group  scale  { £"  } was  chosen  it  is  necessary  to  use  the 
notions  "small  of  some  order  of  e" . ” large  of  some  order  of  c " 1 ” etc.  instead  of  the  uncertain  notions 
as  "not  too  small  and  not  too  large",  "large enough",  "sufficiently  small"  (1,2,5). In  using  the  Dirac’s 
results  it  is  necessary  to  justify  the  existence  of  t he  validity  range  instead  of  leaning  on  such  very 
uncertain  statement:"  There  is  no  difficulty  in  satisfying  both  these  conditions  simultaneously 
provided  the  perturbing  energy  V is  sufficiently  small"  (1). 

Now  we  prove  that  the  conception  of  "the  transition  probability  per  unit  time"  is  not  valid.  In 
the  time-independent  perturbation  case  the  perturbed  Hamiltonian  has  also  certain  eigenvalues 


and  the  full  set  of  the  normalized  stationary  eigenfunctions 

H | q)  = Eq  \q)  . (17) 

The  initial  condition  (2)  means  that  at  t = 0 the  system  state  1 1 ) is  1 1 )0  where  (r\i  ),>  = ^>,(r) 

|/  = 0)  =!Oo  = £ I ?)(«  I (18) 
</ 

At  time  t the  system  state  is: 

10  = £ I v ) *~iEqt  { v | Oo  • m 

i 

The  probability  W,j  of  a transition  to  | / )0  is: 

i 

w,,  =|0(/|i)l'=  ■ (20) 

v 


The  probability  W,  of  the  transitions  to  the  final  states  | /'  )0  in  the  region  A/0  (2)  is: 

w = / <*/' 1 1; < « i * «< /'  1 9 >1 

•'A/o  | , I 

= EoOmUlOo c-^-M  / r//'0</'U)U'|/')u 


(21) 
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It  must  be  emphasized  that  these  results  are  exact.  They  show  that  even  when  tin*  perturbation 
is  "sufficiently  smalT’and  the  time  / is  "not  too  small  and  not  too  largo"  (1.2.5],  the  transition 
probabilities  W,j  and  M’,  are  not  proportional  to  /,  i.t.  it  is  impossible  to  define  the  conception  of 
"the  transition  probability  per  unit  time”.  Moreover,  when  t approaclis  infinity  because  of  these 
exact  results  are  always  definite,  any  approximation,  in  which  H’,.  \\  ,j  are  proportional  to  /.  i.f. 
approach  infinity,  is  not  valid  even  qualitatively.  In  fad,  this  conception  and  the  Fermi's  "golden 
rule”  (2,6]  are  only  the  consequences  of  the  approximation  used  bv  Dirac  without  justifying  the 
existence  of  a validity  region. 

The  right  waj  is  the  following.  When  fiq.(  17)  is  one  of  the  well-known  exact  ly  solved  eigenvalue 
problems  in  Quantum  Mechanics  ami  when  by  using  the  dynamical  symmetries  and  the  integrals 
of  the  motion  (7]  we  can  solve  exactly  the  time-dependent  Sehrcklinger  equation,  the  formulae 
(20)  and  (21)  give  the  exact  results  immediately.  When  it  is  not  so  fortunate,  it  is  possible  to 
use  the  perturbation  method  for  the  eigenvalue  problem  (1, 2,5,6]  carefully  (i.t.  it  is  necessary  to 
verify  the  validity  condition  at  every  step  ) for  solving  Kq.(  17)  and  then  to  calculate  the  transition 
probability  following  formula  (20)  or  (21)  up  to  the  necessary  accuracy.  Therefore,  it  is  interesting 
to  call  them  "the  super- plat inium  rules”. 

This  means  that  the  method  of  expansion  in  power  of  small  parameter  is  possible  for  the 
eigenvalue  problem  but  is  very  bad  for  solving  the  time-dependent  Schrddiuger  equation,  which 
is  in  a similar  situation  with  the  one  of  the  analyzed  in  [3]  equations  concerned  with  the  secular 
terms. 

The  conception  of  "the  transition  probability  per  unit  time"  is  not  valid  for  tlx*  particular  case 
and  therefore,  is  not  valid  lor  the  general  case  of  tin*  time-dependent  perturbation  either. 

Since  the  nonrelativistic  case  is  a particular  one  of  the  relativist ic  case*  when  the  particle 
velocity  is  very  much  less  than  the  light  velocity,  this  conception  is  not  valid  in  the  relativistic 
case  either,  consequently,  in  Quantum  field  theory.in  •■*hich  then*  are  many  self- inconsistences. 

Thus,  the  carelessness  of  the  genius  laureates  of  Nobel  prices  have  the  negative  influence  on 
the  development  of  the  modern  physics. 

With  a honesty  and  a courage  of  the  scientist  we  have  to  v*<*  directly  to  the  truth  and  together 
reconstruct  the  current  physics  without  Dirac's  conception  of  "the  transition  probability  per  unit 
time”. 

The  author  would  like  to  thank  Profs.  V.I.Manko.  C.('.(ihirar<li  and  K.( '.( bSmlarshan  for 
their  support. 
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Abstract 

In  this  paper  * the  squeezing  effect*  the  bunching  effect  and  the  anti— bunching  effect  of  the  su- 
perposition light  field  state  which  involving  q— deformation  vacuum  state  ]o>  and  q— Glauber  colter- 

« 

ent  state  I z>  are  studied , the  controllable  q— parameter  of  the  squeezing  effect*  the  bunching  effect 
« 

and  the  auti— bunching  effect  of  q— deformed  superposition  fight  field  state  are  obtained- 

1 Introduction 

In  recent  years  people  have  made  progress  in  the  research  of  some  concrete  physical  problem  using 
quantum  groups  SU,  (2 ),  Quantum  algebra  has  been  realized  by  using  q — oscillator  and  the 
parametrized  Foek  state  !n>q  was  obtained  too.  From  this  q— Glauber  coherent  state  !n>q  was  in- 
troduced- Hao  Sanyu1-  showed  that  the  Coherent  degree  can  be  controlled  by  q — deformation  parame- 
ter* Zhu  Chong  xu^  showed  that  some  quantum  statistical  properties  of  q— even— odd  coherent  state 
can  be  corn  roiled  by  q— parameter. 

We  studied  the  squeezing  effect  of  q— deformed  superpost  ion  fight  field  which  (involving  q — de- 
formation vaccuum  state  |o>  and  q — Glauber  Coherent  state  |z>.  The  results  showed  that  the 

« « 

squeezing  effect,  the  bunching  effect  and  the  anti— bunching  effect  can  be  controlled  by  q — parame- 
ter. 


Nondassical  properties  of  q— deformed  superposition  Light  Held  stale 

The  q— deformed  superpositon  Light  field  state  is 

IP  >»«!*>  + p\z  > 

• « « 

whtff 

|z  > - c-iw’i—  z' 

t 

Z = Re**  a « , ft  * 

W " ° “ £ot,[x] ! ” m cx  “ 

The  normalization  condiion  is 


- !■  > 
— v/D*  Ti  « 


(1) 

(2) 

(3) 

(4) 


259 


(5) 


*i*  4-  r**  4-  2r,r.e|~il*,,ees(d,  — d*)  ■*  1 
2. 1 The  squeezing  effect  of  q— deformed  superposition  light  field  state 

The  two  orthogonal  comcponets  of  q— deformed  electromagnetic  field  are  defined  as 

»*«  - -y(«,+  + -.i.r,  - - a.)  (6) 

where  a,  is  q — annihilation  operator  and  a,*  is  q — creaton  operator.  Becacsse  of  [ Y , , Y , j [a, . 

a,T]>so  we  have  the  uncertainty  relation- 

« j r ,)*  > <(4r.)*  > > t i < C>'»  .r*3  > I*  (?) 

9 9 f • 

If  the  squeezing  exists*  then  we  have 


F*=«JF.)*>  - i-  <0  (•-  1.2)  (8) 

i » * 

For  q— deformed  superposition  light  field  state*  we  have 
<*lMt  l*>  " <°l  + **  <*|>M*<«I0>  + fi\Z> 

• 9 9 9 9 9 

- !«l*  + + a-^,-1'*'*  + I/»i*e-U|tE  ffiin  4-  l]  (9) 

<Fl«f+a,!F  > - («*  <0|  + p'  <2  |)a*et(a|0  > + fi ]Z  »’ 

9 9 9 9 9 9 

- l*ll|Z|*  (10) 

<flV?>  - («*  <01  +r  <2|)a#+(o:0>  +#|2» 

* • » • • « 

- *•*  #*-*»*  + | fi\*Z  (11) 

<V'!<  It?  > = <o‘  <0|  + r <Z|)af+(a|0>  + fi\Z  » 

* • t • • • 

= 4-  I9I*Z*  (12) 

<*!tfll*  > - (o*  <0|  + r <Z|)a«(a|0  > + fi\Z  » 

9 9«f  99 

- 0•aZ•te~+l*,,  + |#|*Z**  (13) 

<f 'a-'i  > - (a*  <0|  4-  r <Z |)a*(ajO  > ~ fi\Z  > 

9 9 9 9 9 9 

- + \f\ *z*  (14) 

From  (8)  — (14), we  can  have 


7.  *-j-{<a«>  + <a*>  + <a<e+  > + <e+a,>-  « a*  >4-<  •,>)*)  - 1 
'4"  [»,”-*  ri,***2  cos  (d2  -j-  2*»—  d,)  + rjft*  • 2 cos  2p  + «r^**r»r*  2 cos  (d2  — d,) 

+ r:9~"  2 + 1]  + r\R*  + r\  — (Hr^'i**  2 cos  (d,  + p — d,)  + ftr|  2 cos  *>)*  — /J 

(15) 

rt  « j[-<a+*  >-<**>+<*,«*  >4 -<at*ef  >4-  «a+  >-<*,»*]-  J- 
"*  tC”  005  (0*  2p—  d,)  — r|R*2  cos  2p4-  r~i**r,r,  2 cos  (d,  — d2) 

4-  rkr"*  p’Jj’C*  4-  1]  4-  rjR*  4-  rf  4-  (/fr,?,*^"'  »*  (d,  4-  p — d,)  — Jfr|  2 sia  p)*  — ij  (16) 

ll  is  clear  F|  and  Ft  are  periodic  function  of  q>  Numerical  valve  calculating  showed  that  Y|  and  Yt 
may  be  more  than  zero  and  less  than  zero  accompaning  the  variation  of  q.  This  result  shows  that  the 
generally  squeezing  may  exist  and  can  be  controlled  by  q 
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2.  2 The  bunching  effect,  the  anti— bunching  effect  of  q — deformed  superposition  light  field  state 
For  qdefrmed  superposition  tight  field  state,  we  have 

<p|tf*«t*lr>  - IflM*!*  (i7> 

<p|a**o*|p>  |el*l*M  i 1 

" (<p|e,+«f|f  >4  ” iffiFi1  " W " rf  (18> 

« * 

When  cos  (G,  — 0j)^O,  from  (5)  we  have 

r?  + r*<l  (19) 

From  (19).  we  get  r*<l  • so  that 

9 ;2><0)  « > 1 (20) 

(18)  shows  that  the  bunching  effect  exists. 

When  cos  (f,— fjXO,  we  have  rj+r|>  1 ,so  that  r|  may  be  more  than  1 and  we  have 

y*(0)  - 4f  < 1 (22) 

(22)Shows  that  the  ami— bunching  effect  exist* 

3.  Conclusion 


The  results  of  this  paper  shows  that  the  squeezing  effect,  the  bunching  effect  and  the  anti  — 
bunching  effect  of  q— deformed  superposition  tight  field  state  may  exist  and  can  be  controlled  by  q— 
parmeter. 
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Abstract 

We  cxptam  the  dMfeace  of  die  Hibert  space  of  the  supexconformal  ghosts  (fi,  y)  system 
from  that  of  its  bosonizod  fields  9 and  X • We  calculate  the  ehital  correlation  functions  of  9. 

X fields  by  inserting  appropriate  projectors. 

Recently,  many  audios  have  mues%@ted  the  bosorimdoa  ~f  superconformal  ghosts  fi  and  7L  *.  Unlike 
the  fermionic  ghosts  b and  c,  the  bosonizafion  of  (fi , 7)  system  have  some  problems. 

Locally,  (A  7)  system  is  equivalent  to  two  scalar  fields  9 and  /*.  Although  the  chiral  correlation  functions 
of  A 7 fields  have  been  calculated1-  \ the  calculation  of  the  cteal  correlation  functions  of  9,  X fields  td  be 
troublesome.  Beads  the  mdundant  aero-modes  of  Ac  bosonizod  fields,  die  main  reason  is  that  9 . X fields 
have  a large  Hilbert  space  dan  (fi,  7)  system,  hi  ref.  (4),  this  rahugcmoit  was  explained  as  earned  by  the 
freedom  of  choosing  the  background  ghost  charge,  the  so-called  picture,  and  by  introducing  projectors  which 
specify  the  picture  of  each  loop,  the  Hibert  space  of  9,  X fields  ate  restricted  to  the  degrees  of  freedom  of 
the  (A  7)  system  In  this  paper,  we  eatphm  this  problem  from  an  elementary  point  of  view,  and  then  apply 

new  projector  for  the  calculation  of  the  chiral  correlation  functions  of  9,  x fields. 

We  consider  die  (fi , 7)  system  corresponding  to  supastring  theory,  i.  e.  with  oonformal  dimensions  , 

- — respectively.  Locally,  (fi , 7)  system  is  identified  with  a scalar  field  9 and  a pair  of  fermions  C . *1  with 

conformal  weights  0,  1 respectively. 

(1) 

The  9 field  is  coupled  to  background  charge  Q=2,  and  is  described  by  the  action 

1 

SM“  2^  j>fg  R<P)  (2) 

where,  gziis  a Rremann  metric  and  R is  the  oonesponding  scalar  curvature.  We  can  again  bosonizmg  ((,  1?) 
system  via  another  scalar  field  X 

Oe*  O) 
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The  x field  is  coupled  to  background  charge  Q*  - 1 and  b described  by  the  action 

w-  a*  ) (4) 

9 and  x fields  are  both  restricted  to  taking  values  on  a writ  cade  l/2q  ; this  oompactification 
results  soliton  configurations  on  Rkmarm  surface  £g  with  genus  g>0.  and  insures  the  necessary 
holomoiphic  factorization’ . 

The  classical  soliton  sectors  can  be  labeled  by  the  windbag  numbers  for  foe  canonical  homology 
basis  (a,,  b,)  . The  soliton  solutions  'f  9,  x fields  with  winding  maribets  (n,,  b^)  are  given  by 

) = nt(m  + z + c« c • ^ 

^nm(z)  =i«(m  + Tn)(ImTrl  z+c  . c* 

where  * is  the  period  matrix  of  £*  . For  simplicity,  we  have  denoted  foe  Jacobi  map  I’m  as  z . 

0 

The  concspondmg  action 

p(m+TnKUnT)  ,(m+  tn)+2Sb 

S{XllmJ=p(in  + Tn)(ImT  )'  — sb  (6) 

Sb=Jt  (m  + tn)(ImT)  lA~c*c- 

where.  A is  Riemann  class  . 

We  consider  the  following  oondation  functions 

A«=  f Cd^dCd»rl«e~,lv*c*,d  fl  C(*a)  n»i(yb)  fie**2**  (7) 

J a = 1 b-1  :»1 

where  q<.  are  integer  satisfying  £qc=2(§  -1),  and  6 is  a specific  spin  structure  . 

If  9 and  x are  treated  independently,  foe  result  wifl  be  different  from  that  of  the  corresponding  p, 
7 fields  . We  notice  that 

a)  the  bosonized  fields  have  redundant  zero-  modes  of  C and  if  fields . 
and  b)  the  (9,  x)  system  has  a larger  Hibcrt  space  <*»»"  that  of  the  (P.  y)  system,  since  9 and 
Z are  not  independent  globally  . Thus  we  must  have  appropriate  constriants,  otherwise,  some  global 

configurations  wffl  be  oomputed  repeutly  . ^ 

The  first  aspect  can  be  resolved  by  inserting  operators  £({(X))  , jfl  5 ( ( *i) ) to  remove  zero  - 
modes  of  C,  if  fields . if  has  zero-modes  at  i=  1,  — , g.  and  C has  a constant  zero-mode,  thus 
X is  an  arbitrary  point  on  . in  order  to  avoid  to  compute  the  similar  part  of  global  configurations 
of  9.  X fields,  we  introduce  projector 
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(8) 


a(m2-m*)6(  nz-nv) 

to  restrict  9,  X on  the  same  soliton  sector  at  the  same  time  . 

Now,  according  to  Riemann  - Roch  theorem,  (7)  must  be  modified  as  follow 

A,.  f[d*d«,  flax.)  n»(yk)tlf 

J « a = 1 b=  I c*l 

Inserting  our  projector 

g 

5({(x))  ri))S(m9-mK)  6(nx-n9) 

i=l 

we  have 

A,=<nc(xa)  [\ti( <5( c(x))fi^( *<*«)> #«»*-m9)$(nJt-n*)>* 

a= I b=l  c=l  ■ . 


For  the  functions  with  fermion  arguments,  # o=C,  6 (q)  -tj,  and  labeffing  the  arbitrary  X as  X,,,, 
we  get 


A<-<"n‘ea"‘-,ne  w,“>  fl n e i,<'i)«(m1-m,)4(nj[-nJ>s 

a = l b=l  C=1  i=l 

This  result  can  be  written  as  a soliton  sum/^  , multiplied  die  amplitude  of  zero  soliton  sector 
A S~  A sqj,  g . A oq 

Age  is  the  result  of  the  single -valued  part  of  9.  X fields  . It  is  trivial  that5 

- 1 

A 00=  e*p{Mm(  £xa-£Yb  -£rs  + Iq^c-  A)(Imt)  Im(£xa-£Y  b 

n»(Zc)‘H  p<T(yb)n<y(r,) 


(10) 


- Iri  + Iq*Zc  - A)} 


riE  (zei,^)vi“ 


c,<e, 


n*w 

a 

nE(x^^nE(yvygn  E(rj4j)  FI  E(yb^j) 


«.<*» 


b,<b. 


Tj<fj 


b<r, 


nE(xa,yb)nE(x^i) 


a*  b 


a,  r 


(11) 


Using  Possion  summation  formula,  we  get- 
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\.i. t * (detImT)exp{ - 2*Im ( Ix.-£yb + IQ^-Ir,  -A)(Imt)  '.  Im(Sx  -Iy„ 

+1V-1  r,-A)}.  Iexp{itiplTp)1  + 2«iP»(Ix.-Iyb-Ir(+A)} 

P* 

Iexp{  - *i(p» + <5  )r(p,  + 6)  + 2«i(p. + <5)(Iq«zc-2  A+S‘)}f 
P*  1 


(12) 


Hoc,  M‘«(y  «/if,  and  «=[{.') 

From  (11)  and  (12),  holomorphic  anomaly  factore  of  A^  and  Awl  , can  cancdl  each  other.  Thus  we  can 
have  chiral  correlation  functions 


nw-y*.  + I\-£yb+Iq,ze-2A) 

Af'*1=(detImt)T  bll 

W1K+  Ix.-Iyb+X&A-2A) 

«0-l 


y*) 

bi<bj 

03) 

riE(x.,yb)  riE(^ 

»,b  c„  c,  c 


Thus,  by  inserting  appropriate  projector  to  remove  the  aero-modes  of  (,  i\  fields  and  restrict  <p,  x on  the 
same  soliton  sector,  we  get  die  comet  chiral  correlation  functions  of  <P,  X fields  As  compared  with  ref.  (4),  our 
approach  is  more  comprehensive. 
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Abstract 

The  Hermiti&n  phase  formalism  of  Pegg  and  Barnett  allows  for  direct  calculations  of  the 
phase  variance  and,  consequently,  the  number-phase  uncertainty  product.  This  gives  us  a 
unique  opportunity,  inaccessible  before,  to  study  the  number-phase  uncertainty  relations  for 
optical  fields  in  a direct  way  within  a consistent  quantum  formalism.  A few  examples  of 
fields  generated  in  nonlinear  optical  processes  are  studied  from  the  point  of  view  of  their 
number-phase  uncertainty  relations. 


1 Number-phase  uncertainty  relations 

Pegg  and  Barnett  [1)  introduced  the  Hermitian  phase  formalism,  which  is  based  on  the  observation 
that  in  a finite-dimensional  state  space  the  states  with  well-defined  phase  exist.  Thus  they  restrict 
the  state  space  to  a finite  (s  4-  l)-dimensional  Hilbert  space  ^ spanned  by  the  number  states  |0), 
|1),. . . , |s).  In  this  space  they  define  a complete  orthonormal  set  of  phase  states  by 


I Om) 


1 

y/sTT 


£exp(in0m)|«), 


nsO 


where  the  values  of  0m  are  given  by 


m — 0, 1 , . . . , s , 


0o  4- 


2rrm 
s 4- 1 


(1) 

(2) 


The  value  of  B0  is  arbitrary  and  defines  a particular  basis  set  of  (s  4- 1)  mutually  orthogonal  phase 
states. 

The  Pegg-Barnett  Hermitian  phase  operator  is  defined  as 


i,  = 

msO 


(3) 


Of  course,  phase  states  (1)  are  eigenstates  of  the  phase  operator  (3)  with  the  eigenvalues  0m 
restricted  to  lie  within  a phase  window  between  0o  and  0o  4-  2 irs/(s  4-  1).  The  Pegg-Barnett 
prescription  is  to  evaluate  any  observable  of  interest  in  the  finite  basis  (1)  and  only  after  that  to 
take  the  limit  s oo. 
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Since  the  phase  states  (1)  are  orthonormal,  (0m\0m'}  = the  fcth  power  of  the  Pegg-Barnett 
phase  operator  (3)  can  be  written  as 

maO 


Substituting  eqs.  (1)  and  (2)  into  eq.  (3)  and  performing  summation  over  m yields  the  phase 
operator  explicitly  in  the  Fock  basis 


A 

$8 


e + _f!L  + JUL  Y exp[i  (n  - n')flo)  |n)(n[| 

0 s + 1 s + 1 exp[i  (n  - n')27r/(s  + 1)]  - 1 


(5) 


It  is  well  apparent  that  the  Hermitian  phase  operator  $$  has  well  defined  matrix  elements  in  the 
number  state  basis  and  does  not  suffer  from  such  problems  as  the  original  Dirac  phase  operator. 
A detailed  analysis  of  the  properties  of  the  Hermitian  phase  operator  was  given  by  Pegg  and 
Barnett  [1].  As  the  Hermitian  phase  operator  is  defined,  one  can  calculate  the  expectation  value 
and  variance  of  this  operator  for  a given  state  of  the  field  |/). 

The  Pegg-Barnett  phase  operator  (5),  expressed  in  the  Fock  basis,  readily  gives  the  phase- 
number  commutator  [1]: 


2it 

s + 1 


v-  (n-n')exp[i(n-n')g0) 
exp[i(n  - n')2w/(s  + 1)]  - 1 


(6) 


Equation  (6)  looks  very  different  from  the  famous  Dirac  postulate  of  the  phase-number  commu- 
tator. 

Having  defined  the  Hermitian  operators  for  the  number  and  phase  variables  and  knowing  their 
commutator,  we  can  easily  test  the  number-phase  Heisenberg  uncertainty  relation  for  any  given 
field  with  known  number  state  decomposition. 

2 i|(M,])|  (7) 

For  physical  states  the  number-phase  commutator  can  be  considerably  simpified  [1),  and  its 
expectation  value  in  the  physical  state  | p)  can  be  expressed  in  terms  of  the  phase  distribution 
function  P(0o),  which  makes  calculations  of  this  quantity  pretty  simple. 


WI*#.A)W  - -i[l-(«+  l)iw  l*o)l“]  (8) 

-»  — t(l  - 2itP(90)|  (9) 

In  the  next  Sections  we  give  a few  examples  of  the  number-phase  uncertainty  relations  calcu- 
lated using  the  above  formulas. 


2 Examples 

2.1  Anharmonic  oscillator  model 

The  anharmonic  oscillator  model  is  described  by  the  Hamiltonian 

H = hu>a?a  + ^ft«o*2d2,  (10) 
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where  a and  <**  are  the  annihilation  and  creation  operators  of  the  field  mode,  and  k is  the  coupling 
constant,  which  is  real  and  can  be  related  to  the  nonlinear  susceptibility  of  the  medium  if 
the  anharmonic  oscillator  is  used  to  describe  propagation  of  laser  light  (with  right  or  left  circular 
polarization)  in  a nonlinear  Kerr  medium.  If  the  state  of  the  incoming  beam  is  a coherent  state 
|a0),  the  resulting  3tate  of  the  outgoing  beam  is  given  by 

„ 00  nn  f r 1 

h'’(r))  = {/(r)ja0)  = exp(-|ao!2/2)  £ -Aexp  i-n(n  - 1)  |n),  (11) 

n=o  Vnl  l 2 J 


where  r = — nt. 


FIG.  1.  Evolution  of  the  uncertainty  product  (lhs  of  eq.  (7)  - upper  curve)  and 
its  lower  bound  (rhs  of  eq.  (7)  - lower  curve)  ior  the  anharmonic  oscillator  state  with 
|«o|2  = 4. 

The  appearance  of  the  nonlinear  phase  factor  in  the  state  (11)  modifies  essentially  the  properties 
of  the  field  represented  by  such  a state  with  respect  to  the  initial  coherent  state  jao).  It  was 
shown  by  Tanas  [2]  that  a high  degree  of  squeezing  can  be  obtained  in  the  anharmonic  oscillator 
model.  Squeezing  in  the  same  process  was  later  considered  by  Kitagawa  and  Yamamoto  [3]  who 
used  the  name  crescent  squeezing  because  of  the  crescent  shape  of  the  quasiprobability  distribution 
contours  tained  in  the  process. 

The  Pegg-Barnett  Hermitian  phase  formalism  has  been  applied  for  studying  the  phase  prop- 
erties of  the  states  (11)  by  Gerry  [4],  who  discussed  the  limiting  cases  of  very  low  and  very  high 
light  intensities,  and  by  Gantsog  and  Tanas  [5],  who  gave  a more  systematic  discussion  of  the 
exact  results. 

In  Fig.  1 we  show  the  evolution  of  the  number-phase  uncertainty  product  as  given  by  the  lhs 
of  ineq.  (7)  (uppe:  curve)  and  its  lower  bound  as  given  by  the  rhs  of  ineq.  (7)  (lower  cu.  /e)  for 
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the  state  (11)  of  the  anharmotilc  oscillator  assuming  that  the  mean  number  of  photons  |obo|*  = 4. 
It  is  seen  that  the  number-phase  uncertainty  product  rapidly  increases  at  the  early  stage  of  the 
evolution,  which  is  due  to  the  rapid  randomization  of  the  phase,  since  the  photon  statistics  remain 
ail  the  time  Poisson  tan  with  the  number  of  photons  variance  equal  to  the  mean  number  of  photons 
|otj3.  This  is  a typical  behavior  for  mean  numbers  of  photons  greater  than  unity.  It  is  also  seen 
that  the  states  generated  in  the  enharmonic  oscillator  model  are  never  the  minimum  uncertainty 
or  intelligent  states.  The  level  of  noise  is  much  bigger  than  its  lower  bound  aHowed  by  quantum 
mechanics.  Since  the  dynamics  is  periodic,  after  time  f *2*  the  system  returns  back  to  its  initial 
state.  It  can  be  shown  [5]  that  for  jau|s  » 1 the  number  and  phase  uncertainty  product  takes  the 
approximate  analytical  form 


<(A),)*,<(A}I)n  = (i  + !*>!V),  (12) 

explicitly  showing  rapid  increase  of  the  uncertainty  product  from  the  value  1/4  known  for  the 
coherent  state. 

2.2  Jaynes-Cummings  model 

The  model  is  described  by  the  Hamiltonian  (at  exact  resonance) 

ft  = + + + (13) 

where  a*  and  a are  the  creation  and  annihilation  operators  for  the  field  mode;  the  two-level  atom 
is  described  by  the  raising,  R\  and  lowering,  ft,  operators  and  the  inversion  operator  ft*,  and  g 
is  the  coupling  constant. 

To  study  the  phase  prope*  >ies  of  the  field  mode  we  have  to  know  the  state  evolution  of  the 
system.  After  dropping  the  free  evolution  terms,  which  change  the  phase  in  a trivial  way,  and 
assuming  that  the  atom  is  initially  in  its  ground  state  and  the  field  is  in  a coherent  state  |oo),  the 
state  of  the  system  is  found  to  be 

OO 

WO)  = 5^h»exp(ind0)  [cos(v/n^f)|n,^)  - isin(v/nyf)|n  - l,e)j  , (14) 

nsO 

where  |</)  and  |e)  denote  the  ground  and  excited  states  of  the  atom,  the  coefficients  fe*  are  the 
Poissonian  weighting  factors  the  coherent  state  oq)  and  d0  ip  the  coherent  state  phase  (phase  of 
Oq).  The  main  oscillations  of  the  uncertainty  product  reflect  the  oscillations  of  the  phase  variance, 
which  has  its  extrema  for  the  revival  times  (in  the  figure  time  T = yt/(2n|aa|)  is  scaled  in  the 
revival  times).  Small  oscillations  seen  on  the  figure  stem  from  the  oscillations  of  the  photon  number 
variance  and  have  only  minor  effect  on  the  overall  behavior.  They  are  associated  with  the  revivals 
of  the  rapid  Rabi  oscillations  in  the  model.  However,  this  is  the  phase  variance  that  smoothly 
oscillates  in  the  time  scale  of  the  subsequent  revivals.  In  this  way,  the  well  known  phenomenon  of 
collapses  and  revivals  has  obtained  clear  interpretation  in  terms  of  the  cavity  mode  phase  [6]. 
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2.3  Down  conversion  with  quantum  pump 

The  parametric  down  conversion  with  quantum  pump  is  governed  by  the  Hamiltonian 

H = H0  + Hi  = hu>a'a  + 2hwbrb  + hgfia2  + ban),  (15) 

where  a (af)  and  6 (fe1)  are  the  annihilation  (creation)  operators  of  the  signal  mode  of  frequency 
u>  and  the  pump  mode  at  frequency  2u>,  respectively.  The  coupling  constant  g,  which  is  real, 
describes  the  coupling  between  the  two  modes. 

Phase  properties  of  this  system  have  been  described  by  Gantsog  et  al.  [7]  and  Tanas  and 
Gantsog  [8]  and  the  details  of  the  calculations  can  be  found  there.  Here,  in  Pig.  3,  we  show, 
as  in  previous  examples,  the  evolution  of  the  number  phase  uncertainty  product  and  its  lower 
bound  for  this  process.  For  finite  initial  mew  number  of  photons  the  number-phase  uncertainty 
product  remains  finite  during  the  evolution  contrary  to  the  parametric  approximation  under  which 
it  rapidly  explodes  to  infinity. 

3 Conclusions 

All  above  examples,  are  typical  examples  of  the  fields  generated  in  nonlinear  optical  processes, 
and  they  show  clearly  that  nonlinear  processes  typically  evolve  to  quantum  states  which  are  far 
from  being  the  minimum  uncertainty  or  intelligent  states. 
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An  electronic  excitation  of  a molecule  by  a sequence  of  two  femtosecond  phase-locked  laser  pulses  is 
considered  In  this  case  the  interference  between  the  vibrational  wave  packets  induced  by  each  of  the 
subpulses  within  a single  molecule  takes  plac..  It  is  shown  that  due  to  the  dynamical  squeezing  effect 
of  a molecular  vibrational  state  the  interference  of  the  vibrational  wave  packets  allows  one  to  measure 
the  duration  of  a femtosecond  laser  pulse.  This  can  be  achieved  experimentally  by  measuring  the 
dependence  of  the  integral  fluorescence  of  the  excited  molecule  on  the  delay  time  between  the 
subpulses.  The  interference  can  lead  to  a sharp  peak  (or  to  a down-fall)  in  that  dependence,  the  width 
of  which  is  equal  to  the  duration  of  the  laser  pulse.  It  is  shown  that  finite  temperature  of  the  medium 
is  favorable  for  such  an  experiment. 


Recently  a great  interest  has  been  shown  to  the  study  of  spatially  localized  vibrational  wave 
packets  in  molecules  induced  by  ultrashort  laser  pulses.  The  time  evolution  of  the  mean  position  of 
such  a wave  packet  corresponds  to  the  nearly  classical  nuclei  motion,  and  can  be  observed  in  the 
pump  and  probe  spectroscopic  optical  experiments  [1-4].  The  idea  of  controlling  the  chemical 
reactions  due  to  the  possibility  of  the  nearly  classical  nuclei  motion  has  been  widely  discussed  and 
experimentally  verified  [5-10]. 

An  impoitant  characteristic  feature  of  the  vibrational  wave  packet  is  its  spatial  extent.  In  the  case 
of  a harmonic  nuclear  potential  the  spatial  properties  of  the  wave  packet  are  closely  connected 
with  the  phonon  statistics  and  can  be  treated  by  the  methods  developed  in  quantum  optics.  In  a 
series  of  previous  publications  [11-16]  we  have  studied  the  statistical  properties  of  the  vibrational 
states  appearing  due  to  the  excitation  of  Franck-Condon  transitions  by  the  transform-limited  light 
pulses  of  finite  duration.  The  problem  was  to  learn  how  is  it  possible,  by  varying  the  characteristics 
of  a laser  pulse  (i.e.  its  amplitude  and  phase  modulation),  to  excite  the  molecular  vibrations  with 
the  given  quantum  fluctuations  of  the  conjugated  variables.  In  particular,  it  was  theoretically 
predicted  [11-13]  and  experimentally  verified  [17]  that,  when  the  spectral  width  of  the  exciting  pulse 
is  smaller  than  that  of  the  absorption  band,  there  appears  a molecule  in  a squeezed  vibrational 
state  with  a reduced  quantum  uncertainty  of  the  nuclei  position.  The  mechanism  of  squeezing, 
which  arises  here,  is  of  the  dynamical  nature  and  can  be  explained  as  the  result  of  quantum 
interference  in  the  phase  space  of  the  molecular  vibrations  [131.  An  application  of  the  dynamical 
squeezing  effect  to  the  problem  of  wave  packets  optimal  shaping  for  the  control  of  the  chemical 
reactions  was  considered  in  [18-21]. 

Our  goal  now  is  to  show  how  this  dynamical  squeezing  effect  can  be  put  to  use  in  another  way 
for  the  duration  measurement  of  a femtosecond  laser  pulse.  Following  [22],  we  shall  consider  the 
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E(/)  = 


2 n 


4~  t(* + %)' }*' ° 4- tI*  • %)! 


exp(-iQ/)  + c.r.,  (I) 


excitation  of  a Franck -Condor  transition  in  a molecule  by  a sequence  of  two  femtosecond  phase- 
locked  Gaussian-shaped  pulr 

Ee 

2 V ■ /2/  J ^ 2 

separated  from  each  other  by  the  time  interval  T.  Here  a is  a possible  additional  complex 
coefficient  between  the  pulses:  a = |a|exp(i$>).  As  it  was  demonstrated  experimentally  in  (22]  it  is 
possible  to  change  the  time  interval  T , keeping  constant  the  value  of  phase  <p  . 

We  shall  assume  that  due  to  the  electronic  transition  only  a spatial  shift  of  the  harmonic  nuclear 
potentials  occurs  in  the  molecule.  The  adiabatic  Hamiltonians  describing  molecular  vibrations  in 
the  initial  (/)  and  excited  (?)  electronic  states  have  the  form 


(2) 


(3) 


where  e.  t are  the  electronic  energy  levels.  It  is  convenient  to  rewrite  Eqs.  (2)  and  (3)  expressing  q 
and  p through  the  phonon  creation  and  annihilation  operators: 


Then 


Ht ,=£.  + '■ 


~ + ^{h  b+bb  ) + htag{b  +b).  g=q, 


Ht=e,+^j{b  b+bb  ). 


(4) 


(5) 


(6) 


A non-dimensional  coupling  constant  g,  which  appears  in  Eq.  (4),  is  equal  to  the  ratio  of  the 
Franck-Condon  shift  to  the  amplitude  of  zero  vibrations.  The  Hamiltonian  (5)  can  be  diagonalized 
by  means  of  the  unitary  displacement  operator 

2>  = exp(-g(^  (7) 

D H ,D  = et  + + bb  ).  (8) 

It  is  easily  seen  from  Eq.  (8)  that  the  ground  state  vibrational  wave  function  of  the  molecule  in 
the  initial  electronic  state  has  the  form 

(9) 

where  |0)  is  the  phonon  vacuum,  which  coincides  with  the  ground  vibration  state  of  the 
electronically  excited  molecule.  Let  us  note  that  the  displacement  operator  acting  on  the  vacuum 
state  gives  the  coherent  state.  Then  Eq.  (9)  simply  means  that  the  ground  state  wave  function  of  the 
harmonic  oscillator  being  placed  in  the  shifted  potential  is  a coherent  state. 

The  ease  of  zero  temperature.  We  shall  assume  that  initially  at  t = -x  the  molecule  was  prepared 
in  the  state  |« )]<!>().  v.  ,„Te  |i)  is  the  electronic  wave  function  of  the  unexcited  molecule.  After  the 
resonance  interactic..  with  the  field  (I)  the  wave  function  of  the  molecule  will  have  the  form 

do) 


Ihu 


2 hu 
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Eq.  (10)  is  derived  in  the  first-order  perturbation  theory.  Here  d,„.  is  the  dipole  matrix  element  or 
the  electronic  transition,  which  is  assumed  to  be  independent  of  the  vibrational  coordinate  in 
accordance  with  the  Condon  approximation,  and  if',/},  the  unnormalized  vibrational  wave 
function  of  the  excited  molecule.  Due  to  (I)  this  wave  function  consists  of  two  terms 

|IM)=  \V.  ,/)  + a|F  ,/).  (II) 

e functions  \v  ,/)  correspond  to  the  vibrational  wave  packets  being  excited  respectively  by 
each  of  the  subpulses  in  ( I).  Generally,  the  wave  functions  \v,  ,i)  and \v  ,/)  are  not  orthogonal  and 


their  overlap  depends  on  the  delay  time  T between  the  subpulses.  This  opens  a possibility  to 
observe  the  delay  time  dependent  interference  effects  in  the  physical  processes  which  are 
determined  by  the  population  of  the  excited  electronic  state  of  the  molecule.  For  the  sake  of 
explicitness  we  shall  assume  that  the  measuring  quantity  is  the  quantum  fluorescence  yield  of  the 
excited  molecule.  In  the  case  of  the  transition  in  the  pure  electronic  system  (without  a vibrational 
degree  of  freedom)  functions  |l7. ,/)  are  reduced  to  numerical  amplitudes 


i i 

V . = 2 2 n * exp 


6 2 iST 
2aJ  ^ 2 


(12) 


where  S = ejh-  e,/h-Sl.  The  dependence  of  the  excited  state  population  on  the  delay  time 
between  the  subpulses  in  this  case  is  of  a trigonometric  character: 


|)f  = 2/r  '2  exp^-^j-^l  + |a|2  + 2|a|cos(p  + <5r)]. 


(13) 


In  the  remainder  part  of  the  paper  we  shall  consider  how  the  accounting  of  the  molecular 
vibrations  changes  Eq.  (12).  The  general  expressions  for  functions  are  given  by 

|F.,/)=  -y-  ] rf/.exp  - y(/,  ± T/£)-iflit  ~ ')  + 


(14) 


Using  (7)  and  (9)  it  is  convenient  to  transform  the  wave  functions  (14)  into  the  form  of  a 
distributed  coherent  state  [13] 

r 

expL  2 

Time  dependence  of  the  Heisenberg  displacement  operator  D(i)  in  (15)  is  determined  by  the 
Hamiltonian  (6).  To  evaluate  the  time  integral  in  (15)  now  it  is  possible  to  use  the  well  known 


|r  ./)=  -y-exp^TiS  Y ) f t/,«exp[-  '7V  + ? y~ ') 


Ty-/)|0).  (15) 


Fock -space  expansion  of  the  coherent  state  D|0)  [23].  As  a result  we  have: 

M-2  * ?^rexl'T — 5?“K — 2 — r 


(16) 


|n,/)  = exp(-/na//)j/i), 

where  |n)  are  the  Fock-space  eigenfunctions  of  the  harmonic  oscillator.  Comparing  Eqs.  (12)  and 
(16)  it  is  easy  to  see  that  the  coefficients  at  jo,/)  in  ( 16)  coincide  with  the  amplitudes  V . . Exact  Eq. 
(16)  is  convenient  for  the  numerical  calculations.  Another  way  to  evaluate  the  integral  (15)  is  based 

on  the  replacement  of  the  coherent  state  Z)(/,  T - /)l0}=  ,T  by 
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~ge  which  is  possible  when  u»a>.  In  [13,15]  it  was  shown  that  the  integration 

in  ( 1 5)  in  this  case  can  be  performed  in  the  operator  form,  and  leads  to  the  result: 


v.,t) 


(17) 


In  (17)  the  normalizing  factor  W is  the  absorption  spectrum  of  the  electronic-vibrational 
transition: 

f Al  ^ 

A - S + g2a> . Bj  = u2  + 2g2a>2.  (18) 


W - n 


B, 


-ex  p| 


A 

Bo1) 


D and  5 are  the  unitary  displacement  and  squeezing  operators: 
D(0  = exp] 


S(0  = expUln[^L]  1*1)*-* (#)*] 


b{t)  = exp  (-ia»l)A, 


(19) 


an 


The  action  on  the  vacuum  state  of  the  operator  DS  gives  an  ideal  coherent  squeezed  state  in  which, 
generally,  the  mean  position  and  momentum  of  the  oscillator  have  nonzero  value,  the  uncertainties 
of  the  position  and  the  momentum  are  not  equal  to  each  other  and  their  product  has  the  minimal 

possible  value.  In  the  a-plane  of  the  coherent  states  each  of  the  vectors  \ v. ,/)  can  be  considered  as 

ellipse  uniformly  moving  along  the  circle  with  the  radius  g 4-°%)  and  keeping  the 

orientation  of  the  axes  in  the  rotating  frame.  At  moments  t , for  which  the  arguments  of  the 
operators  in  (17)  are  equal  to  the  integer  number  of  the  vibrational  periods,  the  values  of  the  ellipse 
main  axes  are  equal  to  the  non-dimensional  uncertainties  of  the  position  and  the  momentum  with 
the  small  axis  corresponding  to  the  uncertainty  of  the  position: 

Jig2  at1  + u1 

. (20) 


Jijig 


W+«2 


Jlu 


If  the  coupling  constant  is  large  enough  (#>>!),  then  the  wave  functions  |k,/)  are  located  at  a 

sufficient  distance  from  each  other,  and  are  approximately  orthogonal  except  for  the  case  when  the 
time  delay  between  the  subpulses  appears  to  be  equal  to  an  integer  number  of  the  periods.  From 
geometrical  considerations  it  is  clear  that  when  the  delay  time  between  the  subpulses  gains  an 

integer  number  of  the  vibrational  periods,  the  overlap  of  the  vibrational  wave  functions  \v,  ,t)  and 

\V  ,/)  can  be  observed  in  the  a-plane  as  the  approaching  of  two  ellipses  along  the  direction  of  their 
big  axes.  So  it  is  likely  to  expect  the  following  qualitative  effect  of  the  molecular  vibrations  on  the 
interference  picture  given  by  Eq.  (13):  (i)  the  dependence  of  the  population  of  an  excited  state  on 
the  delay  time  between  the  subpulses  should  be  more  pointed  in  comparison  to  the  trigonometric 
dependence  in  Eq.  (13),  (ii)  while  the  delay  time  approaches  the  integer  number  of  the  periods  the 
interference  picture  should  be  sensitive  to  the  quantum  state  of  the  molecular  vibrations,  and  the 
squeezing  effect  can  be  seen  due  to  the  dependence  of  the  interference  picture  on  the  subpulse 
duration. 


276 


Let  us  put  T = 


2 nm 


to 


t in  Eqs.  (IS),  (16),  where  r , is  a small  deviation  from  the  integer  number 


of  the  vibrational  periods,  and  evaluate  the  population  of  the  excited  state.  In  accordance  with 
Eqs.  (IS)  and  (16)  one  finds 
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(22) 


While  deriving  Eq.  (21)  we  have  performed  the  integration  over  the  summary  time  + /, ).  The 

t 

remaining  integration  in  (21)  is  carried  out  over  the  difference  time  /,  - /,  = rj . The  vacuum  average 
of  two  displacement  operators  in  (21)  frequently  arises  in  the  theory  of  Franck-Condon  transitions 
and  can  be  evaluated,  for  example,  using  the  coherent  states  method  [23]: 

MU)  = ejp[jr’(<'"! -0]  (23) 

It  is  worth  noting  that  Eq.  (22)  can  be  received  from  (21)  by  expanding  in  (23)  the  exponent  in  the 
powers  of  g2exp(/'a»£).  Due  to  the  condition  u»a>  integral  in  (21)  can  be  evaluated 
asymptotically  (by  the  steepest  descent  method  [24]).  To  do  that  one  can  expand  the  index  of  the 
exponent  in  the  powers  of  \ up  to  the  second  order  terms: 

A/(^)  = exp(ig2ft^-{gV^2).  (24) 

Substituting  (24)  into  (21)  and  performing  the  integration,  one  obtains 
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Y o = 


B0  +2g2ft>2 
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Equation  (25)  describes  the  interference  between  the  vibrational  wave  packets  within  a single 
molecule.  Depending  on  the  experimental  conditions,  i.e.  the  values  of  p,  6 , and  m,  this 
interference  can  lead  to  a sharp  peak  (constructive  interference),  or  to  a down-fall  (destructive 
interference)  in  the  fluorescence  dependence  on  the  delay  time  between  the  subpulses.  The  new  and 
the  most  constitutive  feature  of  Eq.  (25)  is  the  dependence  of  the  interference  peak  width  y0  on  the 
reciprocal  pulse  duration  u.  Within  the  range  of  pulse  duration  o?2  « u2  «2 g2<w2,  where,  in 
accordance  with  Eq.  (20),  the  squeezing  effect  is  the  most  considerable,  the  width  of  the 
interference  peak  approximately  equals  to  the  subpulse  duration  yQ  « u '.  This  gives  a practical 
possibility  to  use  this  effect  for  the  duration  measurement  of  a femtosecond  laser  pulse.  The  fact 
that  the  dependence  of  the  interference  peak  width  on  the  pulse  duration  is  indeed  the  consequence 
of  the  dynamical  squeezing  effect  becomes  clear  if  we  note  that  the  second  order  expansion  in  Eq. 

(24)  is  equivalent  to  the  first  order  expansion  over  r,  in  Eq.  (15).  In  the  limit  of  extremely 
short  pulses  u 1 » 2g2c? 2 Eq.  (25)  coincides  with  that  previously  received  in  [20],  In  that  limit  the 
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interference  peak  width  does  not  depend  on  the  pulse  duration:  y0  *(>/2g(o)  ' .It  should  be  noted. 

that  the  limiting  interference  peak  width  is  achieved  for  those  laser  pulses,  during  the  action  of 
which  the  initial  vibration  state  of  a molecule  in  the  process  of  electronic  excitation  has  no  time  to 
change.  The  effect  of  the  dynamical  squeezing  in  this  limit  is  absent.  The  picture  of  the  interference 
peak  as  the  function  of  the  variables  r and  u,  numerically  evaluated  with  the  help  of  Eq.  (22), 
can  be  seen  in  Fig.  I. 


The  case  of  nonzero  temperature.  In  the  case  of  nonzero  temperature  we  shall  assume  that  the 
initial  vibrational  state  of  the  molecule  is  described  by  the  equilibrium  density  matrix.  The 
population  of  the  excited  electronic  state  in  this  case  can  be  evaluated  in  the  second  order 
perturbation  theory  for  the  density  matrix.  An  expression  for  the  nonequilibrium  density  matrix  of 
the  phonons,  arising  due  to  the  excitation  of  a Franck-Condon  transition  by  a single  laser  pulse 
was  obtained  in  [11,  14].  In  the  present  paper  we  need  to  calculate  the  trace  of  an  analogous 
density  matrix,  appearing  due  to  the  action  of  the  field  (1).  It  seems  to  be  evident,  that  the 
expression  for  this  trace  wilt  have  the  form  of  Eq.  (21)  with  the  functions  Af(£)  replaced  by 

<M(^))  = ^[po^(0)i)(^)]  = exp{g,((ff  + l)e'“<  -2ff-l](,  (26) 

where  p0  is  the  equilibrium  density  matrix  of  phonons,  and  n , the  thermal  equilibrium  phonon 
number.  The  Fourier  expansion  of  (a/(^))  is  given  by 


(m(4))  = Z exp[-u*(2/i  + 1)  + ine^],  (27) 

Ipr  # V " * 

where  /„  is  the  modified  Bessel  function.  A generalization  of  equation  (22)  for  the  case  of  a 
nonzero  temperature  has  the  form 
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To  evaluate  the  integral  in  Eqs.  (21),  in  analogue  to  the  case  of  the  zero  temperature,  we  shall 
expand  the  index  of  the  exponent  in  Eq.(26)  in  the  powers  of  £ up  to  the  second  order  terms.  In 
this  way  we  find  that  the  effect  of  finite  temperature  in  Eqs.  (18)  and  (25)  is  manifested  in  the 
replacing  coefficients  B0  and  y0  by 


B-  yju1  +2g2o>2(2 n + 0 , 


yju1  +2gIatI(2n  + 1) 


y ug(oyj%2n+\)  *29) 

From  (29)  one  can  see  that  the  temperature  growth  leads  to  the  extension  of  the  area  of  linear 
dependence  of  the  interference  peak  width  on  the  laser  pulse  duration.  According  to.  £q.  (29), 

w0  1 =[2gIo)2(2h  + l)]  1 can  be  considered  as  the  limiting  value  of  pulse  duration  for  the  range  of 


this  linear  dependence.  It  is  interesting  to  estimate  the  value  of  m0'  for  a real  physical  system.  To  do 
this  we  shall  use  the  data  for  I,  molecule  from  [22].  Taking  g1  = 6.4,  - 300 fs  and  T = 300° K , 

we  obtain  r0‘  * 7 fs.  The  natural  upper  limit  for  is  the  inverse  vibrational  frequency  a>  '.  In  the 
experiment  [22]  the  laser  pulses  of  about  50/v  duration  have  been  used.  In  accordance  with  the 
given  estimate  the  pulses  of  such  duration  belong  to  the  area  where  y *u 
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In  conclusion  note  that  the  measurements  of  the  interference  peak  width  aimed  at  determining 
the  duration  of  a femtosecond  laser  pulse  represents  only  one  of  the  possibilities  to  use  the 
intramolecular  interference  phenomenon  of  the  vibrational  wave  packets.  Another  interesting  and 
important  possibility  is  the  observation  of  the  wave  packet  distortions  due  to  the  intramolecular 
propagation.  This  problem  we  are  planning  to  consider  in  our  forthcoming  paper. 
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Abstract 

Coherent  states  on  the  the  m-sheeted  sphere  (for  the  SU(2)  group)  are  used  to  defir  ■» 
analytic  representations.  The  corresponding  generators  create  and  annihilate  cluste*  * of 
m photons.  Non-linear  Hamiltonians  that  contain  these  generators  are  considered  and  ♦ .ieir 
eigenvectors  and  eigenvalues  are  explicitly  calculated.  The  Holstein-Primakoff  and  Srv  < nger 
formalisms  in  this  context  are  also  discussed. 


1 Introduction 

In  recent  work  {1]  we  have  generalised  two-photon  states  into  m-pnoton  states.  Previously 
m-photon  states  have  been  considered  in  {2,  3].  The  approach  of  ref.  [2]  is  related  to  the 
Hamiltonian 

H = wa+a  + A(a+)m  + A*am  (1) 

and  is  known  to  have  several  difficulties.  Our  m-photon  coherent  states  are  more  related  to 
those  of  ref.  [3].  Our  approach  is  heavily  based  on  the  theory  of  analytic  representations 
and  it  goes  far  beyond  previous  work  (4-7]  in  the  sense  that  it  uses  them  in  the  context  of 
Riemann  surfaces. 

In  refs.  [1]  we  have  studied  m-photon  States  in  connection  with  -he  m-sheeted  complex 
plane  (for  the  Heisenberg- Weyl  group)  and  the  m-sheeted  unit  disc  (for  the  51/(1, 1)  group). 
In  this  paper  we  extend  these  results  to  the  SU (2)  case.  Using  our  formalism  we  calculate 
explicitly  the  eigenvalues  and  eigenvectors  of  the  Hamiltonian 

H = uJz  + A 4m)  + AVim)  (2) 

where  J lm)  are  SU( 2)  generators  that  move  an  electron  up  or  down  by  m steps. 

From  a mathematical  point  of  view  the  work  is  a contribution  to  the  study  of  highly  non- 
linear Hamiltonians.  It  has  been  motivated  by  recent  developments  In  conformal  field  theory 
(8],  but  of  course  the  details  are  very  different  here.  Only  simple  cases  of  m-sheeted  Riemann 
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surfaces  have  been  considered  so  far.  but  the  final  goal  is  to  extend  this  work  to  niore  complex 
Riemann  surfaces  and  solve  very  large  classes  rtf  highly  non-linear  Hamiltonians.  We  believe 
♦hat  this  can  become  a major  tool  in  the  study  of  non-linear  Hamiltonians. 

In  the  context  of  condensed  matter  the  Hamiltonians  considered  here  describe  it- particle 
clustering.  Pairing  of  particles  plays  an  important  role  in  superfluidity  and  superconductivity 
and  the  mote  general  m-particle  clustering  studied  here,  could  be  useful  in  the  study  of  new 
phases  in  condensed  matter. 

2 Analytic  representations  in  the  extended  com- 
plex plane  (SU( 2)  group) 

5(7(2)  coherent  states  in  a finite-dimensional  Hilbert  space  ffzj-t-ii  are  defined  in  the  extended 
complex  plane  (which  is  the  stereographic  projection  of  a sphere)  as: 

l*)  = (i  + wVI%«)n-.«) 

6(j,n)  = I(2j)'ii|0  + »)!0-n)rJ  (3) 

Let  |/)  be  an  arbitrary  (normalised)  state  in  #2>+i- 

I />  = E /n|j;*»)  E 1/o.f  = 1 (4) 

n=-y  «*=-> 

Its  Baigmann  analytic  representation  in  the  extended  complex  plane  is  the  following 
polynomial  (of  order  2j): 

f{Z)  = (1  + |2|V<**l/>  = E *U.n)fn^  (5) 

The  scalar  pi  iuct  of  two  such  functions  is  defined  as: 

(/19>  - ^//(#)(lt|!f)-%(!)  (6) 

d/z  |<2)  = (l  + WW*  (7) 

The  SU (2)  generators  are  represented  as: 

J-  — dz,  J x — zdx  — j,  J+  — —2**7*  + 2)2  (8) 

5(7(2)  transformations  on  f(z)  of  equ(5)  are  implemented  through  the  Mobius  conformal 
mappings: 

|o|S+|6|1  = 1 <»> 

/(*>  - /miu  + a-)1’  = £ fn6<J.n)\az  - + a']'-"  (10) 

■=-> 


282 


3 Analytic  representations  in  the  m-sheeted  ex- 
tended complex  plane 

The  formalism  developed  in  the  previous  section  is  generalised  here  by  replacing  z by  zm. 
In  order  to  have  one-to-one  mappings  we  introduce  appropriate  Riemann  surfaces:  an  m- 
sheeted  complex  plane  and  an  m-sheeted  extended  complex  plane.  The  point  z = 0 is  a 
branch  point  of  order  m - 1 in  all  three  cases.  We  also  have  cuts  along  the  lines 


z = tv*;  l = 0,l,...(ro- 1) 
We  shall  call  sheet  number  s(z)  of  a complex  number  z the 


(ii) 


(12) 


where  IP  stands  for  the  integer  part  of  the  number.  s(z)  takes  the  integer  values  from  0 to 
m-1  (modulo  m).  The  Hilbert  space  is  (2 j + 1) -dimensional  and  we  only  consider  cases  where 
the  2 j + 1 is  an  integer  multiple  of  m 


2j  + 1 = m(2*  + 1) 

The  states  |jn)  can  also  be  relabeled  as: 

I in)  = | ml-,kh) 

* - Ip[^] 

* - REM  hr] 


(13) 

(14) 

(15) 

(16) 


where  IP  and  REM  stand  for  the  integer  part  and  remainder  of  the  indicated  division, 
correspondingly.  The  Hilbert  space  //aj+i  can  be  decomposed  as: 


m-1 

h*,+i  = 

1=0 

= (|  - k<h<k } 


(17) 

(18) 


The  SU(2)  coherent  states  of  equ(3)  are  generalised  into  coherent  states  on  an  m-shccted 
covering  of  the  SU(2)  group,  defined  as  follows: 


* 

l 

h=-k 


|z;m>  = (l  + |z|*"Tfc  £ 6(MK*m)*+V*(*);M> 


(19) 


They  aie  SU(2)  coherent  states  within  the  Hilbert  subspace  //,(*)•  A resolution  of  the 
identity  in  terms  of  these  states  is  written  as  follows: 


f |a:m}(<;m|4<r.(z)  - 1 
X Jc 


(20) 
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= (1  + |2|a*)-amal*|*m-,><*2z  (21) 

The  metric  <ty<m(z)  comes  from  the  metric  of  equ(7)  with  z replaced  by  zm.  Using  the  states 
(19)  we  define  the  extended  Bargmann  representation  in  the  m -sheeted  extended  complex 


plane  of  the  arbitrary  state  |/)  of  equ(4)  as: 

f(z;m)  = (1  + |i|2m)*(z*;m|/>  = £ 6{k, h)(z*»)fc+fc/M<*)  (22) 

h—k 

f(z;m)  is  a polynomial  of  order  2km-2j-(tn-l)  and  is  analytic  at  the  interim  of  each  sheet. 
The  scalar  product  is  given  as 

</l»>  = (»> 

Substitution  of  z by  zm  in  (8)  gives  the  operators: 

•4W)  = +2*2m  (24) 

Jim)  = (25) 

4m)  = m~lzdz  - k (26) 

Jjm),4m>]  = 4m)  (27) 

j<m)  = _j0")  (28) 

4m),jiTO)j  = 2J<n)  (29) 

4m)lmi;kh)  = |fc(Jt+l)-k(A  + l)|iKI;it1fc+l)  (30) 

j[m)lmi;kh)  = \k(k+l)-h(h~l)jl\m,l;k,h-l)  (31) 

4m)\ml;kh)  = h\ml;  kh)  (32) 

They  act  as  SU( 2)  generators  within  Ht  and  therefore  they  move  the  state  |jn)  upwards  or 
downwards  by  m steps.  SU(2)  transformations  on  the  f(z;m)  of  equ(22)  are  implemented  as 
generalised  Mobius  conformal  mappings: 

”’  = [^f?]i;  + w2  = * <»> 

f(z;  m)  — /(to;  m)(62m  + o’)2*  (34) 


4 Applications  to  m-photon  states 

We  consider  the  Hamiltonian: 

H = u)Jt  + + A*  Jim)  (35) 

Its  eigenvectors  and  eigenvalues  are: 

HUm(0, 0)| ml; kh)  = {j(  - I(m  - l)ju>  + Th)Um(0, 0)!m/; kh)  (36) 
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Um(0,<t>)  = exp  [-^e-**4m)  + ±fc*H  (37) 

r = |(um»)2  + |A|*|1  (38) 

0 = arg(A)  (39) 

cos(0)  = uma~x  (40) 


5 Holstein-Primakoff  and  Schwinger  formalisms 

The  operators  Am)  studied  in  this  paper  can  be  connected  with  the  creation  and 

annihilation  operators  of  m-photons  a*,,  dm  studied  explicitly  in  (1),  through  the  Holstein- 
Primakoff  and  Schwinger  formalisms.  In  the  Holstein-Primakoff  case: 

J{™]  = [(2Ar  + l)-oi,om]^oJn 
Jiw)  = om[(2Jt  + l)-<4am]i 

Am)  = (41) 

In  the  Schwinger  case  the  operators  ji*"\  jim*  are  expressed  in  terms  of  two  modes 

as: 

4m)  = °Lt  °b 

j(m)  = O^a*, 

4m)  = — aflafi)/2  (42) 

a™*  are  m-photon  creation  and  annihilation  operators  for  the  mode  A;  and  a}B,  ag  are 
ordinary  creation  and  annihilation  operators  for  the  mode  B.  Terms  like  a^ag  describe 
the  conversion  of  one  fi-photon  into  m -4-photons.  Inserting  (41),  (42)  into  the  Hamiltonian 
(35)  we  get  other  Hamiltonians  whose  eigenvalues  and  eigenvectors  we  can  calculate. 

6 Discussion 

Previous  work  on  coherent  states  in  the  m-shceted  extended  complex  plane  (for  the  Heisenberg- 
Weyl  group)  [1],  has  been  extended  to  the  m-sheeted  sphere  (for  the  SU (2)).  They  have  been 
used  to  define  analytic  representations  and  study  highly  non-linear  Hamiltonians  that  de- 
scribe m-photon  clustering.  Further  work  should  be  directed  to  more  complicated  Riemann 
surfaces  and  their  possible  use  in  the  study  of  even  more  general  classes  of  non-linear  Hamil- 
tonians. 
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Abstract 

We  build  Quantum  wave  packets  as  dynamically  controlled  systems.  It  is  useful  to  use, 
to  this  aim,  Stochastic  Mechanics,  t probabilistic  simulation  of  Quantum  Mechanics. 

1 Introduction 

We  lode  ft  time  evolution  of  a physical  system  from  the  point  of  view  of  dynamical  control  theory. 
Normally  we  solve  motion  equation  with  a given  external  potential  and  we  obtain  time  evolution. 
Standard  examples  are  the  trajectories  in  classical  mechanics  or  the  wave  functions  in  Quantum 
Mechanics.  In  the  control  theory,  we  have  the  configurational  variables  of  a physical  system,  we 
choose  a velocity  field  and  with  a suited  strategy  we  force  the  physical  system  to  have  a well 
defined  evolution.  The  evolution  of  the  system  is  the  "premium"  that  the  controller  receives  if 
he  has  adopted  the  right  strategy.  The  strategy  is  given  by  well  suited  laboratory  devices.  The 
control  mechanisms  are  in  many  cases  non  linear;  it  is  necessary,  namely,  a feedback  mechanism  to 
retain  in  time  the  selected  evolution.  Our  aim  is  to  introduce  a scheme  to  obtain  Quantum  wave 
packets  by  control  theory.  The  program  is  to  choose  the  car acteri sties  of  a packet,  that  is,  the 
equation  of  evolution  for  its  centre  and  a controlled  dispersion,  and  to  give  a building  scheme  from 
some  initial  state  (for  example  a solution  of  stationary  Schroedinger  equation).  It  seems  natural  in 
this  view  to  use  stochastic  approach  to  Quantum  Mechanics,  that  is,  Stochastic  Mechanics  [S.M.] 
(2)  [3].  It  is  a quantization  scheme  different  from  ordinary  ones  only  formally.  This  approach 
introduces  in  quantum  theory  the  whole  mathematical  apparatus  of  stochastic  control  theory. 
Stochastic  Mechanics,  in  our  view,  is  more  intuitive  when  we  want  to  study  all  the  classical-like 
problems.  We  apply  our  scheme  to  build  two  classes  of  quantum  packets  both  deri\  cd  generalizing 
some  properties  of  coherent  states  [4j. 

2 Stochastic  Mechanics 

We  give  a brief  outline  of  S.M..  A way  to  introduce  S.M.  can  be  the  following.  We  consider 
a diffusion  process  with  diffusion  coefficient  i/(g,t).  q{t)  is  a stochastic  dyra  »ical  variable.  We 
introduce  its  associated  Ito  forward  and  backward  equations 

dq(t)  = V(+){q(t),t)dt  + t/(q,t)dw(t) , dt  > 0 . 

dq{t)  = U(-)(q{t),  t)dt  + v(q,  t)dw{t) , ; dt  > 0 . 
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(1) 

(2) 


In  the  above  stochastic  differential  equations  t>(+)  and  t>(_)  are  respectively  forward  and  backward 
drift  fields,  and  w is  the  Wiener  process.  We  can  equivalently  consider  forward  Fokker  Planck 
equation 


dtp(q,t)  = J/Ap(g,t)  - Vv(+)p 

(3) 

and  the  correspondent  backward 

one  with  V(_).  For  q(t)  are  also  defined  the  osmotic  velocity 

«cm>  ^ 

(4) 

and  the  current  velocity 

p-*. 

(5) 

The  simple  identity  holds 

l/Vp 

v<-0  = v(-)  + — 

(6) 

The  sum  of  the  Fokker-Planck  equations,  using  (5),  gives  us  the  continuity  equation: 

dtp  = -V(pv) , 

(7) 

thus  expressing  probability  storage.  Now  if  we  assign  na  priori”  V(+j  or  t\~),  the  diffusion  process 
so  introduced  is  completely  determined.  By  the  integration  of  Ito  equations  (equivalently  of  Fokker 
Planck  equations)  we  have  the  complete  evolution  of  the  dynamical  stochastic  system  under  study. 
A notable  [5]  inequality  to  take  in  account  is  the  following 

Aq&u  > ( u(q , t )).  (8) 


It  derives  by  the  nondifferentiability  of  the  process.  We  remark  that  diffusion  processes  are  not 
time  reversal  invariant.  There  is,  however,  a time  reversal  approach  to  diffusion  processes,  thus 
introducing  a very  different  class  of  diffusions.  In  this  different  way  Ito  equations  become  a 
kinematical  condition  to  complete  with  a suitable  dynamical  principle.  It  comes  simple  to  add  as 
a dynamical  condition  a variational  principle.  Namely,  choosing  the  following  mean  reg'ilarizei 
Eulerian  action  A: 

A = jT  [y  (t>2  - «a)  - $]  P#x , (9) 

where  $(x,  t)  denotes  the  external  potential,  taking  smooth  variations,  with  the  continuity  equa- 
tion (7)  taken  as  a constraint,  after  standard  calculations  we  obtain  Hamilton- Jacobi-Madelung 
(H-J-M)  equation 


The  current  velocity  is  fixed  to  be  a gradient  field  v = VS/m,  with  S(x,t)  a scalar  field.  This 
class  of  diffusion  processes  have  time  reversal  invariance  and  is  commonly  appelled  "Stochastic 
Mechanics”.  S.M.,  in  fact,  presents  us  as  a generalization  of  classical  mechanics  in  which  ordinary 
classical  trajectories  become  probabilistic.  There  are  many  applications  of  S.M.  (biological  popu- 
lation segregation,  bode  law,  planetary  atmosphere,  stochastic  neurodynamics);  it  is  then  a theory 
interesting  for  itself.  It  is  well  known  that  the  equations  of  S.M.  show,  also,  some  interesting  link 
with  the  equations  of  Quantum  Mechanics. 


dtv  + (v  V)u  - i/aV( 


V$. 


(10) 
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3 Quantum  Mechanics  and  Stochastic  Mechanics 

Now  we  introduce  an  interpretative  scheme  in  which  phenomenological  previsions  of  S.M.  coincide 
with  that  of  Quantum  Mechanics  for  all  experimentally  measurable  quantum  effects.  S.M.,  in  this 
view,  is  a quantization  scheme  different  from  ordinary  ones  only  formally,  but  completely  equiv- 
alent from  the  point  of  view  of  physical  interpretation.  Stochastic  Mechanics  can  be  interpreted 
as  a probabilistic  simulation  of  Quantum  Mechanics  giving  a bridge  between  Quantum  Mechanics 
and  stochastic  differential  calculus.  Defining  now  the  complex  function  $ — ^/pexp  [iS/fi],  where 
p and  S are  the  same  that  satisfy  the  equations  of  Stochastic  Mechanics,  and  choosing  v = we 
immediately  have  that  the  continuity  equation  (7)  together  with  the  dynamical  equation  (8)  axe 
equivalent  to  the  Schrddinger  equation.  The  correspondence  between  expectations  and  correlations 
defined  in  the  stochastic  and  in  the  canonic  pictures  are 

(<7>  = £(<?) » ip)  = mE(v) , 


Ag  = Ag , (A  p)2  = m2|(Au)2  + (Au)2] . 
The  following  chain  inequality  holds: 


(H) 


m?(CLV?  > m!(A«)2(Au)2  > J . (12) 

In  the  above  relations  q and  p denote  the  position  and  momentum  observables  in  the  Sdirodinger 
picture,  {•)  denotes  the  expectation  value  of  the  operators  in  the  given  state  ty,  E(  ) is  the  expec- 
tation value  of  the  stochastic  variables  associated  in  the  Nelson  picture  to  the  state  {p,v},  and 
A(  ) denotes  the  root  mean  square  deviation. 

The  drain  of  inequalities  (11),  i.e.  the  osmotic  uncertainty  relation  and  its  equivalence  with 
the  momentum-position  uncertainty,  were  proven  in  Ref.  [6]. 


4 Ehrenfest  equation  and  quantum  packets 

It  is  opportune  to  give  a brief  outline  of  the  standard  arguments  about  wave  packets  motion.  It 
is  usual  to  start  with  the  Ehrenfest  equation.  The  argument  is  the  following.  In  order  to  have  a 
wave  packet  following  a controlled  motion,  that  is  the  packet  motion  may  be  likened  to  the  motion 
of  classical  particle,  it  is  not  only  necessary  that  its  position  and  its  momentum  follow  the  laws 
of  classical  mechanics,  but  we  must  control  the  dimensions  of  the  packet;  it  must  remain  small  or 
controlled  at  any  time.  In  fact  (we  pose  m = l,h  = 1/2),  if  we  look  at  Ehrenfest  equations 

jjEfo)  = £(v)  (13) 

and 

^E(g)  = -£(V$),  (14) 

(written  directly  in  the  stochastic  formalism),  it  is  immediately  seen  that  all  the  moments  of  p 
are  implicated  through  the  mean  values.  We  can  see  this  in  an  intuitive  manner.  Consider  the 
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motion  of  a particle  in  an  external  potential  $.  In  order  to  have  a classical-like  motion  the  "right” 
Ehrenfest  equation  should  be 

^E(q)  = (15) 

If  we  take  Taylor  expansion  of  V$,  all  the  moments  are  contained  in  the  Ehrenfest  equation  as  a 
matter  of  fact.  Now  it  is  necessary  to  obtain  a set  of  equations  that  rule  the  evolution  of  moments. 

It  is  not  difficult  to  see  that  it  is  satisfied  the  following  set  of  equations 

~E((q  - E(q) )*)  = £'((,  - £(,)}"■'»'  - E{(q  - £(«))-')£(«).  (16) 

nat 

They  are  interesting  by  itself.  FYom  these  equations  it  is  possible  to  connect  moments  and  the 
external  potential.  This  set  of  equations  has  in  general  a very  complicated  structure,  namely,  we 
have  infinite  coupled  equations,  and  only  in  some  particular  case  the  equations  collapse  to  a finite  . 
number  (for  example  when  p has  some  gaussian  behaviour,  as  in  our  examples).  The  equations 
express  the  fact  that  the  positional  dispersion  is  controlled  by  the  whole  density.  The  equation  to 
consider,  in  general,  is  the  equation  for  positional  Entropy 

^E(\agp)  = -E(Vv).  (17) 


5 Controlled  quantum  packets 


Now  we  illustrate  the  scheme  to  build  controlled  quantum  systems.  We  prove  that  it  is  theoretically 
possible,  choosing  a well  suited  control  device,  to  have  packets  with  a well  defined  motion  and  form. 
This  point  of  view  is  not  new;  namely  the  coherent  states  and  in  particular  the  parametric  oscillator 
me,  in  an  opportune  sense,  linearly  controlled  systems  in  which  the  equation  for  dispersion  depend 
by  the  coefficients  of  the  external  potential.  The  general  scheme  of  control  we  introduce  is  non- 
linear. Our  idea  is  the  following.  If  we  select  a particular  current  velocity,  we  choose  ,in  fact, 
the  phase  of  the  wave  function  and,  as  a consequence,  we  choose  the  caracteristics  of  the  motion 
of  the  centre  of  the  packet.  Moreover,  a choice  of  current  velocity  selects  a class  of  solutions  of 
continuity  (Fokker-Planck)  equation.  The(H-J-M)  equation  becomes  in  this  scheme  a constraint 
to  retain  time-reversal  invariance,  giving  us  the  controlling  device.  Now  we  build  two  classes  of 
controlled  quantum  packets  as  example.  We  need  some  initial  condition  p0  for  probability  density; 
it  can  be  a generic  Ll  function  and  we  can  choose  always  that  it  satisfies  a stationary  Schrodinger 
equation  with  $o  as  external  potential.  In  the  first  example  we  take  the  current  velocity  selected 
as  that  of  coherent  states  [7] 


v = E(v ) + 


x - E(q)  d&q 
Aq  dt 


(18) 


As  second  example  we  impose  gaussian  behaviour  simply  balancing  current  and  osmotic  velocity  : 


v = E{v)  - ^ u{x,t)jtAq . 


(19) 


292 


6 Generalized  coherent  states 


We  have  already  introduced  the  first  example  as  generalized  coherent  states  [7]  [8].  If  we  insert 
the  current  velocity  in  continuity  equation  (7)  we  solve  in  a very  simple  way  and  we  obtain: 


e(()  = /<(» - 


(20) 


Now  we  can  examine  the  Ehrenfest  equation,  and  then  (H-J-M)  equation  that  now  is  become  an 
identity.  It  is  not  difficult  to  see  that 


dE(v)_ , i ,2d2&q  f My)po(vMy - 0*y  . r,^ 

—* + 5*  sr  — m 6)%-o4— + L(t) = -*• 


(21) 


is  the  external  potential  in  the  stationary  Schrodinger  equation  of  which  po  is  a solution,  $ is 
the  state  dependent  control  device.  Inserting  now  our  current  velocity  (19)  in  the  eq.(17)  we  see 
that 

£(log  p(x,  t ))  = - log  Aq.  (22) 

The  whole  positional  entropy  come  by  dispersion  and  this  means  that  the  set  of  eq.s  (16)  is 
close.  We  can  extract  from  eq.s  (18)-(20)  one  equation  for  A q,  and  all  the  others  depend  from 
this  last  one.  The  equation  is: 

T^-^-SKV#)  (23) 

where  a is  a number.  The  Ehrenfest  equation  becomes  for  this  states 


£e(«)  = -V4>|E<„.  (24) 

The  couple  of  equations  (24),  (25)  comes  from  equation  (22)  taking  the  first  and  second  o’der  of 
Taylor  expansion.  It  is,  also,  significative  to  write  Ito  equation  for  this  class  of  stochastic  processes 


dq(t)  ~ E(y)dt  + udw. 


(25) 


They  are  associated,  as  Glauber  states,  to  Wiener  processes  with  a drift  that  is  solution  of  the 
classical  Eherenfest  equation  (25).  For  more  details  see  [9). 


7 Controlled  gaussian  wave  packets 

Now  we  give  our  second  example  (10).  If  we  insert  the  current  velocity  (22)  into  the  continuity 
equation  (7)  we  have  the  following  Fokker-Planck  equation 

dtp(x,  t)  = E{q)Vp(x,  t)  + jtA  qV2p(x,  t)  (26) 

whose  general  solution  is 

P ((,  i)  - ^ / Po(y)  exp  — [(x  - 02]dy-  (27) 
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Now,  also  in  this  case  it  is  possible  to  verify  that  Ehronfest  equation  is  classical-like;  it  sufficient 
to  control  the  first  and  second  moment.  The  equation  for  positional  entropy  is  very  simple  as  in 
the  first  example,  and  we  have  the  following  control  potential: 


dE(v) 

dt 


x - log  p(x,t)^Aq2  - (1  + ( 


d Aq2 
dt  v 


?)[ 


SQo{y)G{y,Qdy 

'G(y,Ody 


+ 


(28) 

, JMy)2G(y,Qdy,  JMv)G(y, Oia  ^ 

+ fG(y,  0 1 1 IG(y,Ody  1 + ~ 

where  G(y,Q  = po(|/)exp[(y  ~ 021»  and  N(t)  is  a generic  time  function.  Also  in  this  case  the 
Ehrenfest  equation  is  classical  like.  It  is  not  difficult  to  see  that 


£(V*)  - V*|*t)  = F(E(q),  A q).  (29) 

Using  this  identity  and  expanding  (28),  by  the  first  and  second  order  one  obtain  Ehrenfest  equation 
and  the  coupled  equation  for  dispersion.  Note  that  the  Ito  equation  is  now 

dg($)  = E(v)dt  + v-^-dw.  (30) 

dt 

This  wave  packets  are  Gaussian  modulation  of  the  initial  state.  The  equations  are  all  implicit  if 
we  do  not  specify  the  initial  condition. 
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Abstract 

A quatm  key  ittaftciii.  based  m coheat  state  a htadnad  h this  p^w.  Hen 
we  dbcai)  the  fwftPt|  and  secoitp  of  this  scheme. 


afficent  prospects  of  private  commuaieetiou.  As  one  knows,  the  security  «f  cryptographic  channel 
depends  cncu&jr  os  the  secrecy  of  the  key.  The  Venus  cipher  is  the  only  cipher  system  which 
hss  guaitetd  seemrity.  hi  that  system  the  hey  mast  he  as  loag  as  the  message  sad  nut  he 
mad  oaly  met.  Qnantsm  cryptography  is  a method  whereby  key  secrecy  cam  he  gasranteed 
hy  a physical  law  So  h is  imposnble.  era  ia  psiacipie,  to  enrasdrop  ea  sack  ehaaaris.  Quan* 
tarn  cryptography  has  ben  developed  ia  recent  years.  Up  to  sow,  many  schemes  off  pate 
cryptography  hare  bees  proposed}  l}-f3).  Hear  oae  off  the  ssaia  problems  ia  this  field  is  how  to 

Ia  order  to  «se  qaaatam  aatare  of  fight,  ap  to  bow  proposed  schemes  all  ase  very  fin  fight 
pubes.  The  average  photon  number  » aboat  0.1.  Because  of  the  loss  of  the  optical  fiber,  it 
b difficult  for  the  qaaatam  cryptography  based  oa  oae  photoa  level  or  on  dim  fight  to  realise 
qaaatam  key-distribution  over  long  distance. 

Here  we  introduce  a scheme  off  qaaatam  cryptography  based  on  coherent  mate.  The  average 
photon  aamber  per  pabe  can  be  increased,  so  that  we  can  transmit  the  key  over  longer  distance. 

first  off  afi,  we  consider  the  qaaatam  theory  of  the  beam  splitter  (Fig.  1).  Alice  sends  a 
mode  «i  which  b ia  state  |ari)  into  the  beam  spfitter.  Bob  tends  a mode  hi  which  b ia  state 
|£t)  into  the  BS  to  measare  the  state  sent  by  Alice.  Suppose  the  output  modes  are  «t  and  h* 
which  are  in  state  |o *)  and  |A)  respectively. 

According  to  the  qaaatam  theory  off  BS{9],  in  Heisenberg  picture  we  have  following  formula: 

[tH&fclhM:]**  « 

By  * dn  ~ dsi = dis  ~ dss  T * 

l*u|*  = |*»l*  |H„|*«|H„|*«sm*ff 

Here  U is  Unitary  Operator  of  the  BS.  cos *9  is  the  refieetioa  rate  off  the  beam  splitter. 
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Ia  Schrodinger  picture,  if  the  state  is  |^i)  = |ori,A},  then  the  output  state  |tfo) 

should  be 

W = KM  - <?>..«  W 

•>+«*«»)!  ^1*  ^(«l«S“«S«l)»  + «*•*) 

^ * j(^u ~ #ss)i  4#  8 j(^u  ~^nT») 

Using  these  formula,  we  can  ia  priacipfederive  the  output  state  for  any  incoming  state.  We  are 


FK3. 1.  The  bade  scheme  of  pwSsn  cryptography  based  eg  coherent  states. 

Suppose  input  k a cdtoeit  state  |aj,  &}.  Accordiag  to  above  formula,  the  output  state  is  also 
a coherent  state  as  Moviag, 


= Jor ! cos#- & sin  #,&«*#  + ortsia#)s(tts}|A)  (4) 


Oi  = orj  cos#  — fii  da  #,  fit  = fix  cos # + a,  rin# 

So  the  output  state  |o*)  depends  on  the  eigenvalues  of  incoming  coherent  states  ori ,fit  and  #. 
Here  cos*#  is  the  reicctitm  rate  of  the  beam  splitter.  Now  we  use  a symmetrical  beam  splitter, 
Is  £,  and  kt  at  = a or  a +#«,  Asaota+ 6a.  Ia  tils  case,  the  output  state  (a*)  is 


» 

i$*> 


«i  = A 

ai  = o + fo,Asa 
orj  = o,#|  sef  |« 


(*) 


That  means  when  Afice  aad  Bob  send  the  same  coherent  state,  output  state  jo,)  is  vacuum 
state  |0).  When  they  use  different  states,  |o%}  wOl  be  a coherent  state  aad  its  eigenvalue  is 
proportional  to  i^ls.  Therefore,  the  probability  of  detectiag  photon  ia  state  M is  given  by 
this  expression, 

Pm  = |<*u|c*i>|*  = { '-!(•**££  W 

These  results  tefl  us  when  Afice  and  Bob  use  the  same  coherent  state,  there  is  no  photon  to 
be  detected  ia  output  state  (a,).  Whereas  they  use  different  coherent  states,  the  probability  of 
detecting  photon  is  not  sero.  Now  we  take  the  value  of  |# a|  is  equal  to  >/5Tn2.  Then  we  get 
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wkea  o,  = A.  P.  = 0 (mil) 

( ft'} 

«*»«.**,  {*>,£*>..  J 


That  means  a this  case,  probability  of  detecting  no  photon  is  50%,  and  the  other  50%  is  to 
detect  at  least  one  photon. 

Naur  Alice  randomly  sends  a sequence  of  coherent  states  |o)  or  |a  + fa),  and  Boh  also 
randomly  ase  the  coherent  states  |or)  or  |cr  + 6a)  to  measure  toe  state  sent  by  Alice 
Suppose  the  detecting  results  after  tike  transmission  are  shown  in  Thh.I, 


After  completing  the  transmtssum.  Bob  announces  pubVIy  the  cases  in  which  photons  are 
detected,  bat  keeps  secret  the  states  he  used.  AKce  sad  Bob  adopt  these  cases  as  the  hey 
distribution  and  translate  them  into  a logical  0 or  1 acci  -ling  to  their  preearitant  agreement. 
For  example,  Alice's  |or)  represents  a logical  1 and  Bob's  Jar)  stands  for  a logical  0.  By  far,  we 
have  established  n shared  hey  distribution  between  Alice  and  Bob. 

Of  course,  above  results  are  ra  toe  absence  of  an  eavesdropper.  Now  we  consider  bow  to  find 
the  eavesdropper  in  our  system  if  there  is.  Suppose  there  is  a an  eavesdropper  named  Eve,  she 
wants  to  split  toe  incoming  mates  |ai)  from  Alice  and  |A)  from  Bob  into  two  parts  {{ft),  |a|)} 
and  {|ft),|ft)}  using  her  beam  splitter.  Then  toe  sends  states  |ft)  and  {ft)  to  Bob,  and  keeps, 
states  |af)  and  |ft)  for  her  own  measurement.  Repeating  above  calculation,  we  can  get 

<»i  = oricosp,  ft  — r.t  tan  <p 

ft  = ft  cos  (p,  ft  -ft  sin  p 

Here  cos*  <p  is  toe  reflection  rate  of  Eve's  beam  splitter.  We  suppose  that  Bob  does  the  same 
measurement  as  before,  but  in  this  time  be  receives  the  states  | ft)  and  ft)  at  toe  beam  splitter. 
When  ft  / ft,  the  probability  of  detecting  phjtoa  P1  is  given  fay  following  expression 

f*  = 1 - expt-l/2|£a|*  cos*  <p)<P  (7) 


Here  P is  the  probability  in  the  absence  of  an  eavesdropper.  Now  we  define  a channel  disturbance 
parameter  ( as 

<=  — 

' p 

In  order  to  check  if  there  is  an  eavesdropper,  they  can  calculate  toe  channel  disturbance  pa- 
rameter £ after  the  transmission.  If  they  discover  noticeably  f > 0,  they  can  conclude  that 
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there  mast  be  u eavesdropper  tad  discard  this  key  distribatioa.  In  het,  In  order  mot  to  been 
exposed,  five  has  to  make  cos  <p  w 1.  However,  la  this  case  the  probability  of  her  detecting 
photon  b 

P* ss  i(l  — w i|fofrfn*^M  0 

Thb  means  that  Eve  can  hardy  get  any  information  of  the  hey  between  Alice  and  Bob. 
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Abstract 

Quantum  macroscopic  motions  are  investigated  in  the  scheme  consisting  of  N -number  of 
harmonic  oscillators  in  terms  of  ultra-power  representations  of  nonstandard  analysis.  Deco- 
herence is  derived  from  the  large  internal  degrees  of  freedom  of  macroscopic  matters. 

1.  Introduction 

How  to  describe  motions  of  macroscopic  matters  in  quantum  mechanics  is  not  only  a very 
interesting  problem  but  also  a very  important  problem  to  develop  the  present  situation  of  theoret- 
ical physics.  Before  going  into  the  details  we  shall  start  from  the  question  ”What  are  macroscopic 
matters?” . One  may  characterize  them  in  term3  of  the  following  three  properties: 

(1)  The  number  of  constituents  N is  very  large  and  cannot  be  precisely  counted  in  measurements. 

(2)  Every  measurement  of  energy  E of  macroscopic  matters  is  accompanied  by  experimental  mar- 
gin of  uncertainty  A E and  an  enormous  number  of  different  quantum  states  are  contained  within 
the  energy  uncertainty. 

(3)  Macroscopic  matters  are  usually  classical  objects.  This  means  that  the  density  matrices  de- 
scribing their  quantum  states  have  no  interference  terms  (decoherence  mechanism  exists.). 

The  first  character  indicates  that  we  have  no  way  to  measure  the  precise  number  of  the  con- 
stituents in  realistic  measurement  processes.  Furthermore  w-e  may  say  that  the  precise  determi- 
nation of  the  quantum  states  for  all  the  constituents  are  impossible.  This  property  has  a close 
connection  with  the  second  character.  In  usual  measurements  the  energies  of  macroscopic  matters 
are  not  quantum  mechanical  order  (0(h))  which  disappears  in  the  limit  of  h -*  0 (limn_o  0(h)). 
It  means  that  every  measurement  of  the  energy  of  macroscopic  objects  may  contain  some  uncer- 
tainty A E which  is  in  the  order  0(h).  How  to  introduce  these  features  in  quantum  mechanics  is 
the  main  theme  of  this  paper. 

An  interesting  possibility  is  to  describe  the  macroscopic  matters  on  the  Hilbert  spaces  extended 
by  nonstandard  analysis, [1]  where  infinity  (oo)  like  JV  — * oo  and  infinitesimal  («  0)  like  h — * 0 
are  treated  rigorously.  It  sho*  Id  also  be  pointed  out  that  quantum  states  of  N constituents 
which  may  be  described  by  the  direct  product  of  the  quantum  states  of  the  constituents  such 
that  ^A/(ri, ..,r/v)  = flfu 0£* (f»)  become  ultra-products  in  the  limit  N — *■  oo.  Then  we  can 
represent  the  macroscopic  states  in  terms  of  ultra-power  representation  of  nonstandard  analysis 
by  introducing  some  equivalence  relation  based  on  the  ultra-filter  on  the  ultra-products. 

From  the  discussions  of  quantum  mechanics  on  nonstandard  spaces[2,3,4)  we  know  that 
(1)  there  exist  new  eigenfunctions  called  as  ” ultra-eigenfunctions”  which  are  not  described  by  the 
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superposition  of  eigenfunctions  on  usual  quantum  mechanics  on  real  number  space  (R),  and 
(II)  in  the  limit  h — » 0 we  can  introduce  infinitesimal  energy  uncertainties  A E which  are  in  the 
order  0(h).  It  is  important  that  the  introduction  of  such  energy  uncertainties  is  expressed  by  the 
monad  (infinitesimal  neighborhoods)  of  real  numbers  on  nonstandard  spaces. 

Now  we  may  expect  that  we  can  describe  macroscopic  states  in  terms  of  new  eigenfunctions 
(ultra-eigenfunctions)  containing  the  energy  uncertainty  A E ~ 0(h).  In  this  paper  I shall  present 
a solvable  model  to  realize  the  above  consideration. 

2.  Model 

Let  us  investigate  a system  consisting  of  tf-harmonic  oscillators  which  are  bounded  around 
a fixed  point  X0.  The  Hamiltonian  is  given  by  Hn  = ^ + £ EfLt  EjLtfe  - *>)2  + 

j Z^i,(:r*-Xo)2,  where  m the  mass  of  the  constituents,  k and  K the  oscillator  constants,  p,  and  ij, 
respectively,  stand  for  the  momentum  and  position  operators  of  i-th  constituent.  This  Hamiltonian 
describes  the  bounded  /V -oscillator  system  moving  in  the  harmonic  oscillator  potential  of  which 
center  is  at  X0.  Our  interest  is  focused  on  the  relative  motion  between  the  fixed  {Joint  Xq  and  the 
center  of  mass(CM)  of  the  ^-oscillator  system,  because  the  motion  will  become  the  observable 
as  the  motions  of  the  macroscopic  system  in  the  macroscopic  limit  N — » oo.  The  Hamiltonian 
is  separable  in  terms  of  the  following  choice  of  coordinates;  RN  = X£  — Xo,  p*  = (nZn+i  — 
(£"=l  Xi)]/yjn(n  + 1),  for  n = 1,2, ...,  N - 1,  where  Xq  = £ Hi=\  xt  is  the  CM(center  of  mass) 
coordinate  of  the  N -oscillator  system.  We  can  rewrite  the  Hamiltonian  as 

HN  = + E (1) 

where  Hn  - + i(fc  + K)p^.  The  eigenfunctions  for  (1)  are  obtained  as  follows;  HN^lN  = 

(Er  + ££=7  tn)*N,  where 


= *r(RN)  n'^0>n)  (2) 

n=  1 

with  [pn]  = [pi,P2,-  ■ ' , Pn~i i , which  satisfy  HR$R  = ER$R  and  = tn4>i„  with  ER  = 

( nR  + 1/2 )u>Rh  (<jjr  = yjKN/MN  = Kfm ) and  £*  = (!«  + l/2)u )h  (a>  = \J(k  + K)/m).  Note 
that  the  eigenvalues  of  'HN  and  En  are,  respectively,  given  by  EN  = Er  + and  = 
€«  = (L  + ^(N  - l))u//i  with  L = L and  ail  the  energies  are  of  the  order  of  0(h),  i.e. 
EN  ~ ER  ~ ~ 0(h).  We  see  that  Er  and  €%  are  not  enough  to  specify  the  state  given  in  (2) 

uniquely.  That  is,  there  are  many  different  states  having  a fixed  value  of  c£,  of  which  multiplicity 
is  evaluated  as  W(N,L)  = Ingeneralweshouldwriteeigen functionsspecifiedbyEN  and 

in  terms  of  the  suprepositons  of  those  different  states  such  that 

^(EA,;«A,,|p„])  = ^(H/v)X;...  t °(M)  nV(Pn)  (3) 

<l«0  <w_i=0  ^n=1  ’ n=I 

with  [ ln ) = [/j , l2,  • • -,/jv-i),  where  a((Jn|)  are  the  coefficients  satisfying  the  constraint  required  from 
the  normalization  la(|!"l)l2  = 
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3.  Oscillator  system  in  nonstandard  spaces 

Now  let  us  study  the  limit  represented  by  N -»  oo.  The  state  given  in  (2)  becomes  an  infinite 
direct-product 

Ver,l(R;  [p*])  = $Er(R)  n <J>tn {Pn).  (4) 

n=l 

The  Hamiltonian  (1)  is  modified  as  H = Hr  + £u=i  #«,  where  in  order  to  evade  the  divergence 

arising  from  the  sum  of  zero  point  oscillations  in  the  limit  of  N -*  oo  Hn  is  taken  as 

Hn  = Hn  — ihu).  We  have 

R^er,l{R,  Ip»»])  = (Er  + er,l(R,  [p*]),  (5) 

where  Hr$er(R)  = Er®er(R),  and  et  = Lhu  with  L = ln.  Note  that,  since  l„  € M for 

Vn  € N,  then  L € N. 

Following  the  expression  of  (3),  we  can  write  the  most  general  wave-functions  for  the  macro- 
scopic object  characterized  by  the  CM(center  of  mass)  energy  eigenvalue  Er  as 
[Ct([ln])];  R , |Pnl)  = *B.(i*)«[Ct(iU)];  bn]),  where 


#[CiflU)l;W) 


Lf—O  ij=o  ij=0  n=  i 


(6) 


Lf  is  an  arbitrary  natural  number  (Lf  € M)  cmd  the  normalization  condition  is  given  by 
ElL o T,ti~o  52h=o  • • _ i „,l  |Cx([fn])|2  = 1-  The  expectation  value  of  the  total  energy  is  obtained 

as  < E >=  En  + AE(|Cy),  where  AE([Ci|)  = EfeoEj.oEj*,  • ICUMM’  «• 

Now  let  us  consider  measurements  of  the  CM  energy.  When  we  try  to  observe  it  by  using 
a photon  as  a probe,  we  have  to  measure  it  through  the  interaction  of  the  photon  with  the 
constituents.  This  means  that  we  cannot  measure  the  CM  energy  directly  and  then  we  have 
to  take  account  of  the  internal  motions  of  the  macroscopic  object.  In  realistic  measurement 
processes  for  macroscopic  objects,  which  will  be  carried  out  by  using  a photon  flux  composed  of 
many  photon,  we  should  consider  that  direct  observable  is  the  total  energy  rather  than  the  CM 
energy.  In  those  measurements  the  total  of  the  internal  energy  AE([Cx,])  =<  E > — < Er  > may 
be  understood  to  be  the  errors  for  the  CM  energy.  Note  that  the  errors  should  not  be  confused 
with  those  arising  from  inefficiencies  of  detectors.  We  may  conclude  that  we  have  always  to  take 
account  of  the  existence  of  these  errors  in  the  observed  CM  energies  when  we  discuss  the  CM 
motions  of  macroscopic  objects  which  are  studied  in  the  classical  mechanics. 

In  nonstandard  analysis  the  error  must  be  infinitesimal.  Then  as  we  take  into  account  that 
the  center  of  masf  energy  Er  and  its  angular  frequency  ur  are  observables  represented  by  real 
numbers,  the  possibility  allowed  here  is  only  the  following  choice;  “ur  e *M—A f,  LeN,  0." 
^From  now  on  we  define  the  macroscopic  limi*  st,  by  taking 

„V~l  fta  0 and  h w 0.  (7) 


Let  us  investigate  the  equivalence  relation  introdu  ed  on  the  ultra-products.  We  can  explicitly 
write  this  equivalence  relation  for  the  macroscopic  objects  by  using  the  ultrarfilter  in  nonstandard 
analysis  as  follows;  <M(p],  = Un=\  <Mp)  with  eL  = En  lnfuj  and  4>l'(M)  = Pv=i  0i;,(Pn')  with 
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tu  = J2n>  Kshu  are  equivalent  (« — * macro),  if  and  only  if  the  number  of  n 6 Af  satisfying  ln  ± 0 
and  that  of  n#  € Af  satisfying  ln>  / 0 are  finite  numbers.  That  is,  it  is  represented  as 


4>l  * — * macro  4>i/,  if  and  only  if  the  sets  of  numbers  defined  by 

(n€^;l«/0)  and  ( n ' 6 Af\ ln>  / 0)  are  finite  sets  of  Af. 

The  physical  space  for  the  macroscopic  motions  is  represented  by  SmaCro(*'H)  — *Ti(  * — *mocro  . 
Let  us  start  from  the  most  general  expression  of  ultrareigenfunctions  satisfying 

H*c(R,\Pn))  ^macro  E*C(R,  \pn\),  (8) 

where  stmaero(E)  € K and  ^ 0,  that  is,  it  is  observable  in  the  classical  limit.  In  the  above  equation 
$c  is  factorized  with  respect  to  the  CM  motion  and  the  internal  ones  as  = $c(/2)^((/5„J).  Since 
E have  the  freedom  of  the  order  of  0(h),  the  general  expression  for  the  internal  motions  is 

given  as  <f>([CL (Ik))];  \p\)  = Y!l=o  E£=o  * * ££= o ■ • 6£n=li n,L  Cr(W)  FI~=i  0/„(pn),  of  which  energy 
expectation  value  is  obtained  as 

= I , !».£■  \CL([ln))\*tL  ~ 0(h).  (9) 

£=0Jl=0  ir,=0 

We  can  derive  the  equation  for  the  CM  motions  by  operating  the  internal  trace  operation  repre- 
sented by  the  partial  trace  operation  for  all  the  internal  variables  (vp),  that  is, 

< *([ CxUU)];  b))>  H*c(R,  j p])  ><nterwl=  ( Hr  + A E)*C(R)  Hr*c(R).  (10) 


As  was  shown  in  Ref.s[3,4),  it  is  required  for  us  to  solve  the  equation  only  in  the  classical 
region  satisfying  stmaer0(E-^,E-  V (R))  G R+.  In  order  to  obtain  stationary  states  represented  by 
4>f*(/?)  = NftW(R'>/ht  where  AT  denotes  the  normalization  constant,  we  can  reduce  the  Schroedinger 
equation  to  that  for  W(R)  as  fcWro  5]g(^)2  + \KR 2 - (E  - A E).  This  equation  has 

already  solved  in  Ref.s  3 and  4 and  is  given  in  the  classical  region  as 

W(R)  « wSac(R)  + i«iln(«£A£(rt)),  (11) 


where  WrfA£(fi)  = Ja  J2M(E  - AE -V(R’)iR!,  u£'AE(fl)  = fiiii  {E  - AE  - V(fi))  and 

V(R)  — \KR2-  In  the  non-classical  region  we  may  take  = 0.  (In  details  for  the  deriva- 
tion of  and  their  orthogonality,  see  Ref.s[3,4).)  It  should  be  stressed  that  pc  = |4»ffi|2  in  the 
classical  limit  gives  the  exact  distribution  for  the  ensemble  of  the  particles  moving  in  the  potential 
V(H),  which  is  expected  from  classical  mechanics. 


4.  Decoherence  mechanism  of  ultra-eigenfunctions 

As  was  shown  in  the  last  section,  the  most  general  expression  of  the  ultra-eigenfunctions  has 
the  (Cj,  ((!„])] -dependence.  Through  the  observations  of  classical  quantities  written  only  by  the 
CM(center  of  mass)  variables,  we  can  not  fix  the  coefficients  [Cx((ln])]  at  all.  In  other  words 
the  CM  energy  is  determined  only  within  the  error  Af?([Ct([fn])]),  for  which  only  the  constraint 
sfm«ero(A£([C£,((/n])]))  = 0 is  required.  Therefore,  we  may  introduce  integration  procedures 
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with  respect  to  the  coefficients  [Cr,((/n])l  in  order  to  take  off  the  apparent  dependence  on  those 
unobservable  parameters  in  the  density  matrices.  It  should  be  stressed  that  this  integration  stands 
for  the  average  over  undetermined  energy  uncertainties  A E and  then  it  has  well-defined  physical 
meaning  and  its  introduction  is  not  ad  hoc.  Let  us  study  this  situation  in  the  density  matrix  for  the 
following  f iperposed  state  of  two  ultra-eigenfunctions  with  different  energies,  stmacto(E  — E')  ^ 0, 
qE.E'-.AE  _ c£^f  A£  + cr****,  where  |c£|2  + |c£*|2  = 1.  The  density  matrix  is  given  by 


of'***  = M 


Vf'E'A£  + MaP?PAE  + + h.C-). 


(12) 


In  order  to  obtain  the  density  matrix  for  the  CM  motions  which  is  independent  of  the  coef- 
ficients, we  introduce  the  integrations  with  respect  to  the  undetermined  complex  coefficients 
lQ.([fn))).  The  number  of  the  coefficients  is  counted  as  W = ^2^i0W(N,L),  where  W(N,L) 
is  the  number  of  the  different  combinations  for  [/„).  The  multiplicity  W is  same  as  that  of  the 
equivalent  internal  wave-functions  $t.([Znj)-  Then  we  can  rewrite  the  internal  state  0([C£([Z„])]) 
as  <f>(I\  [p»])  = T!iL\  Ci4>i{[pn]),  where  (C/j  = {Cj , Ca,  • • •,  C# ) are  the  new  coefficients  and  <f>i([p)) 
stands  for  the  internal  wave-function  corresponding  to  the  number  /.  Of  course,  they  satisfy  the 
relation  < <t>i,4>v  >=  The  energy  expectation  value  is  rewritten  by  AE(\Ci))  = Yl'jLi  |C/|2c/. 
Using  these  coefficients,  we  can  write  the  integrations  with  respect  to  [C/]  as  follows; 

= n / <rC,3(C,)p?eAe,  (13) 


where  / dPCj  stands  for  the  integrals  with  respect  to  the  real  and  imaginary  parts  of  C/  and  Q(Cj) 
is  the  metric  function  for  Cj  satisfying  the  condition  stnVMTO(n/=i  / i*9(Ci)  Er=i  |C/<|2)  = 1 so  as 
to  derive  the  normalization  condition  stmaa-o  (TV(pf,E'))  = 1.  Since  the  metric  should  not  depend 
on  the  phases  of  C/,  we  take  as  G(Ci)  - ~ G(\Cj\ ) > 0. 

In  the  density  matrix  the  integrations  are  written  down  as  follows; 


I J /' 


NENE '• 


y/u^AE(R)u^AE'(R) 

where  A E = 51/-  |C;<|2f/'  and  A E*  = 5 Zi»  |C/«|2c/».  The  diagonal  term  with  E = E"  is  written  as 


! 2*  J J,  J,  /M?4/( 


AE(«)ufA£,(fi) 


(14) 
;n  as 

(15) 


The  second  term  becomes  zero  because  of  the  integrations  with  respect  to  the  phases  of  Ci  = 
IC/le*'  from  zero  to  2k.  Then  we  can  evaluate  the  diagonal  term  as 


Nl 


= n / rf|c'/»a(|e/|)E  |C’/'l2l0/'l2]^k# 


■{R) 


(16) 


Now  let  us  estimate  the  interference  terms.  Taking  into  account  that  differences  with  the  older 
0(h)  having  no  contribution  in  the  stmacro-  operation  are  allowed  in  e expression  of  Of  (R)  and 
also  the  order  of  the  error  A E is  0(h) , we  can  use  the  following  equivalent  expression  for  WE,AE(R) 
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in  the  classical  region  0 < stmaa-oiE-  V(/2))  e Ti+\  WE,AE(R)  f^macro  fR  yf2M{E  — V(R!))dtf— 
iAE(|C/|)  fR  yj E3$lk>)dR • Then  we  can  write  the  off-diagonal  term  as 

t •jEiCtE'* 

/ y /'  /"  y/u%(R)u%  (R) 

x e~i  5-,'  y \ («>— ivjf' (|/>])<^/«([/>])* , (17) 

where  u&Z?)  = J2M(E  - V(R)),  Wjf(R)  = fR  y/2M(E  - V(R')),  f(E\  R)  = JR  y/^^dR! 

and  uE'AE(R)  ^maa-o  uE(R)  are  used.  As  same  as  the  second  term  of  the  diagonal  elements,  the 
terms  with  /'  £ I"  disappear  by  the  integrations  over  the  phases  of  C/s.  The  remaining  terms 
with  /'  = /"  include  the  following  integrals  with  respect  to  |C/|s; 

tV 

n /<i|C,i5(|C,|)ei'“'lc'l,j;|C/.|J,  (18) 

1=1  J I' 

where  a/  = — j(/(E;i?)  — /(£?;  /?))(*;  56  0 in  the  classical  region.  The  normalization  can  be 

rewritten  as  £$!,(<  |<7/-|2  > n)^/'  < 1 >)  = (<  1 >*-1)(£jLi  < |Cj'|2  >)  — 1,  where 

< Ai  >=  / d\Ci\Q(\Cj\)Ai.  Taking  into  account  that  this  equation  must  be  satisfied  for  arbitrary 
number  of  W € N , it  is  reasonable  to  impose  the  following  relations  Y^=i  < \^r\2  >=  1 and 

< 1 >=  1.  We  obtain  the  relations  qj  = | < e*/o,'c,'a  > | < <1  >=  1 and  j < 

|C’/.|V/'°''lc''la  > | < Er=l  < | C/f  >=  1 because  of  €7(101)  > 0 and  Va7  ^ 0 and  96  0 for 

v7  € M in  the  classical  region.  We  estimate  the  integrations  as 

| £(<  > n < eu“'|c'1’  >)l  < *W.  o,  (19) 

where  qmax  denotes  the  maximum  number  among  qjs  and  the  last  equality  is  derived  from  the 
fact  that  qmax  < 1 and  W goes  to  infinity  in  the  macroscopic  limit.  ^From  the  above  result  we 
know  that  the  magnitudes  of  the  off-diagonal  terms  in  pf 1 e are  infinitesimal  and  the  contributions 
from  the  off-diagonal  terms  are  always  infinitesimal  in  the  evaluation  of  expectation  values  for  all 
operators  ( O ) which  are  written  only  in  terms  of  the  CM  variables.  (In  details,  see  Ref.5.) 

5.  Remarks 

There  is  no  space  enough  to  explain  the  coherent  states  reproducing  the  classical  trajectories 
of  the  CM  motions.We  may  conclude  that  the  quatum  states  of  macroscopic  objects  are  well 
described  in  terms  of  the  ultra-eigenfunctions  of  quantum  mechanics  on  nonstandard  spaces.  15] 
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Abstr?»ct 

This  paper  discusses  a physical  meaning  of  the  standard  quantum  limit  (SQL)  in  quantum 
decision  theory.  It  will  be  shown  that  a necessary  condition  for  overcoming  the  SQL  is 
quantum  interference. 


1 Introduction 

The  problem  of  finding  the  best  quantum  measurement  process  in  order  to  distinguish  quantum 
states  is  called  quantum  decision  theory  which  was  devised  extensively  by  Helstrom,  Yuen  and 
Holevo  as  quantum  aspect  of  communication  theory.  In  this  theory,  the  measurement  process  is 
treated  as  a black  box,  and  it  is  described  by  a probability  operator  measure  as  a simple  math- 
ematical generalization  of  the  Born  statistical  postulate^].  The  discrimination  among  quantum 
states  is  one  of  the  interest  ing  topics  in  quantum  optics  and  related  fields,  because  they  require 
the  control  of  the  quantum  measurement  process  to  find  better  measurement  apparatus.  So  it 
is  interesting  to  clarify  the  relation  between  the  abstract  description  of  quantum  measurement 
processes  and  its  physical  correspondence. 

Recently,  Usuda  and  Hirota|2]  pointed  out  that  the  performance  of  the  decision  error  probability 
for  binary  pure  state  signals  can  be  improved  by  means  of  received  quantum  state  control  con- 
sisting of  the  Kerr  medium  and  the  conventional  homodyne  system.  Then  Sasaki,  Usuda,  and 
Hirota[3]  verified  that  the  improvement  of  the  performance  is  caused  by  quantum  inti:',  ence 
effect.  Thus,  quantum  decision  theory  has  predicted  a possibility  of  overcoming  the  standard 
quantum  limit.  However,  we  have  not  yet  understood  what  it  means  in  general.  We  shall  clarify 
in  the  present  paper  the  physical  meaning  of  the  improvement  of  the  decision  error  probability  by 
control  of  the  quantum  measurement  process. 

2 Quantum  interference 

According  to  che  quantum  mechanics,  any  state  vector  represents  a realizable  physical  state.  When 
ihe  state  is  represented  by  a linear  superposition,  we  can  find  the  quantum  interfeience  between 
the  superposed  states  as  follows: 
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(!) 


.vi<xi(i*,;  x i*j))i2 

= W|l(xi*1>!!  + IM*)!’  + 2Re{(x|»,)(x|ft)'H , 

where  N is  a normalization  constant.  The  third  term  represents  the  quantum  interference.  This 
corresponds  to  the  facv  that  the  quantum  probability  is  affected  by  off-diagonal  elements  of  the 
density  operator  of  a coherent  superposition  state.  On  the  otter  hand,  in  the  quantum  measure- 
ment process,  if  the  measurement  process  itself  generates  the  superposition  effect  from  a standard 
basis 


Af|<(y|  + («vl)i*)la  ,,, 

= A'll(yl*>|2  + l(«yl*)|J  + 2Re{{y|!f'K«yUP')'}| , ' ' 

then  the  resulting  interference  term  represents  the  macroscopic  quantum  interference  effect  by  the 
quantum  measurement  itself.  Here  the  macroscopic  means  that  the  interference  term  is  clearly 
observed. 

3 Decision  problem  for  quantum  states 

We  first  give  a brief  survey  of  quantum  decision  theory.  The  theory  is  formulated  on  the  basis  of 
the  quantum  probability  describing  the  quantum  measurement  processes.  According  to  quantum 
probability  theory,  measurement  processes  can  be  classified  as  standard  and  generalized  processes. 
The  standard  quantum  measurement  process  is  described  by  the  spectral  theorem  of  von  Neumann 
as  follows: 


(A|i>  ^ x\x, 
p{x)dx  = TYp|x)  (x|dx , 


(3) 


where  p:  density  operator,  A:  observable  in  the  quantum  system. 

Any  observable  A and  state  p induce  a mapping  from  a quantum  state  to  a classical  probability 
measure.  On  the  other  hand,  the  generalized  quantum  measurement  process  is  described  by  the 
probability  operator  measure  (POM)  dfl(x)  which  satisfies  to  the  following  oonditions[l]: 


I = j dfl{x)  and  dfl(x)  > 0 . (4) 

In  general,  d77(x)  is  not  a projection-valued  measure  (PVM).  Then  the  measurement  probability 
is  given  by 


p(x)dx  = Trpdfl(x) . 

Based  on  the  above  formulas,  one  can  define  the  decision  operator  for  decision  among  the  quantum 
states.  Let  {/>*}  be  ^ set  of  quantum  states  representing  M signals.  The  probability  of  decision  is 

P(j\i)  = Ttpiflj  i,jeM , (5) 

where  fl}  is  called  the  decision  operator.  This  is  a probability  operator  measure  (POM)  as  follows: 
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i = ^2  flj  and  flj  > 0 . 


(6) 


This  is  the  discrete  case  of  the  generalized  resolution  of  identity:  Eq(4).  The  optimization  in  the 
quantum  decision  problem  is  formulated  as  follows: 


°e  — min  1 1 — Y' 

<**>l  T 


R.=  m,n(l-£S/IV(,>,77,)J  (7) 

If  the  decision  operators  consist  of  PVM  of  the  signal  observable  given  by  a specific  basis, 


sql)  = f fj(x4)\x){x\dx 
A»(sql)  = I and  f7,( sql)  > 0 , 


(8) 


where  Jj(x <j)  is  a Wald’s  decision  function,  then  they  are  called  the  standard  decision  operators[4). 
In  this  case,  the  optimization  is  only  for  Wald’s  decision  function,  and  we  do  not  need  quantum 
decision  theory.  Decision  operator  based  on  different  observations  of  the  signal  is  called  “gener- 
alized decision  operator.”  In  this  general  case,  the  role  of  decision  and  measurement  process  is 
embedded  into  a decision  operator,  and  we  do  not  separate  out  an  observable.  In  general,  we  have 
PVM  or  POM.  The  whole  process  is  treated  as  a black  box,  and  this  is  called  Helstrom-Holevo 
formal  ism[lj. 


4 Standard  quantum  limit  in  decision  theory 

Here  we  give  the  definition  of  the  standard  quantum  limit.  Suppose  we  fix  a single  signal  observable 
and  generate  the  M different  signals  with  different  quantum  state.  Basically,  modulation  scheme 
will  be  set  as  such  a way.  Minimum  error  probability  based  on  the  standard  decision  operator  of  the 
signal  observable  will  be  called  the  Standard  Quantum  Limit  (SQL)[4).  If  the  signal  observable  is  a 
set  of  non-commuting  observables,  then  the  minimum  error  probability  based  on  the  simultaneous 
measurement  for  such  non-commuting  observables  is  called  the  SQL.  Or  it  is  equivalent  to  that 
based  on  standard  decision  operator  on  the  Naimark  extension  space.  In  this  case,  the  standard 
decision  operator  is  constructed  by  PVM  of  corresponding  signal  observables  on  the  extended 
space. 

Our  definition  is  convenient  to  evaluate  how  new  scheme  is  different  from  it  as  conventional  one 
in  the  measurement  process.  In  this  definition,  signal  quantum  state  does  not  play  so  important 
role.  We  emphasize  that  the  SQL  is  given  for  each  system  with  various  quantum  states. 

Let  us  give  some  examples.  For  a single  observable,  the  binary  PSK  with  coherent  states  is  a 
typical  example.  In  this  case,  the  signal  observable  corresponds  to  the  quadrature  amplitude  Xc 
or  Xa.  The  SQL  is  given  by  a homodyne  receiver  corresponding  to  |xc)(zc|  or  |x,)(x.|.  However, 
if  we  send  more  than  two  classical  phase  informs '.ion  of  light  wave,  for  instance,  ternary  PSK  and 
quartemary  PSK,  then  the  SQL  is  given  by  a heterodyne  receiver  or  an  optical  costas-loop  system 
based  on  homodyne.  When  the  quantum  state  is  squeezed  state,  the  SQL  is  for  the  squeezed 
state.  But  the  measurement  process  which  give  the  SQL  is  the  same  homodyne  receiver.  So  we 
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say  the  SQL  is  for  a system  with  squeezed  state.  If  the  state  for  the  fixed  modulation  scheme  is 
different,  we  will  say  it  is  the  SQL  for  that  state.  Our  problem  is  that  when  the  signal  observable 
or  modulation  signal  is  prepared,  by  controlling  the  measurement  process  we  get  performance 
better  than  expected  in  classical  communication  theory.  Here  we  are  concerned  with  the  physical 
meaning  of  overcoming  the  SQL.  We  would  prove  the  next  conjecture: 

*7n  order  to  overcome  the  SQL,  the  quantum  interference  effect  by  the  quantum  measurement 
process  is  necessary.  ” 

The  proof  is  following:  The  SQL  average  error  probability  is 


P* SQL)  = 1 - 53C|TV(p»A;( SQL))  • (9) 

j 

Here,  from  Eq(8),  the  SQL  means  bounds  when  quantum  fluctuation  can  be  treated  as  a classical 
noise  and  a classical  decision  theory  is  applied  to  them.  As  a result,  a generation  of  a quantum 
effect  is  required  by  different  measurements  to  get  result  better  than  the  SQL.  To  overcome  the 
SQL,  for  Pe  < sql),  one  has 


SQL)  - flj)  < 0 . (10) 

j 

Since  the  decision  operators  can  involve  a classical  effect,  we  should  choose  operators  representing 
a quantum  effect  from  the  various  measurement  schemes.  From  this  point,  to  choose  the  different 
schemes  from  the  standard  decision  process,  which  give  a quantum  effect,  has  a possibility  to 
bring  a result  better  than  the  SQL.  That  is,  we  can  say  that  the  quantum  effect  which  does  not 
have  classical  interpretation  is  an  essential  requirement  to  overcome  the  SQL.  However  it  is  clear 
that  the  different  measurement  schemes  from  the  standard  do  not  mean  better  measurements. 
^From  now  on,  we  discuss  what  kind  of  quantum  effect  is  necessary.  If  f/7,-,  f7j(SQL)1  = 0,  then 

*•  * A 

rij  can  be  represented  by  the  same  PVM  as  the  signal  observable.  Since  II^sql)  is  the  optimum 
among  the  class  of  decision  operators  consisting  of  the  PVM  of  the  signal  observable,  we  require 
|/7j,77j(SQL)]  ^ 0 to  overcome  the  SQL.  The  detail  logic  of  the  proof  was  given  by  Ban[5].  We 
check  physical  meaning  of  the  above  statement.  Let  us  discuss  here  only  case  that  the  signal 
observable  is  a single  one  and  the  non-commutativity  of  standard  decision  operators  mid  new 
operators  can  be  described  by  applying  a certain  unitary  operator  as  follows: 


77i  = 0^  fil{SQL)U  , 
fl 2 = OU^sqdO  . 

Here  we  require  from  Ban’s  result 


(11) 


[0^nj{SQt)U  , I7>(sql)]  / 0 . (12) 

It  means  that  U must  be  generated  by  operators  which  do  not  commute  with  the  signal  observable 
and  also  commutation  relation  of  the  generator  of  U and  A is  not  c-number.  The  unitary  operator 
is  represented  from  Stone’s  theorem  by 
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Then 


0 = J exp[iy(y)jd£(y)  = f K{y)dE(y) . 


(13) 


E?  — f .M^d) 

= / /a(x d) 
where  h{x,y)  = (x|y). 

If  we  want  to  overcome  the  SQL,  at  least  each  term  of  error  probabilities  must  satisfy  the  following 
inequality: 


/ tf’(y)(y|z}<ij/ly)  J /<’(y)(x|y)(y|dyjdx 
/ K' (y)h' (x,y)dy\y)  J K'(y)h(i,y)(y|dyJ  dx , 


and 


(tM^IV'l)  — (^'l!^^2(SQL)LrlV,l) 


= / h(x d) 

< J hM 

= J f2(xd)\{x\ipi)\2dx . 


J ^(y)^(*,y)(yl^i>dy|  dx 

/ M^.y)(ylV'i)dy 


dx 


nl{SQL)U\ih) 


= / /i(*d) 

/ /l(Xd) 


= J /i(xd)|(*hM|adx. 


J K {y)h{x , y) (y| V’2)dy|  dx 
j h,(x,y)(y\ip2)dy\  dx 


(15) 


(16) 


These  inequalities  are  the  requirement  for  the  new  decision  process  to  get  below  the  SQL.  We  can 
see  [iytj7j(SQL)t)  , %SQL)]  ^ 0 in  order  to  obtain  the  error  probability  below  the  SQL,  because 
if  it  is  commutative  operator,  the  inequality  becomes  inverse.  Thus  the  requirement  to  be  the 
non-commutativity  is  clear.  Furthermore,  in  order  to  hold  the  inequalities,  the  probability  of  the 
overlapped  region  of  the  both  signals  must  be  reduced.  It  is  possible  by  only  quantum  interference 
effect  (see  Ref.[6]).  The  / K(y)h(x,y)(y\ipi)dy  in  Eq(15)  is,  in  general,  regarded  as  the  superpo- 
sition on  the  coordinate  of  y.  The  superposition  has  a potential  to  give  a quantum  interference, 
because  this  corresponds  to  Eq(2).  By  the  square  of  the  absolute  value  of  the  above  term,  the 
modified  measurement  probability  of  the  original  probability:  KV'ilx))2  based  on  the  quantum  in- 
terference may  be  obtained.  We  can  easily  understand,  however,  that  even  if  the  decision  operator 
is  non-commuting  with  /7,{sql),  we  cannot  always  obtain  the  macroscopic  quantum  interference. 
For  example,  even  if  {xandy}  are  physical  quantities  with  non  c-number  commutator,  it  does  not 
always  give  the  macroscopic  quantum  interference  which  shows  reduction  and  increase  of  prob- 
ability on  the  standard  basis.  That  is,  it  sometimes  provides  only  a kind  of  transformation  of 
function.  In  this  case,  we  have  no  hope  to  overcome  the  SQL.  This  means  that  v.e  must  find  a 
decision  operator  which  gives  the  macroscopic  quantum  interference  from  non-commuting  decision 
operators. 
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5 Conclusions 

We  have  clarified  the  followings: 

1.  The  physical  meaning  of  the  SQL  is  given. 

2.  To  overcome  the  SQL  is  caused  by  the  quantum  interference  effect  in  the  quantum  measure- 
ment process. 

3.  A physical  meaning  of  the  POM  involves  the  quantum  interference  in  the  quantum  mea- 
surement process,  though  it  has  been  regarded  as  unsharp  measurements  like  the  random 
decision,  convolution  effect  or  cross  correlation  effect  with  other  uncertainty[7,  8). 
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Abstract 

The  optimum  measurement  processes  are  represented  as  the  optimum  detection  operators 
in  the  quantum  detection  theory.  The  error  probability  by  the  optimum  detection  operators 
goes  beyond  the  standard  quantum  limit  automatically.  However  the  optimum  detection 
operators  are  given  by  pure  mathematical  descriptions.  In  order  to  realize  a communication 
system  overcoming  the  standard  quantum  limit,  we  try  to  give  the  physical  meanings  of  the 
optimum  detection  operators. 


1 Introduction 

The  purpose  of  the  quantum  detection  theory  is  to  realize  a communication  system  with  its 
performance  overcoming  the  standard  quantum  limit  (SQL).  Standard  quantum  limit  is  often 
referred  as  a detection  limit  achieved  by  classical  detection  theory,  so  that  overcoming  the  SQL 
is  purely  quantum  mechanical  effect.  To  go  beyond  the  SQL,  the  quantum  measurement  process 
must  be  generalized  to  the  probability-operator  measure  (POM)  [1,  2].  The  optimization  of 
the  POM  to  minimize  an  error  probability  results  in  “the  optimum  detection  operator”  which 
expresses  not  only  a measurement  process  but  also  a decision  process.  However  the  optimum 
detection  operator  works  as  a mapping  from  a signal  quantum  state  to  a decision  result,  so  that 
its  physical  meaning  is  not  evident.  In  order  to  realize  a communication  system  whose  detection 
performance  is  quantum  mechanically  optimum,  investigations  into  the  physical  meanings  of  the 
optimum  detection  operators  are  indispensable. 

Recently  we  have  derived  some  analytical  solutions  of  the  optimum  detection  operators  and  our 
group  gave  the  physical  example  overcoming  the  SQL  by  means  of  the  quantum  interference 
(3,  4,  5].  In  this  paper  we  would  like  to  interpret  the  physical  meaning  of  the  optimum  detection 
operators  as  the  quantum  interference. 

2 Summary  of  Quantum  Detection  Theory 

The  significance  of  the  quantum  detection  theory  is  the  prediction  of  a receiver  whose  signal 
detection  performance  is  superior  to  the  conventional  ones  optimized  by  the  classical  detection 
theory.  The  bound  between  the  quantum  and  classical  detection  theories  is  well-known  as  “the 
standard  quantum  limit:  SQL”  which  is  rigorously  defined  as  follows: [6) 
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Definition.  1 

Standard  quantum  limit  is  defined  as  the  minimum  error  probability  achieved  by  the  quantum 
measurement  based  on  the  orthonormal  spectrum  measure  of  the  signal  observable. 

Namely,  the  SQL  can  be  obtained  by  quantum  mechanical  re-description  of  the  conventional  mea- 
surement processes  with  the  optimum  decision  rule.  To  go  beyond  this  limit,  signal  measurement 
processes  must  be  generalized  quantum  mechanically.  The  generalized  measurement  process  is 
represented  by  the  probability-  operator  measure  (POM),  flj,  which  is  a non-  negative  Hermitian 
operator  satisfying  the  resolution  of  identity. 


flj  = fl)  > 0, 

(1) 

M 

Zn>  = >- 

)= i 

(2) 

Because  of  the  resolution  of  identity,  POM  can  include  the  meaning  of  a decision  process  and  such 
a POM  is  called  “a  detection  operator.”  Therefore,  the  measurement  of  a signal  quantum  state, 
Pi,  by  a detection  operator,  flj,  gives  a conditional  probability,  P(j\i),  as  follows: 


P(j\i)  = T \piflj. 


(3) 


This  probability  represents  the  signal  decision  probability  to  be  lj'  while  the  received  signal  is  ‘i’. 
The  error  probability  is  also  given  by  signal  quantum  states  and  detection  operators. 

ft  = i - E&nw  = i - <«) 

isl  i=  1 


where  & is  a prior-probability  for  i-th  signal. 

The  quantum  detection  theory  is  the  optimization  theory  for  these  detection  operators  to 
minimize  the  above  error  probability.  There  are  several  formulae  to  find  the  optimum  detection 
operators.  For  example,  necessary  and  sufficient  condition  for  the  optimum  detection  operators 
based  on  the  quantum  minimax  strategy  is  as  follows  (7]: 


Trflip,  = TrfljpjyiJ,  (5) 

Pj  1 ijPi  ~ iiPi\  Pi  = 0 , Vi,  j,  (6) 

r - iipi  > 0,v»,  (7) 

A 

where  f is  called  “the  Lagrange  operator”  defined  by 

M M 

<8) 

»=i  »=i 


A solution  of  the  above  formula  goes  beyond  the  SQL  automatically.  The  practical  derivation  of 
the  optimum  detection  operators  has  been  carried  out  for  some  signal  sets  consisting  of  linearly 
independent  quantum  states  [3].  In  the  derivation  process,  the  following  Lemma  by  Kennedy  plays 
an  important  role  [1,8]. 


314 


Lemma 

When  the  signal  quantum  states  are  linearly  independent,  the  optimum  POM  for  the  error  prob- 
ability is  indeed  projection-valued. 

Therefore  in  the  cases  of  the  quantum  signal  sets  with  pure  states,  the  optimum  detection  operators 
are  orthogonal  projectors  on  the  signal  space. 

flj  - \u)j){u)j\  and  (u^)  = (9) 


where  |cjj)  is  called  “a  measurement  state.”  Since  the  measurement  states  are  the  orthononnal 
bases  in  the  signal  space,  signal  quantum  states,  \ipi)  : ( pi  — |i/>l)(^,|),  can  be  represented  by 
measurement  states. 

I V'»)  = Exnk),  (10) 

>=> 

where  x#  is  a parameter  defined  by 

Xji  = (u>j\i>i).  (11) 

Then  it  is  possible  to  represent  the  relation  between  the  signal  quantum  states  and  the  measure- 
ment states  in  the  matrix  form. 


l^!> 

Xu  ■ 

‘ Xmi 

■ M ■ 

. W’m)  . 

. X\M  ■ 

• XMM 

. Wm)  . 

Inversely,  the  measurement  states  can  be  represented  by  signal  quantum  states. 


k’t) 

' M ' 

= M’1 

* 

. \M  . 

(12) 


(13) 


Hence  the  problems  for  the  optimum  detection  operators,  Eqs.(5-7),  are  turned  into  Lire  a g hraic 
equations  for  parameters  {xJt}. 

As  an  example,  let  us  consider  the  Binary  Phase  Shift  Keyed  (BPSK)  signal  with  coherent 
states.  The  signal  quantum  states  are  given  by  |^i)  = |a),  |t/>2)  = | - a).  The  optimum  detection 
operators  can  be  obtained  as  follows  [3j: 

= 2(CT)  {(*  + ^ 1 ~ k2)  laXal  + 0 “ ~ k2)  I “ aH_Ql 

-K(|Q)(-a|  + |-Q)<Q|)}, 

i (14) 

^2=2TI^j  {(i  — >/l  k5)  |q)(q|  + (l  + Vl  - k2)  | -a)(-o| 

-«(|Q)(-a|  + |-a>(Q|)}. 


The  measurements  by  these  optimum  detection  operators  show  the  error  probability  going  far 
beyond  the  SQL.  These  optimum  detection  operators  look  like  the  Schrodinger  Cat  states  (9) 
consisting  of  the  signal  quantum  states,  |a)  and  | - a),  so  that  the  quantum  interference  may  be 
occurred  there. 
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In  general  cases,  the  optimum  detection  operator  can  be  also  represented  by  a coherent  super- 
position state  with  signal  quantum  states  from  Eq.(13). 

flj  = |w,)to|  = 5151  (15) 

fc=l 7=1 

where  tji  is  an  element  of  a matrix  [£,,]  representing  the  inverse  matrix  1 . The  conditional 
probability  given  in  Eq.(3)  becomes 

P{j\i)  = Trpiflj 

= It  £ <,*<;, i«<*m  (16) 

= Wii  (e  i*>- 

Here  we  can  see  the  off-diagonal  elements  generated  from  the  optimum  detection  operator.  Then 
there  is  a question  “Can  we  regard  this  measurement  process  as  a quantum  interference  by  exis- 
tence of  these  off-diagonal  elements?”  According  to  the  general  sense  of  the  quantum  interference 
off-  diagonal  elements  should  be  generated  from  a density  operator  representing  a signal  quantum 
state.  Hence  in  the  following  sections,  we  verify  whether  the  optimum  detection  process  can  be 
interpreted  as  a quantum  interference. 

3 Quantum  Interference 

To  specify  what  is  the  quantum  interference,  we  follow  the  conventional  definition  [10] 
Definition.2 

When  the  quantum  probability  is  affected  by  the  off-diagonal  elements  of  a density  operator 
representation  of  some  coherent  superposition  state,  it  is  called  the  quantum  interference. 

In  detail,  a coherent  superposition  state  is  represented  by 

W = (17) 

T» 

where  kn  is  a normalization  constant.  Then  its  density  operator  representation  is  as  follows: 

P = IV'XV'I  = (18) 

m n 

The  quantum  probability  obtained  by  a certain  measurement,  d E(x),  results  in 

p(x)  = TtpdE{x)  = TV£  E^|An)(0„|dF(x).  (19) 

m n 

When  the  off-diagonal  elements  remain  in  the  quantum  probability,  it  is  called  “a  quantum  inter- 
ference,” where  the  off-diagonal  elements  are  given  in  the  form 

TV|0m)<0n|d£(x)  7717*71.  (20) 
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Therefore  the  quantum  interference  can  be  in  sight  by  existence  of  the  ofT-diagonal  elements 
from  a density  operator.  In  the  case  of  the  optimum  detection  operators,  however,  the  off-diagonal 
elements  are  generated  from  a measurement  process  as  itself.  If  the  notations  of  density  operators 
and  the  optimum  detection  operators  can  be  exchange,  then  we  can  interpret  that  the  physical 
meaning  of  the  optimum  detection  operator  is  the  quantum  interference. 


4 Density  Operators  and  the  Optimum  Detection  Oper- 
ators 


The  conditions  for  an  operator  to  be  the  optimum  detection  operator  are  as  follows  [lj: 

1.  Non-negative  Hermitian  operator  (condition  to  be  POM). 

77  = /7t  > 0.  (21) 


2.  Projection  on  the  signal  space  (after  Kennedy’s  Lemma). 

772  = 77,  and  Trfl  = 1.  (22) 


On  the  other  hand,  the  features  of  density  operators  are  [11) 
1.  Non-negative  Hermitian  operator. 

p = pt  > o. 


2.  TVace  is  equal  to  unit. 


TYp=  1. 


(23) 

(24) 


As  a result,  it  is  possible  to  exchange  the  notations  of  the  optimum  detection  operators  and  density 
operators. 


f P«  =>  77*, 
1 ^ =*  Pi- 


(25) 


Applying  this  operation  to  the  conditional  probability  in  Eq.(16), 


p 010 


Trp.n, 

Tr/7,p; 


Tr 


j i </'.). 


M M 

E E tjkt)t\4>k){ipt\ 

k=ll=l 


(26) 


we  can  say  that  the  above  conditional  probability  contains  the  off-  diagonal  elements  from  the 
density  operator,  py  Hence  we  can  say  that  the  optimum  detection  process  generates  the  quantum 
interference.  In  other  words,  when  the  error  probability  by  the  optimum  detection  goes  beyond 
the  SQL  automatically,  the  quantum  interference  is  also  used  there  automatically.  The  optimum 
measurement  state  plays  an  equivalent  role  of  the  Schrodinger  Cat  state  as  itself. 
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5 Conclusions 


The  physical  interpretation  of  the  optimum  detection  operator  which  represents  the  optimum 
measurement  process  has  been  investigated.  It  is  the  quantum  interference  caused  by  the  optimum 
detection  operator  as  itself.  Because  the  optimum  detection  operator  is  represented  by  a coherent 
superposition  state  consisting  of  signal  quantum  states.  While  this  result  is  derived  under  the 
restriction  that  signal  quantum  states  are  linearly  independent,  we  assume  that  any  optimum 
detection  operator  generates  the  quantum  interference  as  itself  and  uses  it  as  much  as  possible  to 
reduce  the  error  probability. 
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Abstract 

We  analyze  a modified  version  of  the  “AgBr”  Hamiltonian,  solve  exactly  the  equations 
of  motion  in  terms  of  SU(2)  coherent  states,  and  study  the  weak-coupling,  macroscopic  limit 
of  the  model,  obtaining  an  exponential  behavior  at  all  times.  The  asymptote  dominance 
of  the  exponential  behavior  is  representative  of  a purely  stochastic  evolution  and  can  be 
derived  quantum  mechanically  in  the  so-called  van  Hove’s  limit  (which  is  a weak-coupling, 
macroscopic  limit).  At  the  same  time,  a temporal  behavior  of  the  exponential  type,  yielding 
a “probability  dissipation”  is  closely  related  to  dephasing  (“decoherence”)  effects  and  one 
can  expect  a close  connection  with  a dissipative  and  irreversible  behavior.  We  stress  the 
central  relevance  of  the  problem  of  dissipation  to  the  quantum  measurement  theory  and  to 
the  general  topic  of  decoherence. 


1 Introduction 

Decoherence  and  dephasing  have  become  very  important  concepts  in  quantum  theory.  Because 
‘decoherence’  technically  means  the  elimination  of  the  off-diagonal  elements  of  the  density  matrix, 
a system  described  by  such  a diagonal  density  matrix  should  exhibit  a purely  stochastic  behavior 
and  we  naturally  expect  a close  connection  with  a dissipative  and  irreversible  behavior. 

On  the  other  ha  d,  the  temporal  evolution  of  a quantum  mechanical  system,  initially  prepared 
in  an  eigenstate  of  the  unperturbed  Hamiltonian,  is  known  to  be  roughly  characterized  by  three 
distinct  regions:  A Gaussian  behavior  at  short  times,  a Breit-Wigner  exponential  decay  at  inter- 
mediate times,  and  a power  law  at  long  times  (1].  It  is  well  known  that  the  asymptotic  dominance 
of  the  exponential  behavior  is  representative  of  a purely  stochastic  evolution  and  can  be  derived 
quantum  mechanically  in  the  weak-coupling,  macroscopic  limit  (the  so-called  van  Hove’s  limit)  [2J. 
One  ina}  expect  a close  connection  between  dissipation  and  exponential  decay.  Such  a connection 
has  been  recently  emphasized  by  Leggett  [3j.  The  Gaussian  short-time  behavior  is  in  itself  of 
particular  significance  due,  in  particular,  to  the  so-called  quantum  Zeno  effect  [4,  5]. 
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In  Ihis  note,  an  exponential  behavior  at  all  times  is  derived  for  a solvable  dynamical  model 
(6,  7|  in  the  weak-coupling,  macroscopic  lir-  [8].  We  shall  emphasize  the  important  role  played 
by  van  Hove’s  diagonal  singularity  in  the  present  model,  together  with  the  central  relevance  of 
the  problem  of  dissipation  to  the  quantum  measurement  theory  [9|  and  to  the  general  topic  of 
decoherence  (10).  The  piesent  derivation  of  the  exponential  behavior  differs  from  the  one  given  in 
Ref.  [8],  in  that  no  use  is  made  of  scaled  variables. 

A temporal  behavior  of  the  exponential  type,  yielding  a “probability  dissipation”  is  closely 
related  to  dephasing  effects  and  is  a rather  common  feature  of  the  interaction  between  microscopic 
and  macroscopic  systems.  In  this  context,  the  present  model  is  very  interesting,  because  the 
measurement  process  is  often  viewed  as  a dephasing  process  and  “decoherence”  is  regarded  as 
a consequence  of  the  interaction  with  (macroscopic)  measuring  devices,  within  the  framework  of 
quantum  mechanics. 


2 The  ‘AgBr’  model 


We  shall  base  our  discussion  on  the  AgBr  model  (6),  that  has  played  an  important  role  in  the 
quantum  measurement  problem,  and  its  modified  version  [7],  that  is  able  to  take  into  account 
energy-exchange  processes. 

The  modified  AgBr  Hamiltonian  (7]  describes  the  interaction  between  an  ultrarelativistic  par- 
ticle Q and  a 1-dimensional  AT-spin  array  (D-  system).  The  array  is  a caricature  of  a linear 
“photographic  emulsion”  of  AgBr  molecules,  when  one  identifies  the  down  state  of  the  spin  with 
the  undivided  molecule  and  the  up  state  with  the  dissociated  molecule  (Ag  and  Br  atoms).  The 
particle  and  each  molecule  interact  via  a spin-flipping  local  potential.  The  total  Hamiltonian  for 
the  Q+D  system  reads 


H = Il o + H\  Ho  = Hq  + Hd, 

Hq  = cp,  = //'  = £ v(i - x„) 


N 


■•=1 


n-  1 


(«) 

exp 


+ h.c. 


,(D 


where  Hq  and  Hp  are  the  free  Hamiltonians  of  the  Q particle  and  of  the  “detector”  D,  respectively, 
H'  is  the  intei  iction  Hamiltonian,  p the  momentum  of  the  Q particle,  x its  position,  V a real 
potential,  Xn  (n  = 1,...,/V)  the  positions  of  the  scatterers  in  the  array  (xn  > x„-i)  and  <rj±  the 
Pauli  matrices  acting  on  the  nth  site.  An  interesting  feature  of  the  above  Hamiltonian,  as  compared 
to  the  original  one  (6),  is  that  we  are  not  neglecting  the  energy  Hp  of  the  array.  This  enables  us 
to  take  into  account  energy-exchange  processes  between  Q and  D.  The  original  Hamiltonian  [6]  is 
reobtained  in  the  u — 0 limit. 

The  evolution  operator  in  the  interaction  picture  can  be  computed  exactly  [7J  as 


and  a straightforward  calculation  yields  the  5-matrix 


,(-ifx)  + h.c]), 

(2) 

<r(n)  • u\ 

(3) 
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where  u = (oos(wi/c), sin(cjx/c), 0)  and  Vo6  - J^°QOV(x)dx.  The  “spin-flip”  probability,  i.e.  the 
probability  of  dissociating  one  AgBr  molecule,  reads 

, = *»*  (^)  ■ «) 

If  the  initial  D state  is  taken  to  be  the  ground  state  |0)jv  (AT  spins  down),  and  the  initial  Q 
state  is  a plane  wave,  the  final  state  is 

N / N\  */2  . N—j 

sw\p,o)N  =■  J (— (n/1  -9)  Ip  — i—  J)n-  (5) 

This  enables  us  to  compute  several  interesting  quantities,  such  as  the  visibility  of  the  inter- 

ference pattern  obtained  by  splitting  an  incoming  Q wave  function  into  two  branch  waves,  one 
of  which  interacts  with  D,  the  energy  “stored”  in  D after  the  interaction  wPh  Q,  as  well  as  the 
fluctuation  around  the  average.  The  final  results  are 

V - (1  -q)NI2 (HD)F  = qNhu;^nfuj, 

(6Hp)p  = \j  ({Hp  — {Hd)f)2)f  — \/ PqN  hu  — ► y/i%  hu.\  (6) 

where  F stands  for  final  state,  p — 1 - <7,  and  the  trivial  trace  over  the  Q particle  states  is 

suppressed.  The  arrows  signify  the  weak-  coupling,  macroscopic  limit  N — » 00,  qN  = ft  = finite 
[7|.  All  results  are  exact.  It  is  worth  stressing  that  qN  — ft  represents  the  average  number 
of  excited  molecules,  so  that  interference,  energy  and  relative  energy  fluctuations  “gradually” 
disappear  as  fl  increases.  Observe  also  that  (5)  is  a generalized  (SU(2)j  coherent  state  and  becomes 
a Glauber  coherent  state  in  the  N —*  00,  qN  = finite  limit. 

Our  next  (and  main)  task  is  to  study  the  behavior  of  the  propagator.  We  start,  from  Eq.  (2),  set 
t'  - 0 for  simplicity,  and  return  to  the  Schrodinger  picture  by  inverting  Eq.  (2).  The  exponential 
is  easily  disentangled  by  making  use  of  SU(2)  properties.  We  get 


,-iHt/h  _ -iH0t/h 


TT  /e-*Uii(o„)o^n>(i)e-lncoB(an)<»‘n,e-iUin(on)<Tl")(i)>) 
n=l  ' ^ 


where  o„  = an(f,  t)  = V{x  + ct'  — xn)dt'/h.  Notice  that  the  evolution  operators  (2)  and  (7)  as 
well  as  the  5-matrix  (3)  are  expressed  in  a factorized  form:  This  is  a property  of  a rather  general 
class  of  similar  Hamiltonians  [1 1). 

Let  the  Q particle  be  initially  located  at  position  X*  < X\  (x,  is  the  position  of  the  first  scatterer 
in  the  linear  array)  and  be  moving  towards  the  array  with  speed  c.  The  initial  D state  is  again  the 
ground  state  |0)/v  of  the  free  Hamiltonian  HD  (all  spins  down).  This  choice  of  the  ground  state  is 
meaningful  from  a physical  point  of  view,  because  the  Q particle  is  initially  outside  D. 

The  propagator 

G(x,  x',  t)  = <x|  ® ® |x'),  (8) 

can  be  easily  calculated  from  eq.  (7).  We  place  for  simplicity  the  spin  array  at  the  far  right  of  the 
origin  (xi  >0)  and  consider  the  case  where  potential  V has  a compact  support  and  the  Q particle 
is  initially  located  at  the  origin  x7  — 0,  i.e.  well  outside  the  potential  region  of  D.  We  get 


N fd 

(7(x,0,0  = 6(x  - ct)  J7  cosa„(0,  an(t)=  V{y  - xn)dyfhc. 

n=  I 
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This  result  is  exact  Notice  that  the  “spin-flip"  probability  (4)  is  q = sin2  an(oo)  = sin2(Vofl//ie). 
We  consider  again  the  weak -coupling,  macroscopic  limit 

(ir)1=0<jvl),  (,0) 

and  set 

xn  = x,  + (n-  1)A,  L = xN  - xt  - (N  - 1)A.  (11) 

The  following  derivation  is  different  from  the  one  given  in  Ref.  [8].  We  keep  L finite  and 

consider  the  continuous  limit  A/L  — * 0 as  N — » oo.  A summation  over  n is  then  replaced  by  a 
definite  integration 

9 Y /(*»)  “*•  X / f(x)dx  s j / f{x)dx.  (12) 

For  the  sake  of  simplicity,  we  restrict  our  attention  to  the  case  of  6-shaped  potentials,  by  setting 

V(y)  = (K0n)6(y).  We  get 

G oc  exp  (f>(  COS  ^‘'(Voa/hc)6(y)dyfj  = rap(£>  {cos  |( V0ft/ftc)»(d  - *»)l) 

-*  exp(-|  J 6(ct  - x)dxj  = exp  ‘p(xw  - ct)&(ct  - x,)  + e(ct  - xw)j),(13) 

where  $ is  the  step  function  and  the  arrow  denotes  the  weak-  coupling,  macroscopic  limit  (10). 
This  brings  about  an  exponential  regime  as  soon  as  the  interaction  starts:  Indeed,  if  x\  < ct  < xn> 

G a exp 

where  to  = xt/c  is  the  time  at  which  the  Q particle  meets  the  first  potential.  Notice  that  there  is 
no  Gaussian  behavior  at  short  times  and  no  power  law  at  long  times.  Observe  that  |G|2  is  nothing 
but  the  probability  that  Q goes  through  the  spin  array  and  leaves  it  in  the  ground  state. 

It  is  well  known  (1,4)  that  deviations  from  exponential  behavior  at  short  times  are  a con- 
sequence of  the  finiteness  of  the  mean  energy  of  the  initial  state.  If  the  position  eigenstates  in 
eq.  (8)  are  substituted  with  wave  packets  of  size  a,  a detailed  calculation  shows  that  the  expo- 
nential regime  is  attained  a short  time  after  to,  of  the  order  of  a/c,  which,  in  the  present  model, 
can  be  made  arbitrarily  small.  Moreover,  a detailed  calculation  (by  H.  Nakazato),  making  use  of 
square  potentials  of  strenght  Vo  and  width  b yields,  for  Xi  + | < ct  < xn  — §, 

C°[exp(_n^<f_lf2)  + ^).  (15) 

In  this  case,  the  exponential  regime  is  attained  a short  time  after  to,  of  the  order  of  the  width  of 
the  potential  V . The  regions  t ~ to  + 0{a/c)  and/or  t ~ to  + 0{b/c)  may  be  viewed  as  a possible 
residuum  of  the  short-time  Gaussian-like  behavior.  For  this  reason,  the  temporal  behavior  derived 
in  this  Letter  is  not  in  contradiction  with  some  general  theorems  (1,  4]. 

What  causes  the  occurrence  of  the  exponential  behavior  displayed  by  our  model  ? This  is  a 
delicate  problem.  Our  analysis  suggests  that  the  exponential  behavior  is  mainly  due  to  the  locality 
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of  the  potentials  V and  the  factorized  form  of  the  evolution  operator  U.  On  the  other  hand,  there 
are  also  profound  links  between  the  limiting  procedure  considered  in  this  letter  and  van  Hove’s 
“A 2Tn  limit  [2].  Work  is  in  progress  in  order  to  clarify  different  aspects  of  this  issue.  Let  us  briefly 
discuss  them.  First  of  all,  the  evolution  operators  (2),  (7)  and  the  S-matrix  (3)  are  expressed  in  a 
factorized  form:  This  shows  that  the  interactions  between  Q and  adjacent  spins  of  the  array  are 
independent,  and  the  evolution  “starts  anew"  at  every  step.  This  suggest  the  presence  of  a sort  of 
Markovian  process,  which  would  justify  the  purely  dissipative  behavior  (14).  At  the  same  time, 
the  role  played  by  the  energy  gap  ui  deserves  to  be  clarified:  u;  plays  undoubtedly  an  important 
role  by  guaranteeing  the  consistency  of  the  physical  framework,  as  discussed  in  [8].  On  the  other 
hand,  the  connection  between  the  exponential  “probability  dissipation"  (14)  and  the  (practically 
irreversible)  energy-exchange  between  the  particle  and  the  “environment”  (our  spin  system)  is  a 
very  open  problem  and  should  be  investigated  in  detail.  Leggett’s  remark  (3),  about  the  central 
relevance  of  the  problem  of  dissipation  to  the  quantum  measurement  theory  makes  the  above  topic 
very  interesting:  Indeed,  in  our  opinion,  the  temporal  behavior  derived  in  this  note  is  certainly 
related  to  dephasing  (“decoherence")  effects  of  the  same  kind  of  those  encountered  in  quantum 
measurements. 

Second,  it  is  worth  discussing  the  link  between  the  weak-coupling,  macroscopic  limit  qN  = W = 
finite  considered  above  and  van  Hove’*  “A 2T"  limit  [2),  leading  to  the  master  equation.  The 
interaction  Hamiltonian  //'  has  nonvanishing  matrix  elements  only  between  those  eigenstates  of 
Ho  whose  spin-quantum  numbers  differ  by  one.  As  discussed  in  (8],  this  causes  van  Hove’s  so-called 
diagonal  singularity,  because  for  each  diagonal  matrix  element  of  IIn,  there  are  N intermediate- 
state  contributions:  For  example 


N 


(0 Oj/^IO, . . . ,0)  = £ 1(0, . . . ,0|//'|0, ...  ,0, 1(>).0, . . . ,0)|2. 

i=» 


(16) 


On  the  other  hand,  at  most  2 states  can  contribute  to  each  off-diagonal  matrix  element  of  H12. 
This  ensures  that  only  the  diagonal  matrix  elements  are  kept  in  the  weak-coupling,  macroscopic 
limit,  N — * oo  with  </JV  < oc,  which  is  the  realization  of  diagonal  singularity  in  our  model. 
The  link  with  the  A 2T  limit  is  easily  evinced  from  the  following  reasoning:  The  free  part  of  the 
Hamiltonian  is  Hq  — cp,  so  that  the  particle  travels  with  constant  speed  c,  and  interacts  with 
the  detector  for  a time  T = L/c,  where  L oc  N A is  the  total  length  of  the  detector.  Since  the 
coupling  constant  A = g oc  loft,  one  gets  A 2T  = g2NA/c  oc  qN.  Notice  that  the  “lattice  spacing” 
A,  the  inverse  of  which  corresponds  to  a density  in  our  1-dimensional  model,  can  be  kept  finite  in 
the  limit.  (In  such  a case,  we  have  to  express  everything  in  terms  of  scaled  variables.)  As  a final 
remark,  we  stress  that  the  limit  N oo  with  qN  < oo  considered  in  this  note  is  physically  very 
appealing,  in  our  opinion,  because  it  corresponds  to  a finite  energy  loss  of  the  Q particle  after 
interacting  with  the  D system. 
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Abstract 

The  simplest  possible  photon-number -squeezed  states  containing  only  two  photons  and 
exhibiting  snb-poissonian  statistics  with  the  Fano  factor  approaching  0.5  have  been  used  for 
a proposal  of  a loophole-free  Bell  experiment  requiring  only  67%  of  detection  efficiency.  The 
states  are  obtained  by  the  fourth  order  interference  first  of  two  downconverted  photons  at 
an  asymmetrical  beam  splitter  and  thereupon  of  two  photons  from  two  independent  singlets 
at  an  asymmetrical  beam  splitter.  In  the  latter  set-up  the  other  two  photons  which  nowhere 
interacted  and  whose  paths  never  crossed  appear  entangled  in  a singlet-like  correlated  state. 


1 Introduction 

In  1985  Chubarov  and  Nikolayev  [1]  showed  that  quantum  states  with  sub-poissonian  statistics  of 
photons  interfering  at  a beam  splitter  (in  a polarization  experiment)  violate  the  Bell  inequality. 
Analyzing  their  result  Ou,  Hong,  and  Mandel  [2]  showed  in  1987  that  a pair  of  downconverted 
photons  interfering  in  the  fourth  order  at  a symmetrical  beam  splitter  should  violate  the  inequality 
to  the  same  extent  although  they  exhibit  poissoinan  statistics.  In  1988  Ou  and  Mandel  [3]  carried 
out  the  experiment  and  gave,  together  with  Hong,  its  correct  theoretical  description  in  Ref.(4). 
(The  description  of  Ref.  [3]  was  erroneous.[5,  6])  Pavicic  and  Summhammer  provided  in  1994 
a theoretical  description  of  two  pair  spin  entanglement  at  a symmetrical  beam  splitter  which 
would  enable  a loophole-free  Bell  experiment  with  83%  detection  efficiency.  On  the  other  hand, 
in  1989  Campos,  Saleh,  and  Teich  [7],  in  effect,  pointed  out  that  not  only  two  (or  more)  photons 
incoming  to  the  beam  splitter  from  the  same  side  (as  with  Chubarov  and  Nikolayev)  but  also  two 
photons  incoming  from  the  opposite  sides  (as  with  Ou  and  Mandel)  and  interferening  in  the  fourth 
order  at  an  asymmetrical  beam  splitter  (the  simplest  photon-number-sqeezed  state)  exhibit  sub- 
poissonian  statistics  with  the  Fano  factor  (the  ratio  between  the  variance  and  the  mean  of  the 
photocounts)  changing  from  1 to  0.5  as  the  ratio  between  reflection  and  transmission  coefficients 
changes  from  1 to  0.  A theoretical  description  of  the  interference  at  an  asymmetrical  beam  splitter 
was  given  in  1994  by  Pavicic  [6].  In  Sec.  2 we  show  how  one  can  use  such  a beam  splitter  to  devise 
a loophole-free  Bell  experiment  with  a detection  efficiency  as  low  as  67%.  In  1995  it  v.a.s  pointed 
out  by  Pavicic  [8J  that  two  pair  spin  entanglement  at  an  asymmetrical  beam  split t • t >.  i.abh.i  «• 
preselected  loophole-free  Bell  67?o  experiment  In  Sec.  3 we  present  such  cca  expo,  mu 

1 Permanent  address  internet  mpavicic§dominis  phy.hr 


325 


2 Simple  sub-poissonian  correlations 

To  describe  the  behavior  of  the  photons  at  a beam  splitter  in  the  spin  space  we  follow  the  results 
obtained  in  Pavitic  [6, 8].  The  signal  and  idler  downcon verted  photons  emerging  from  a nonlinear 
crystal  of  type-I  (see  Fig.  1)  are  parallelly  polarized  [3].  Because  of  this  a 90°  rotator  is  introduced. 
Since  the  signal  and  idler  photons  have  random  relative  phases,  we  will  have  no  interference  of  the 
second  order  but  only  of  the  fourth  order  which  we  describe  in  the  second  quantization  formalism 
following  Reff.  [6, 8).  The  actions  of  beam-splitter  BS,  polarizer  Pj,  and  detector  Dj  (j  = 1,2)  are 
taken  into  account  by  the  outgoing  electric  fields  as  given  in  Ref.  [8].  For  a realistic  elaboration 
by  means  of  wave  packets  we  refer  to  Reff.  [5, 8].  We  only  stress  here  that  these  equations  remain 
unchanged  insomuch  that  all  experimental  parameters  are  absorbed  by  q and  r below. 

The  probability  of  joint  detection  of  two  ordinary  photons  by  detectors  Dl  and  D2  is 

P($ i,*,)  = (#|4t^i^2|*)  = i?V(cos0,  sin  02  - r sin  0,  cos  02)2 , (1) 

for  zj  = z2  in  Fig.  1,  where  Ej  (j  = 1,2)  are  as  given  in  Reff.  [5,  8),  s = txt9,  r — rr  and  r„ 
are  reflection  coefficients,  i,  and  ty  are  transmission  coefficients,  and  rj  is  detection  efficiency.  The 
probability  tells  us  that  the  photons  appear  to  be  in  a nonmaximaily  correlated  state  whenever 
they  emerge  from  two  different  sides  of  BS.  The  singles-probability  of  detecting  one  photon  by, 
e.g.,  Dl  and  the  other  going  through  P2  and  through  either  D2  or  D2'L  without  necessarily  being 
detected  by  either  of  them  is 

P(0i,  oo)  = ifs2(cos2  0j  + r2  sin2  0j) . (2) 

The  singles-probability  of  detecting  one  photon  by  Dl  and  the  other  going  through  Pi  and 
Dl  (without  necessarily  being  detected  by  it)  is  (assuming  tx  = ty) 

= inJ(2«,).  (3) 

Let  us  see  the  effect  of  these  results  on  the  violations  of  the  Bell  inequality  B < 0 where  B is 
defined  by 


tjs2B  = P(0,,0 a)  - P(0„0^)  + P(0l,02>  + P(0;,02)  - P{9\)  - P(02),  (4) 

where  P(0J)  = P(0J,oo)  (as  given  by  Eq.  (2))  and  P(02)  = P(oo,02).  To  be  able  to  use  Eq.  (4)  we 
have  to  have  a perfect  “control”  of  all  photons  at  BS.  If  we  do  not  have  it,  we  have  to  subtract 
Eqs.  (3)  (for  appropriate  angles)  from  Eq.  (4)  in  order  to  take  into  account  that  detectors  cannot 
tell  one  from  two  photons  when  they  both  emerge  from  the  same  side  of  BS. 

By  a computer  optimization  of  angles  we  obtain  Max[B\(r,i))  surfaces  as  shown  in  Fig.  2.  The 
values  above  the  B = 0 plane  mean  violations  of  the  Bell  inequality.  As  shown  by  the  lower  curve 
in  Fig.  3,  for  controlled  photons,  for  r = 1 Max[B\  = 0 yields  q = 0.828427  and  for  r — ► 0 we 
get  a violation  of  the  Bell  inequality  for  any  efficiency  greater  then  66.75%.  The  efficiencies  for 
uncontrolled  photons  are  shown  as  the  upper  curve  in  Fig.  3.  We  see  that  uncontrolled  photons, 
i.e.,  the  ones  that  also  may  emerge  from  the  same  sides  of  BS  as  well,  violate  the  Bell  inequality — 
starting  with  85.8%  efficiency — in  opposition  to  the  widespread  belief  that  “unless  the  detector 
can  differentiate  one  photon  from  two...  no  indisputable  test  of  Bell's  inequalities  is  possible.”  [9] 
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FIG.  1.  Beam  splitter  set-up  and  MZ-II  set-up  (when  inset  MZ-II  is  put  in  place 
of  NL;  according  to  Kwiat  et  al.  (9j).  As  birefringent  polarizers  PI  and  P2  may  serve 
Nicol  or  Wollaston  prisms  (which  at  the  same  time  filter  out  the  uv  pumping  beam 
in  case  of  MZ-II).  Pinholes  ph  determining  the  frequency  (u>o/2)  of  signal  and  idler 
coming  to  the  beam  splitter  BS  and  assuring  that  only  one  downconverted  pair  appears 
at  a time  are  positioned  as  far  away  from  the  crystal  as  possible. 


efficiency  (%) 

8367^]  - ' 0.41 


r 


FIG.  2.  The  surface  showing  maximal  violation  of  the  Bell  inequality  for  the 
optimal  angles  of  the  polarizers.  All  the  values  above  the  B = 0 plane  violate  the  Bell 
inequality  B < 0,  where  B is  given  by  Eq.  (4). 
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The  afore-mentioned  “control”  of  all  photons  can  be  achieved  best  if  photons  never  emerge 
from  the  same  side  of  a beam  splitter  and  this  is  what  Kwiat  et  al.  [9]  aimed  at.  We  obtain 
their  set-up  by  substituting  the  nonlinear  crystal  in  Fig.  1 with  two  type-II  crystals  (MZ-II 
inset  in  Fig.  1)  which  downconvert  two  collinear  and  orthogonally  polarized  photons  of  the  same 
average  frequencies  (half  of  the  pumping  beam  frequency).  The  crystals  are  pumped  by  a 50:50 
split  laser  beam  (filtered  out  before  reaching  detectors)  whose  intensity  is  accommodated  so  as 
to  give  only  one  downconversion  at  a chosen  time-window.  Since  one  cannot  tell  which  crystal  a 
downconverted  pair  is  coming  from,  the  state  of  the  photons  incoming  at  the  beam  splitter  must 
be  described  by  the  following  superposition 

l*)-^(|l.),IU.  + /|i,Mi.>>).  (S) 

where  0 < / < 1 describes  attenuation  of  the  lower  incoming  beam. 

The  probability  of  both  photons  emerging  from  the  same  sides  of  BS  is 

P(oo  x oo)  = (frtv  ± /rxr„)2  + (rfr„  ± ftxty)2 , (6) 

where  l— ’ stands  *or  Z\  = z2  and  *+’  for  z2  — zt  = L/2  where  L is  the  spacing  of  the  interference 
fringes. 

The  probability  of  both  photons  emerging  from  the  opposite  sides  of  BS  is 

^(^11^2)  = »?2(cos0i  sin  02  qF  / sin  cos  02)2  ♦ (7) 

where  *+’  stands  for  z\  = z2  and  ’ for  z2  — z%  = L/2.  This  gives  the  same  77  curve  as  shown  in 
Fig.  3 but,  in  order  to  collect  data  for  the  probabilities  in  B in  Eq.  (4),  we  must  be  able  to  “control” 
single  pairs  of  photons  so  as  to  prevent  them  to  emerge  both  from  the  same  side  of  BS.  This  means 
that  the  conditions  rxry  = ft£ty  and  tzty  = frxrv  from  Eq.  (6)  should  be  simultaneously  satisfied 
what  is  however  clearly  impossible  for  / < 1.  Thus,  contrary  to  the  claims  of  Kwiat  et  al.  [9],  the 
only  way  to  make  use  of  / < 1 is  the  crosstalk  tv  = rr  = 0 for  either  z\  = z%  or  z2  — z\  — L/2 
and  this  is  apparently  difficult  to  control  within  a measurement. [9]  It  therefore  turns  out  that  the 
set-up  is  ideal  for  a loophole-free  experiment  with  maximal  singlet-like  states,  i.e.,  with  / = 1 
and  q > 83%  but  that  attenuation  (/  < 1)  is  not  the  best  candidate  for  Bell’s  event-ready  [10] 
preselector.  We  therefore  propose  another  “event-ready  set-up”  which  dispenses  with  variable  / 
and  offers  a more  fundamental  insight  into  the  whole  issue. 

3 Preselected  sub— poissonian  correlations 

Schematic  of  the  proposed  experiment  is  given  in  Fig.  4.  Two  afore-discussed  set-ups  MZ-II  1 
and  MZ-II  2,  fed  by  a split  laser  beam  act  as  two  independent  sources  of  two  independent  singlet 
pairs.  As  shown  above,  for  z2  — z\  — L/2  photons  appear  only  from  the  opposite  sides  of  the  beam 
splitters  of  MZ-II  1 and  MZ-II  2.  Two  photons  from  each  pair  interfere  at  the  bear.i  splitter  of 
the  event-ready  preselector  and  as  a result  the  other  two  photons  appear  to  be  in  a nonmaximal 
singlet  state  although  the  latter  photons  are  completely  independent  and  nowhere  interacted.  The 
state  of  the  four  photons  immediately  after  leaving  MZ-II  1 and  MZ-II  2 is 

I®)  = ® ^(|lr>2'|ly)2  - | lyh'l  Ujs)  • (8) 
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Minimal  efficiencies  at  a beam  splitter 


FIG.  4.  Proposed  experiment.  As  the  event-ready  preselector  serves  a beam  splitter 
with  detectors  Dl,  Dl1,  D2  and  D21  as  shown  in  Fig.  1.  MZ-II  1 and  MZ-II  2 are 
devices  as  shown  in  Fig.  1 with  MZ-II  from  the  inset  substituted  for  NL;  they  serve 
as  sources  of  singlet  pairs.  As  birefringent  polarizers  Pi’  and  P2’  may  serve  Wollaston 
prisms  (which  at  the  same  time  filter  out  the  uv  pumping  beam). 
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The  probability  of  detecting  all  four  photons  by  detectors  Dl,  D2,  Dl\  and  D2’  is  thus 

P(0v,0vA,02)  = - j(^  - B )2 , (9) 

for  z\  = z-i  where  E}  are  as  given  in  Reff.  [5,  8],  A — Q(t)inQ(t)v2  and  B = Q{r)i'iQ(r)ri\  here 
Q(q)ij  = qx  sin  0,  cos  0}  - cos  0,  sin  9j. 

For  9\  = 90“  and  = 0°  Eq.  (9)  yields  (non)maximal  singlet-like  probability  P(0i>,0y)  given 
by  Eq.  (1)  which  permits  a perfect  control  of  photons  1'  and  2/  and  which  is  much  more  appropriate 
for  the  whole  issue  than  Eq.  (7),  because  the  former  reflects  total  spin  conservation  and  quantum 
mechanical  nonlocality  while  the  latter  satisfies  the  Bell  inequality  only  inasmuch  as  it  belongs 
to  a non-product  state  [11].  This  means  that  Dl  and  D2 — while  detecting  coincidences — act  as 
event-ready  preselectors  [10]  and  with  the  hjlp  of  a gate  (see  Fig.  4)  we  can  extract  those  1' 
and  2/  photons  that  are  in  a non-maximal  singlet  state,  take  them  miles  away  and  carry  out  a 
loophole-free  Bell  experiment  by  means  of  Pl\  Dl’,  Dl,J-,  P2\  D2\  and  D2’x  with  only  67% 
efficiency  in  the  limit  r —*  0.  Thus,  one  might  also  view  the  experiment  as  a realistic  device  for 
teleportation  of  Bennett  et  al.  [12] 
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Abstract 

A generalization  of  the  entropic  formulation  of  the  Uncertainty  Principle  of  Quantum  Me- 
chanics is  considered  with  the  introduction  of  the  7-entropies  recently  proposed  by  Tsailis. 

The  concomitant  generalized  measure  is  illustrated  for  the  case  of  phase  and  number  opera- 
tors in  Quantum  Optics.  Interesting  results  are  obtained  when  making  use  of  7-entropies  as 
the  basis  for  constructing  generalized  entropic  uncertainty  measures. 

1 Introduction 

The  Uncertainty  Principle  (UP)  rail  be  stated  quantitatively  in  the  following  fashion 

U(A,B;*I>)>B(A,B)  (1.1) 

where  U is  an  estimation  of  the  uncertainty  in  the  result  of  a simultaneous  measurement  of  two 
incompatible  observables  A and  B , when  the  system  is  in  a state  |t/>).  What  the  UP  asserts  is  that 
such  an  estimation  is  limited  by  an  irreducible  lower  bound,  the  infimum  B,  which  merely  depends 
on  both  operators.  U must  attain  a fixed  minimum  value  (£fmi„  = 0)  if  and  only  if  j 0)  is  a common 
eigensiate  of  A and  B , and  B vanishes  when  the  observables  share  at  least  one  eigenvector. 

The  extension  of  Heisenberg’s  inequality  to  describe  the  UP  for  arbitrary  pairs  of  operators 
(when  their  commutator  is  not  a c-number)  has  been  criticized  because  its  r.h.s.  is  not  a fixed 
lower  bound  (1).  Much  elfort  has  been  devoted  to  present  quantitative  formulations  of  the  UP 
(see,  for  example,  refs.  (1]-(S|).  A central  idea  underlying  these  works  is  that  the  most  natural 
measure  of  uncertainty  is  precisely  the  missing  information  [0]  that  remains  once  a mers  ..  ?.ment 
is  made. 

Deutsch  first  proposed  [I]  the  use  1.  Shannon's  information-theory  entropy  [9]  (.*>({ /», } ) = 
- ln/»,,  for  any  probability  distribution  {/>,})  to  measure  uncert  duty,  in  the  f ' owing  way 

Wl(/i,B;i/*)  = .S’(A;./-)  + .<'’(B;./<)  (1.2) 

with  the  entropies  calculated  for  the  distri  butions  {pAi  = i(«,|i/’)|2}  and  {pAj  = |{&,|V>)|2},  which 
coriespond  to  the  projections  of  | »;*)  onto  the  bases  of  eigenvectors  of  A and  /?,  respectively.  With 
teferenre  to  an  /1-measuremeul.  a system  in  a state  with  a probability  distribution  {6ll0}  has  a 
“minimum  lack  of  information"  (or  “maximum  knowledge’’),  and  then  = ,S'lum  = 0.  On 
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the  other  hand,  a uni  form  distribution  {I /A/}  characterizes  a situation  of  “maximum  ignorance”, 
with  S(A\il>)  = Smll%  = In  N. 

It  has  been  shown  [1]  that  U\  satisfies 

(»*) 

1 + C 

with  c = itupij  |<n,|f»j)|  It  was  conjectured  first  by  Kraus  (3)  and  demonstrated  later  by  Maassen 
and  IJffink  (4)  that  a better  bound  can  lie  given. 

In-  (1.4) 

c 

Kraus  specifically  considered  having  two  complementary  observables:  exact  knowledge  of  the 
measured  value  of  one  of  them  implies  maximum  uncertainty  in  the  other  measurement,  and 
consequently  |(<ii|6,)|  = 1 /\fN>  for  all  i,j  = I,. . ., N. 

It  seems  natural  to  look  for  alternative  descriptions  of  the  UP  expressed  in  entropic  terms. 
In  Section  2,  we  analyze  the  quantitative  formulation  of  uncertainty  in  the  spirit  of  Information 
Theory,  with  the  aid  of  the  recently  introduced  Tsallis’  entropy  [10],  which  is  regarded  as  infor- 
mation measure  [llj.  We  »nustrate  with  a simple  example,  namely  the  phase-number  uncertainty 
measures  within  the  Pegg-  Barnett  formalism,  and  outline  some  conclusions  in  Section  3. 


2 Tsallis9  entropy  as  measure  of  uncertainty 

A quite  interesting  generalization  of  the  conventional  entropy  form  has  been  recently  advanced  by 
Tsallis  [10].  For  any  normalized  probability  distribution  {/»,},  Tsallis*  entropy  reads 

1 - TN 

*,«;>.})=  -fzrr~  (21) 

where  q is  any  real  number,  characterizing  a particular  statistics.  (The  sum  must  be  carried  out 
over  non-zero  probabilities.)  The  q —*  I limit  of  (2.1)  yields  the  Boltzmann-Shannon’s  logarithmic 
expression. 

The  physics  is  an  extensive  one  only  for  q = I [10,  12].  Tsallis*  entropy  is  related  to  the  more 
familiar  Renyi’s  entropy  by  S*  = (ln[l  + ( I —?)•%])/(  1 —q).  A crucial  difference  distinguishes  these 
two  alternative  entropies,  however.  Tsallis’  entropy  always  possesses  a definite  concavity,  being  a 
concave  (convex)  function  of  the  probabilities  for  q > 0 (7  < 0),  which  is  not  the  rase  for  Renyi’s 
one.  It  is  tints  the  former  the  generalized  entropy  recently  employed  in  several  distinct  physical 
contexts.  The  generalized  statistics  associated  to  f'J.I)  has  been  shown  to  satisfy  appropriate 
forms  of  Ehrenfest  theorem  [1 1],  Jaynes'  information- theory  duality  relations  [1 1],  von  Neumann’s 
equation  [13],  and  the  fluctuation-dissipation  theorem  [14,  lr»],  among  others,  //-theorems  and 
irreversibility  have  been  in  this  connection  also  discussed  (lb.  17],  as  well  as  a possible  connec- 
tion with  quantum  groups  [IS],  for  instance.  This  uonexlensive  statistics  has  allowed,  within  an 
astrophysical  context.  to  nvriiomc  the  inability  of  the  conventional,  extensive  one,  to  adequately 
ileal  (without  infinities)  with  srlf-giavitaling  stellar  systems,  in  what  constituted  the  first  physical 
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application  of  the  </  ^ l-tlieory  [19].  A secoml  application  refers  to  Levy  flights,  relevant  for  a 
variety  of  systems  [20]. 

Some  properties  of  the  </-entropies  are:  i)  Sq  > 0 for  any  q ami  {/»,},  with  Sq  — 0 for  Pi  — 
(certainty);  ii)  Sq  reaches  the  extreme  value  (1  - /V1  n)/(q  — 1)  for  every  q and  p,  = 1 /N 
(equiprobability);  iii)  Sq  is  a non-increasing  function  of  q > 0 for  each  {/»,};  iv)  For  two  inde- 
pendent distributions  {/>,}  and  {/>'}  (such  that  the  joint  probability  is  p,}  = it  verifies  that 

\(  {*,»  = •%(  (!>.}) +S(  W)  + (l-!)^})Wi))- 

We  consider  the  new  entropy  as  measure  of  uncertainty.  Let  us  recall  first  that  Heisenberg’s 
relation,  as  well  as  the  entropic  relations  given  above,  refer  to  independent  measurements  of 
the  observables  A ami  B on  different  microsystems  in  the  same  state  ]0).  The  UP  states  that 
the  probability  distributions  obtained  when  |0)  is  projected  on  the  corresponding  eigenbases 
cannot  be  both  arbitrarily  peaked,  given  operators  A and  B “sufficiently  non-commuting”  [3]. 
The  uncertainty  measure  appearing  in  eq.  (1.2)  takes  into  account  the  total  information  entropy 
associated  to  two  independent  probability  distributions.  Shannon’s  entropy  is  additive  and  U\  is 
just  ■‘'(A)  + S(B).  We  introduce  now  Tsallis’  entropy  to  measure  the  amount  of  uncertainty,  in 
the  same  spirit.  The  generalized  expression  reads 

W,(A.  B ■ rh)  = Sq(A,  t)  + Sq(B;  V-)  + (1  - q).%(A;  t)  -%{B;  0)  (2.2) 

where  q is  a positive  parameter  and  the  entropies  are  giveu  by  (2.1)  for  the  probability  sets 
,}  ami  {/Jpj  }.  It  is  immediately  seen  that  Uq  > 0,  with  Uq  = 0 if  and  only  if  ]^>)  is  a common 

eigenstate  of  A and  B.  Besides  this,  Uq  never  exceeds  ( I — N2^~q^)l{q  — 1 )■  (We  mention  that  these 
ideas  can  be  extended  to  deal  with  pairs  of  observables  with  continuous  spectra.  However,  one 
must  be  careful  when  defining  the  (generalized)  information  entropy  for  non-discrete  distributions 

OK*))  [U,  21).) 

A (weak)  bound  can  l»e  imposed  on  (2.2),  namely 

<2.3, 

which  holds  for  any  <7  > 0.  By  recourse  to  Riesz’  theorem  (as  used  in  ref.  [4]),  it  can  be  demon- 
strated that  a better  bound  for  Uq  exists,  at  least  in  the  region  1/2  < q < 1: 

*<■<***>  (2.4) 

3 Example  and  conclusions 

We  shall  apply  our  ideas  to  the  phase  and  number  operators  in  Quantum  Optics.  The  treatment 
of  optical  states  can  be  accomplished  by  recourse  to  the  Pegg-Barnett  (PB)  formalism  [22].  This 
implies  working  in  a finite  but  arbitrarily  large  (.s  + 1 )-dimensional  Hilbert  space  H*+I  spanned 
by  the  number  states  |0)4,  |1)*, . . . , ].«),,  and  taking  the  limit  .s  — * cxj  at  the  end.  The  Hcrmitian 
phase  operator  is  defined  as 

* = = w.  (3.i) 

rail)  *'  u=n 
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The  corresponding  eigenvalues  are  = 0O  + 2 wm/(s  +1).  (Hereafter,  the  arbitrary  reference 
phase  $ o will  be  set  equal  to  0.)  The  phase  and  number  operators,  ♦ and  JV,  are  mutually 
complementary,  with  overlap  c = l/y/s  + I. 

It  is  found  that,  for  a system  in  a state  |^>)  € K*+,,W|(i,lV;0,.'i)  > In  (a  + 1)  which  diverges 
when  s — * oo.  In  order  to  extract  some  information  out  of  this  relation,  Abe  examined  (5)  the 
entropy  differences  from  a certain  reference  state  before  going  to  the  infinite-s  limit.  Number  and 
phase  eigenstates  (which  actually  saturate  that  inequality)  were  chosen.  Within  the  framework 
of  Tsallis’  information  entropy,  for  a given  q > 0 and  a state  {#„).,  for  instance,  the  entropies  are 
given  by  .S',(<k;0».,s)  = 0 and  S,(N,0m,s)  = (I  - (a  + l)1  "’)/(</  - I).  Consequently, 


limW,(*,^V;^,5)=(  °?’ 

*-*°°  l rr» 


if  0 < q < 1 
if  q > 1 


(3.2) 


The  same  obtains  for  a number  eigenstate.  We  stress  that,  considering  generalized  information 
entropies  with  q > 1 , the  divergence  in  the  uncertainty  for  number  or  phase  states  is  removed. 

Let  us  consider  the  generalized  entropic  uncertainty  measures  for  a system  prepared  in  a phase 
coherent  state  (P( 'S).  These  states,  recently  found  by  Kuan  aud  Chen  (21),  are  given  by 


1 A *"» 

!’)•  = / / 1 . i/f  2^  / 7 


(3.3) 


where  z = y/2w/(s  + 1 ) z is  a complex  number  and  the  normalizing  function  is  given  by  e,(x)  = 
53*_0xn/»i!.  The  projections  of  a PB  PCS  on  phase  and  number  eigenstates  are 


Vm  = |.(0«k),ri  = 


-12m 


m 


in* 


(3.4) 


and 


1 

(s+l)e.(m 


2 


(3.5) 


respectively,  with  m,  n = 0, 1 , . . . , .«. 

The  $ — /V  Heisenberg’s  inequality  has  been  discussed  for  the  .s  = I case  (21).  We  have  analyzed 

the  shapes  of  the  phase  and  number  ^-entropies,  for  many  different  values  of  .s.  Within  a given 

statistical  frame  of  iudex  q,  the  entropies  ; z,.«)  and  -%(N\  z, .«),  will  depend  on  both  |z|  and 

• » 

.«.  The  complementariness  of  and  N is  clearly  seen.  The  phase  entropy  vanishes  both  for  jz|  = 0 
(as  it  should  for  the  vacuum  phase  state  |0O))  and  for  |r)  sufficiently  large.  The  number  entropy 
has  a minimum  in  the  intermediate  region  (those  PCS  for  which  the  entropy  approach  zero  can 
be  interpreted  as  “number-like’’  states).  Those  states  are  also  of  relatively  low  uncertainty.  It  can 
he  seen  that  (1  — (.s  + I )1-1  )/(*?  - I)  is  a lower  bound  for  the  generalized  uncertainty  measure 
(see  eq.  (2.4)).  This  is  obtained  for  arbitrary  size  of  the  PB  spare,  .s,  or  statistical  parameter,  q. 
Fig-  1 displays  the  (/-entropies  aud  the  uncertainty  £/,($,  TV;  z,.s)  as  a function  of  |z|,  assuming 
particular  values  for  both  q and  .s. 
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FI(».  I.  Phase  and  nnmln  */-entrnpies  and  generalized  uncertainly  measure,  for  a 
PB  P<  ’S,  as  a function  of  coher°iice. 

As  a conclusion,  generalize*!  entropies  recently  introduced  by  Tsallis  have  been  discussed  in 
order  to  establish  general  uncertainty  relations  for  the  measurement  of  two  quantum  incompatible 
observables,  Numlrei  ami  phase  operators  within  the  Pegg  Barnett  formalism  have  been  investi- 
gated in  some  detail.  Interesting  results  are  obtained  when  making  use  of  ^-entropies  as  the  basis 
for  constructing  generalized  entropic  uncertainty  measures. 
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Abstract 

We  discuss  a model  for  interferometric  GW  antennas  illuminated  by  a laser  beam  and 
a vacuum  squeezed  field.  The  sensitivity  of  the  antenna  will  depend  on  the  properties  of 
the  radiation  entering  the  two  ports  and  on  the  optical  characteristics  of  the  interferometer 
components,  e.g.  mirrors,  beam-splitter,  lenses. 


1 Introduction 

An  important  ingredient  for  improving  the  sensitivity  of  Michelson  interferometric  gravitational 
wave  detectors  (GWD)  is  using  appropriate  states  for  the  light  beams  illuminating  its  two  input 
ports.  In  interferometric  measurements  the  quantum  noise  is  due  to  the  fluctuations  of  the  number 
of  photons  and  to  the  random  motion  of  the  mirrors  induced  by  the  radiation  pressure.  The  GW 
signal  is  extracted  from  the  spectral  density  of  the  output. 

Purpose  of  this  paper  is  to  discuss  the  dependence  of  the  sensitivity  of  an  interferometric 
GW  antenna  on  the  photon-noise  and  radiation  pressure  noises.  In  particular  we  will  consider 
an  interferometer  driven  by  a fluctuating  laser  beam  and  a squeezed- vacuum  field  generated  by  a 
degenerate  0P0  driven  by  the  second  harmonic  of  the  laser  beam.  Particular  attention  will  be 
paid  to  the  influence  of  phase  and  amplitude  fluctuations  of  the  laser  beam. 


2 Michelson  interferometer 

We  consider  a Michelson  interferometer  with  two  mirrors  Mi  and  M2  suspended  at  the  ends  of 
two  arms.  The  vertices  of  Mi  and  M3  are  located  on  the  axes  y and  x passing  through  the  origin 
0,  while  the  beam  splitter  is  centered  on  0 (see  Fig.  1). 

In  order  to  account  for  aberration  effects,  we  will  model  the  interferometer  as  a multimode 
device:  we  consider  two  groups  of  beams  entering  through  the  ports  Pi,  P2  (Fig.  1),  described  by 

>&l8o  with  Istituto  Nazionale  di  Ottica  (INO) 
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Figure  1:  Michelson’s  interferometer.  B.S.=  beam-splitter;  Wm  aberration  regions  due  to  the 
mirrors;  Wg  s aberration  regions  due  to  the  beam-splitter;  F.D.=  frequency  doubler;  O.P.O.= 
Optical  Parametric  Oscillator;  di,,a2,  = in-fields  at  the  port  1,2;  6i,,62i  = fields  at  the  mirror  1,2; 
Cit,C2.  = out-fields  at  the  port  1,2. 

the  operators  (a^aj, ),  (a^a^)  with  j = 0, 1,.. . ,7V— 1,  acting  on  a Hilbert  space  Ha  = 

with  "Ha,  = <8> . . . ® * = 1,2.  More  specifically,  the  modes  relative  to  port  Pj  consist 

of  Gauss-Hermite  beams  travelling  along  the  x-axis  with  waist  in  O, 

The  pair  of  indices  Im  will  be  denoted  by  i|.  Analogously,  for  P2  we  consider  a similar  family  of 
Gauss-Hermite  beams  propagating  along  the  y-axis  with  waist  in  O (see  Fig.  2). 

Passing  through  the  beam-splitter,  the  input  beams  transform  in  two  fields  at  A/t , Af2  described 

by  (6j, , frj, ),  {bjj , ) with  j = 0, 2, . . . , TV  - 1 , acting  on  a Hilbert  space  Ht,  = Hbx  ® , such  that 

Hb,  = and  two  outgoing  beams  described  at  P| , P2  by  [cu , c], ),  (cn , ) with  j = 

0, 1, ...» AT  — 1,  acting  on  a Hilbert  space  Hc  = where,  again,  Hc.  = ® 

For  the  sake  of  notational  convenience,  we  introduce  the  bold  symbols  hi  = d,,  ®dtJ  = 

for  indicating  the  pair  of  i-th  modes  relative  to  P\  and  P2  respectively.  Analogously,  we  introduce 

( io  \ 

the  vector  A = I I . With  the  same  meaning,  we  will  introduce  the  vectors  B and  C for 

\ div-i  / 

the  operators  b}  and  relative  respectively  to  the  mirrors  and  the  output  ports. 
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Figure  2:  Schematic  of  Gauss-Hermite  beams. 


Assuming  the  fraction  of  energy  lost  during  the  passage  through  the  interferometer  be  indipen- 
dent  of  the  mode  considered,  B and  C can  be  redefined  as  vectors  proportional  to  the  actual  ones 
and  carrying  the  same  energy  of  A.  In  view  of  the  energy  conservation,  the  linearity  and  time 
invariance  of  the  antenna,  the  outgoing  vector  C can  be  related  to  the  ingoing  one  A by  the 
unitary  matrix  U, 

C = U • A,  (1) 


where  each  UXJ  is  a 2 x 2 matrix.  Moreover,  to  preserve  the  bosonic  commutation  relations,  V 
must  be  a symplectic  matrix,  that  is  U £ Sp(2N , R)  and  UXi  € Sp( 2,  R). 

From  now  on  we  will  consider  an  interferometer  illuminated  by  two  TEMoo  gaussian  modes 
on  ports  Pi  and  Pi  respectively.  This  amounts  to  considering  an  input  state  vector  of  the  form 


I*  >=  |0o  > |0|  > ...|0*  - 1 >, 


(3) 


where  |0,  >=  |0,,  > |0I2  > indicates  that  the  modes  tj,  i2  are  unexcited  ground  state.  As  a result 
of  the  propagation  through  the  imperfect  interferometer,  the  states  of  all  these  modes  will  be 
mixed  up  to  some  extent.  So  that,  a mode  initially  in  the  ground  state  will  be  partially  excited 
at  the  output  ports. 

In  view  of  (3),  it  is  worth  splitting  ‘Ha  in  the  product  Ha  = "HO0  ® 'Ha0,  whith  Wao  relative  to 
the  fundamental  modes  entering  the  two  ports,  and  Hag  relative  to  the  remaining  2 N — 2 modes. 
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In  the  same  manner  we 


will  write  A s f ?°  V where  o0  = ^ ^ = | 

\«ij 


, and  so  for 


B and  C. 

Analogously  to  (1),  the  fields  B at  the  mirrors  will  depend  linearly  on  A 

B = V A, 

whith  V a unitary  linear  transformation  V 2 ^ ^ ^ . Physically,  V describes  reflection 

and  transmission  at  the  beam-splitter,  followed  by  propagation  through  the  interferometer  arms. 
Then,  it  can  be  expressed  as  the  product 


V = ♦ • Q{BS)  • 


where  K describes  the  aberration-free  beam-splitter,  Q(bs)  is  the  aberration  matrix  relative  to  the 
beam-splitter  itself  and  $ is  the  interferometer  arm  delay  matrix. 

Introducing  the  N x N matrices  1,,  = S,l}lS,2j2,  T ,j  = S,l}2St2jl , and  the  2x2  matrices  fcj,  k2, 
we  can  write  K,  whose  elements  are  2x2  matrices,  as 

K = e‘*(cos  7 <To  1 + sin  7 0\  1).  (4) 

with  <r0,  Oi  Pauli  matrices.  The  aberrations  of  the  beam  splitter  are  modeled  by  including  at 
the  two  output  faces  two  transparencies  characterized  by  the  aberration  eykonals  W(bs)(xi  z)  and 
W(B5)(y,  z)  for  the  faces  perpendicular  to  y-  and  x-axes  respectively.  $(bs)>  representing  the 
aberration  eykonal  phase  factor,  is  symmetric  with  respect  to  the  exchange  of  the  pair  of  indices 
*i,*a  with  juj2. 


*(BS)=  ( 


♦(»s)on 

#(BS)I.O 


$(BS)O.I 

♦(BS)I.l 


♦(BS)0.W-1  \ 

*(BS)l,Af-I  I 


\ #<BS)iV-t.O  *(BS)N-I.l  * • • ^(BS)N-lJV-l  / 


(5) 


where 


0 


0 

eiW[BS),tn 


) 


(6) 


The  symmetry  of  the  Q(bs)  matrix  is  a consequence  of  the  identities  W(bs).,,j,  = M^bs^i ,i, 

and  W^asjuja  = w(BS)hn  • 

Finally,  the  time-delay  matrix  is  diagonal 


$0  0 

...  0 \ 

0 

• • 

...  0 

• • 

• • 

• • 

V 0 0 

• • 

. . . 1 t 

(7) 
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(e'*«i  0 \ 

0 ei>,a  1 ' representing  the  phase  delay  of  the  ij  j-th  Gauss-Hermite  mode 
hitting  A/,.2.  In  particular, 

<t>, M = ArLi.j  - <$<£„  J 4 ^GW,,  4 , + <Sd>(m,r)li2  4 &4>( pre»),.j  + ^(rp),,2  (8) 

where  S<t>,l  3[>  0)  stands  for  the  delay  of  the  i-th  Gauss-Hermite  mode  with  respect  the  phase 
delay  fcLj,2  of  a plane  wave.  &4>gw  1.2  represents  the  gravitational  wave  {6<f>cw,  = — S<f>GW3)-  The 
other  terms  stand  for  : (i)  £<£(,USp)=noise  transmitted  to  the  mirrors  through  the  suspensions,  (ii) 
noise  caused  by  the  vibration  modes  of  the  mirrors,  (iii)  6<f>ipre»)=  pressure  fluctuations 
in  the  partially  evacuated  pipes  of  the  interferometer  arms,  and  (iv)  &<t>{rp)=  radiation  pressure 
noise. 

As  a result  of  the  reflection  on  M\  and  Af2,  the  different  modes  propagate  toward  the  exit 
ports,  by  retracing  the  same  paths  followed  before.  Then, 

U = -K  ■ $(BS)  • Q • $(M)  • $ ■ $(B5)A'  (9) 

where  $(a#)  is  the  mirror  aberration  matrix. 

3 Interferometer  output 

The  interferometer  output  is  proportional  to  the  expectation  value  of  the  difference  I between  the 
photocurrents  detected  at  the  ports  1 and  2 respectively 

/ = - 4cu)  = ct . <73  - C = A*  ■ S A (10) 


where  S is  the  unitary  self-adjoint  operator  S = ■ U. 

Introducing  the  quantity  A3  = A * ■ <r3  ■ A'  = cos( 2/))(T3  1 - sin(27)<72  1 (see  Eq.  4)  and 
assuming  an  input  state  of  the  form  (3).  it  yelds 

5 = A * ■ Q\f)S)  $*  ‘ ^(M)  ■ • $(*BS)  ‘ A'3  • $(B5)  • $ • $(At)  • $ • $(BS)  ' A'  = 5(0)  4 S{ab)  ( 1 1 ) 

where  5(0)  = —sin  CxTi  — cos  6rr3,  with  (j)  = 2(0^  — <£u, ).  is  the  matrix  in  absence  of  aberrations 
and  S~i  = 0,  while  £(„<,)  = o^!  4 a2<r2  + ^3^3  describes  the  effects  of  the  aberrations  and  the 
deviation  from  the  condition  of  exact  equipartition  of  the  incident  intensity  between  tin*  two  B.S. 
outputs. 

* i 

Now  introducing  the  quantities  .4)  = «0^  • <Tj  • «o  • f2  = «o  • ^2  * a0  • A3  = al  ■ rr:i  • «0 
and  considering  an  interferometer  operating  on  a dark  fringe,  we  can  express  the  photocurrent  1 
as  I = /(j)  4 /\ • that  is  as  the  sum  of  a deterministic  part  / (<q  ~<  A3  > [S<Pgw  4-  o3]  depending 
on  the  GW  signal  and  the  aberrations,  and  a noise  depending  part 


Is 


ft  /!((  — 1 4 f>i ) 4 A2o24  < > rt'o.v  4 ( I f-  < A3  > )o;t 

= ^vlr..l  + /v(-..e  + + l\, + Nr,.)  + 
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In  particular,  as  regards  to  the  radiation  pressure  noise  In1tp),  the  mirrors  Mj  and  M2  can  be 
considered  as  multiple  damped  pendula  driven  by  known  time  dependent  pressure  forces, 

V»(0,*a(0  = (4. a(OMO  + \)  W - f)dt'  (13) 

with  rM{t)  the  impulse  response  of  the  mirrors.  Accordingly  S<t>(rp){t)  ~ k(yi(t)  - X2(t))  = 
Tm  * (6t  • <r3  • 6),  having  indicated  with  Vm+  the  convolution  integral  (13).  So  That  /jv(rp)  = 
(-l)k+l(rM  + A2)<A3>. 


4 Fourier  analysis  of  the  interferometer  output 


In  most  GW  antennas  the  signal  is  extracted  from  the  frequency  spectrum  of  the  photocurrent 
/ = lid)  + In-  Therefore,  the  sensitivity  of  the  interferometer  depends  on  the  autocorrelation  of  I, 


<:  /(r),/( 0)  :>=<:  1(d), 1(d)  '■>  + <;  In, In  '•> 


(14) 


having  considered  1(d)  and  In  as  indipendent. 

The  limiting  sensitivity  of  the  antenna  will  be  obtained  by  equating  the  Fourier  component 
•Sgw(^)  of  <:  1(d),  1(d)  :>  at  the  frequency  of  the  gravitational  wave  to  the  noise  component, 
5giv(u>)  = Sn(v)/  < A3  >2 

The  noise  terms  /n(,u<)  , * //v(pre,,  are  mutually  independent,  so  that 


Sgw(u)  = 5, 


M + w-)  + sui  + + 

Siju) 


4- 


where  Si,S2,  S3  are  the  Fourier  transforms  of  the  convolutions  <:  A|,Aj  A2,  A2  :>,<: 

8 A3, 8 A3  :>,  while  Sl2  and  S2i  represent  the  Fourier  transforms  of  the  convolutions  <:  Aj , Tm  * 
A2  :>  and  <:  I'm  * A2,  A,  :>  respectively. 

The  beam  d2 , entering  the  port  2 of  our  interferometer,  is  generated  by  a degenerate  parametric 
oscillator  (OPO)  excited  by  a pump  beam  dp,  obtained  by  duplicating  the  laser  beam  dj,  entering 
Pi-  In  the  following  we  will  treat  di(t)  = e'^yjni{i)  as  a classical  field  (semiclassicai  analysis) 
whose  instantaneous  phase  <f>(t)  and  intensity  fluctuations  8ni(t)  = ni(t)—  < ni  >/  will  be  assumed 
to  be  both  Gaussian  and  mutually  independent  stationary  processes,  with  autocorrelations  < 
(</»(r)  - <£(0))2  >=  <7|(|r|),  < <$rii(r),<Sni(0)  >=  <72C/(|r|)  with  a]  =<  (8n,)2  >. 

The  evolution  of  the  the  field  operator  d2  has  been  derived  by  Collett  and  Gardiner  (13]  for  a 
classical  coherent  pump.  We  have  integrated  C.-G.  equation  of  motion  of  d2  by  representing  the 
pump  as  dp  = r;e2,fl+2,,>n/  and  applying  the  WKB  method. 

The  expectation  values  or  the  Eq.(14)  have  been  obtained  by  averaging  over  the  noise  entering 
the  OPO  and  the  laser  field  amplitude  and  phase. 

In  particular,  as  a consequence  of  the  classsical  approximation  for  ap  we  can  write 


A,  = d<»ta<2>  + d«2>td<»  EE  a,X <2),  A2  = a,. \Z/2,  A3  = n,  - n<2> 


(16) 


with  = a^2^a*2l. 
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Abstract 

We  show  that  a model,  recently  introduced  for  quantum  nondemolition  measurements 
of  a quantum  observable,  can  be  adapted  to  obtain  a measurement  scheme  which  is  able  to 
slow  down  the  destruction  of  macroscopic  coherence  due  to  the  measurement  apparatus. 


1 Introduction 

One  o i the  most  important  limitations  in  the  observation  of  quantum  coherence  at  macroscopic 
level  is  the  possibility  of  generating  at  least  to  macroscopic  quantum  states  which  show  the  quan- 
tum coheh  rencc.  Since  the  seminal  work  of  Yurke  and  Stoler  [1]  it  becomes  clear  that  a Kerr 
medium  could  be  used  to  generate  such  states  at  optical  level.  They  showed,  indeed,  that  the 
unitary  evolution  of  an  initial  coherent  state,  interacting  with  a Kerr  medium  with  a well  defined 
length,  will  produce  a superposition  of  coherent  states.  For  instance  an  initial  states  |a)  will 
generate  the  superposition 

W = - “»  (l) 

after  an  interaction  time  to  — tt/(2Q)  where  Q is  the  strenght  of  Kerr  nonlinearity.  At  well  defined 
shorter  times  three  or  more  coherent  states  could  also  be  generated  (lj.  This,  of  course,  requites 
the  precise  knowledge  of  the  length  of  the  medium  (or  interaction  time).  It  is  also  well  known, 
and  was  shown  in  great  details  by  Daniel  and  Milburn  [2],  that  as  soon  as  one  takes  into  account 
the  loss  in  the  Kerr  medium  the  generation  of  those  states  is  suddenly  inhibited.  Thus,  the  best 
should  be  to  have  a Kerr  medium  with  high  nonlinearity  to  loss  ratio.  Recently  [3|.  quadrature 
squeezed  light  was  observed  in  semiconductors  at  frequencies  less  than  half  of  band  gap,  where 
large  ratios  of  nonlinearity  to  loss  can  be  obtained  |-1] . Then,  semiconductors  could  be  the  best 
n.'dia  to  generate  the  super posit  ion  of  states  because  of  the  large  ratio  of  the  nonlinear  phase 
shift  to  the  optica)  losses  which  in  the  reported  experiment  [3|  was  extimated  greater  than  100. 
Furtlicrmoie.  it  has  been  tecent’y  shown  joj  dial  a quasi-superposition  of  tnanoseopie  states,  with 
intet  feietu  e hinges  si  ill  piesent.  could  be  generated  in  a Kerr  medium  with  the  above  ratio  of  10, 
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when  one  uses  a squeezed  bath  to  model  the  loss.  In  this  context  it  was  also  shown  that  a squeezed 
bath  could  be  realized  by  a suitable  feedback  [6].  Moreover,  it  was  also  shown  [7]  that  by  using 
a time  modulation  of  the  Kerr  nonlinearity  one  could  obtain  the  coherent  superposition  without 
the  precise  knowledge  of  the  length  of  the  medium  (or  interaction  time)  by  only  adjusting  the 
phase  of  the  time  modulation.  However,  even  though  we  could  assume  that  such  a macroscopic 
superposition  (or  quasi-superposition ) has  beat  generated,  one  should  have  some  experimental 
apparatus  suitable  to  observe  the  interference  pattern.  Yurke  and  Stoler  (1]  pointed  out  that 
any  unavoidable  dissipation,  introduced  by  the  measurement  process,  will  suddenly  destroy  the 
interference  fringes  which  are  the  signature  of  the  coherent  superposition.  Kennedy  and  Walls  [8], 
following  a suggestion  of  Mecozzi  and  Tombesi  [9],  showed  that  a phase-sensitive  experimental 
apparatus,  like  the  one  modeled  by  a squeezed  bath,  might  preserve  the  macroscopic  coherence. 
In  the  present  paper  we  will  show  that  such  an  experimental  device  could  be  phisically  realized  by 
using  an  appropriate  quantum  nondemolition  (QND)  model,  introduced  by  Alsing,  Milburo  and 
Walls  [10],  when  one  takes  into  account  the  detunings  of  the  coupled  modes  with  respect  to  the 
cavity  characteristic  frequencies. 
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2 The  Model 


We  consider  a cavity  supporting  two  different  modes,  with  annihilation  operators  a and  b.  The 
two  modes  are  coupled  by  a nonlinear  crystal,  so  that  (in  the  interaction  picture) 


= hXX<Y„  , 


(2) 


where  X(  — (ae*  + a’e-**)  /2  and  Yv  = (be**  + /2.  This  interaction  could  be  achieved 

by,  for  example,  a crystal  with  a x(2)  nonlinearity  in  which  two  processes  driven  by  classical 
fields,  amplification  at  the  frequency  u /,  = w0  + u^,  and  frequency  conversion  at  the  frequency 
u)d  = ua  — ujf,,  have  equal  strengths  [10].  Because  of  the  QND  condition,  when  the  “meter”  mode 
b is  heavily  damped  at  rate  kb,  one  can  monitor  the  quadrature  X(  of  the  signal  mode  a just  by 
performing  a homodyne  measurement  of  a quadrature  Y6  of  the  mode  b.  In  fact,  when  fcj,  » fco 
(damping  rate  of  the  a mode)  the  homodyne  photocurrent  I(t)  can  be  directly  expressed  in  terms 
of  the  “instantaneous”  mean  value  (X((t))e,  conditioned  on  the  result  of  the  measurement  [11,  12], 
as  


m - tjx 


2sin(6  — v?)  (Xfi(t))e  + 


(3) 


where  tj  is  the  efficiency  of  the  homodyne  detection  and  £(f)  is  a Gaussian  white  noise  with 

(mm))  = 6(t  - f). 

The  QND-mediated  feedback  model  of  [6,  1 1]  is  obtained  by  taking  part  of  the  output  homo- 
dyne photoeurrcnt  I(t)  and  feeding  it  back  to  the  cavity  so  to  add  a driving  term  ///«,(<)  = hgI(t)Xe 
to  the  a mode  Hamiltonian.  The  constant  g represents  the  gain  of  the  feedback  process  and 
Xg  = (ae*6  + /2.  If  one  adiabatically  eliminates  the  meter  mode  b and  applies  the  Marko- 

vian feedback  theory  recently  developed  by  Wiseman  and  Milbum  [13],  the  dynamics  of  the  a 
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mode  can  be  exactly  determined,  and  in  [11]  we  have  shown  that  in  the  unstable  regime  the 
decoherence  time  of  an  optical  Schrodinger  cat  can  be  appreciably  increased,  so  to  facilitate  its 
detection. 

In  the  present  paper  we  reconsider  this  model  and  we  eliminate  the  electro-optical  feedback 
loop.  We  simply  detune  the  two  modes  in  the  cavity,  so  that  their  uncoupled  evolution  is  no  more 
driven  by  the  standard  vacuum  bath  term  alone,  but  by 

Cap  = fca  (2apa*  — a'ap  - pa*a)  — t [tfna’a.p]  (4) 

and  an  analogous  expression  holds  for  the  b mode.  The  effect  of  the  two  nonzero  detunings  6a 
and  6b  can  be  intuitively  described  in  terms  of  an  ‘internal  feedback”  mechanism,  because  the 
detunings  mix  the  two  quadratures  X(  and  Yv  with  their  respective  x/2  out  of  phase  quadrature, 
so  that  any  variation  of  is  Ted  back”  to  the  X(  dynamics  itself  by  the  joint  action  of  the 
detunings  and  the  nonlinear  coupling.  Provided  that  the  adiabatic  condition  kb  » fca  is  satisfied, 
the  homodyne  measurement  of  the  quadrature  Ys  allows  monitoring  the  a mode  quadrature  X( 
also  in  the  presence  of  nonzero  detunings.  In  fact,  when  $,  ^ 0,  Eq.  (3)  generalizes  to 

= »»(*-*>)  (5) 

so  that  from  the  homodyne  photocurrent  it  is  still  possible  to  reconstruct  the  marginal  probability 
distribution  of  the  quadrature  X(,  which  is  the  quantity  usually  considered  for  revealing  the 
interference  fringes  associated  to  an  optical  Schrodinger  cat.  We  have  therefore  the  model  defined 
by  the  following  master  equation  for  the  density  matrix  D of  the  two  modes 

D — CaD  + CtD  - ^ [Hrt,  D\  , (6) 

where  the  superoperator  £»  (i  = a,  6)  is  given  by  (4).  We  shall  now  see  that  all  the  interesting 
results  obtained  for  the  feedback  model  of  (1 1]  (the  preservation  of  macroscopic  quantum  coherence 
in  particular)  can  also  be  obtained  with  this  simpler  model. 

Eq.  (6)  can  be  exactly  solved,  because  the  Wigner  function  of  the  two  modes  evolves  according 
to  the  Fokker-Planck  equation  for  a four-dimensional  Omstein-Uhlenbeck  process  [14].  Anyway, 
the  analytical  expressions  in  the  general  case  are  very  cumbersome  and  therefore  we  shall  ex- 
plicitely  discuss  only  the  adiabatic  limit  h>  » fco,  where  the  meter  mode  b can  be  adiabatically 
eliminated,  and  which,  as  we  have  seen  above,  is  the  most  interesting  case  for  our  purposes.  After 
the  adiabatic  elimination  of  the  b mode,  one  gets  the  following  master  equation  for  the  a mode 
reduced  density  matrix  p 


P = C.P  - £ |X(,  [X(,p||  + t F |X<,  , (7) 

where  r --  X2V2 (*?  I 6})-  F = + 6}). 
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3 Macroscopic  Coherence 

We  will  now  focus  on  the  detection  of  optical  Schrodinger  cats  rather  than  on  their  generation,  and 
therefore  we  shall  assume  that  at  t — 0 a superposition  of  coherent  states  of  the  a mode  has  been 
already  prepared,  i.e.,  we  consider  an  initial  condition  p{ 0)  = 7VQi/J|a)(/?|.  The  exact  time  evo- 

lution from  this  initial  state  can  be  obtained  with  the  same  method  of  (1  1|  and  it  is  better  expressed 
in  terms  of  the  normally  ordered  characteristic  function  x(A,  A*;  t)  = TV  |p(t)  exp(Aat)exp(-A*o)J 


where 


X(A,  A*;  t)  = £ Naj,{/3 |a)  exp  - i4(t)A* 

<»•/* 


j- 


m = 


+ 


a 2A  -iF  + 2 iSa 
2 2A 

q 2A  4-  iF  - 2i6 a 
2 2A 


+ /?* 


tFe_2iC 

4A 

iFe-** 

4A 


e-(fc.+A)e 


(8) 


(») 


B‘(f) 


+ 


0*2A  + iF-2i6a 
2 2A 

0*2A~iF  + 2i6a 
2 2A 


+ o 


iFe2* 


— a- 


4A 

tFe2* 

4A 


p-(fc.+A)t 


F /Tfia  2F\/l-e-2(‘*+A),\ 

16  V A2  aJ\  2(*q  + A)  J 


n$.(2fr,  - F)  fl-e-2^1 


8A2 


V 


) 


2k* 

/T6a  2FWl-e*2<**-A)'\ 

U*  + * A 2(fca  - A)  J 


16 


(10) 


(H) 


FV2«  /T60  2F\  1 - 

M(t)  ~ 16  (26a  - F + 2tA)  \ A2  A / 2 (Ara  + A) 

FVe~2*6*  1 - c'2M 
8A2  2ka 

FV2*  /V6a  2F\  1 - e-2(fc*-A)t 
+ 16(2<Sa-  F-2zA)  VA2  + A J 2 (it. -A) 

A = yftaF-«». 


(12) 


(13) 
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We  see  that  the  system  is  stable  and  reaches  a steady  state  if  and  only  if 

A < k.  i.e.  < 4 (kl  + «J)  (*J  + 61)  ■ (14) 

In  the  stable  case,  the  stationary  state  is  described  by  a Gaussian  density  operator  of  the  form 

P«  = Z"'exp  |-Wa  - jan  - ^-a2}  , (15) 

where  Z is  a normalization  constant  and  the  equilibrium  parameters  m and  n can  be  written  as 

1/00+1/2  (16) 


n — 


xlog 


VW  + 1/2)*  - |*»l2 
[>/(■/,  + i/2)*  - + t/a]*l 


Voo  (^oo  + 1)  - IMooP 


m = 


Moo 


l/oo  + 1/2 


n , 


(17) 


where  the  asymptotic  values  i/go  and  are  easily  obtained  from  (11)  and  (12).  An  interesting 
aspect  of  this  stationary  state  is  that  it  can  show  arbitrary  quadrature  squeezing.  For  example, 
the  stationary  variance  of  the  quadrature  is  given  by 


/yA-  1 fl  , Mrg.  + 2Ffcq)' 

V *«/  2 [2  + 8k*  (k%  - A2) 


(18) 


and  one  has  squeezing  when  6a6b  < 0 and  kt/k*  < |£*/£a|.  It  is  easily  seen  that  when  6*  = 0 
no  squeezing  is  possible,  while  for  6*  ^ 0 but  & = 0 extra  noise  is  added  to  the  system.  The 
possibility  to  obtain  squeezing  with  this  model  is  thus  only  due  to  the  existence  of  detunings, 
which  give  a sort  of  implicit  feedback. 


4 Interference  Fringes 

Let  us  now  focus  on  the  detection  of  the  interference  fringes  associated  to  a linear  superposition 
of  coherent  states.  These  fringes  can  generally  be  seen  from  the  marginal  probability  distribution 
of  the  quadrature  Xe,  P(x()  = (x£|p(t)|x£),  where  |x£)  is  the  eigenstate  of  X(  with  eigenvalue 
x£.  As  we  have  seen  above,  this  probability  distribution  can  be  reconstructed  from  the  homodyne 
measurement  of  the  meter  mode  b and  its  general  expression  can  be  easily  obtained  from  the 
characteristic  function  (8)  (8,  11] 


P(I„!)  = XX» 


o,0 


exp 


»5(D 


)■ 


(19) 
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where 


**(0 

SaJJ(t) 


± + v(t)  + RelrtOe2*}  , 

A(t)e*  + 

2 


(20) 

(21) 


As  a special  case  we  consider  the  initial  superposition  t rated  by  Yurke  and  Stoler  (1),  produced 
by  the  unitary  evolution  of  a coherent  state  in  a Kerr  medium 


P(0)  (22) 

= l-  (e-<*/4|o)  + e"/4|  - o))  (e‘*/4{a|  + . 

With  this  choice  (19)  simplifies  to 


+2p+(xc,  t)p.(x(,t) sin  [Q(z{,  0)  l<*|  - a)!*0}  . (23) 

The  first  two  terms  p±(z{,0  describe  the  two  Gaussian  peaks  corresponding  to  the  two  coherent 
states  1 ± a)  of  the  initial  superposition  and  they  are  explicitly  given  by 


where 


P±(x(,t) 


(x{t6-m-(Q)21 
*2(0  / ’ 


(24) 


6++(t)  = Re{ae«r(0}  (25) 

r(t ) = e“**4  ^cosh  At  - sinh  At^  . (26) 


The  third  term  in  (23)  describes  the  quantum  interference  between  the  two  coherent  states,  where 
the  function 

ft(*c,0  = {«*r(l)}  (27) 


gives  the  probability  oscillations  associated  with  the  interference  fringes  and  the  factor  |(a|  — 
a)|«K0  = exp  {-2|a|2r/(t)}  describes  the  suppression  of  quantum  coherence  due  to  dissipation.  It  is 
clear  that  this  suppression  is  practically  immediate  for  macroscopically  distinguishable  states  (i.e., 
large  |o|),  unless  rf(t)  ~ 0.  It  is  therefore  important  to  analyze  the  behavior  of  this  decoherence 
function  rj(t),  which  is  equal  to 


rj(t)  = 1 - 


HOI3 
2*2(0  ’ 


(28) 


Tb  be  more  specific,  if  we  want  to  determine  the  conditions  under  which  the  detection  of  macro- 
scopic quantum  coherence  is  facilitated,  we  have  to  compare  rj(t)  with  the  corresponding  decoher- 
ence function  of  a standard  vacuum  bath,  which  is  given  by  [8] 


rjvac(t)  = 1 - e~2kat . 


(29) 


350 


This  function  shows  that  in  the  standard  case,  after  a time  t ~ l/(2fca),  it  is  ihadt)  =*  1 and 
therefore  the  quantum  interference  is  quickly  washed  out.  On  the  contrary,  in  the  present  model 
it  is  possible  that  rj(t)  assumes  much  smaller  values,  so  to  significantly  slow  down  the  destruction 
of  the  interference  pattern. 


5 Conclusions 

Differently  from  a very  large  part  erf  the  literature  on  optical  Schrodinger  cats,  we  have  focused 
on  their  detection  rather  than  their  generation  because,  as  realized  since  the  paper  by  Yurke  and 
Stoler  [l  J,  to  detect  a linear  superposition  of  macroscopically  distinguishable  states  is  more  difficult 
than  to  create  it.  To  the  best  of  our  knowledge,  only  the  paper  by  Brune  el  al  [15]  affords  a 
detailed  discussion  of  both  aspects,  our  opinion,  Brune  targe  number  of  atoms  reconstruction  of 
the  probability  distribution  revealing  the  contrary  shows  how  to  prepare  a fully  optical  detection 
scheme  based  on  a very  simple  model  offer  a promising  way  to  both  measurements  and  detect  a 
linear  superposition  of  coherent  states. 
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Abstract 

Within  the  frame  of  the  recently  introduced  phase  space  representation  of  non  relativistic 
Quantum  Mechanics,  we  propose  a Lagrangian  from  which  the  phase  space  Schrodinger 
equation  can  be  derived.  From  that  Lagrangian,  the  associated  conservation  equations, 
according  to  Noether’s  theorem,  are  obtained.  This  shows  that  one  can  analyze  quantum 
systems  completely  in  phase  space  as  it  is  done  in  coordinate  space,  without  additional 
complications. 


In  this  paper,  we  make  use  of  a recently  introduced  phase  space  representation  of  non  relativistic 
Quantum  Mechanics[l]  which  complies  with  the  requirements  for  a quantum  representation.  This 
allows  the  researcher  to  investigate  quantum  dynamics  in  the  same  dynamical  space  in  which 
classical  dynamics  is  commonly  studied.  Some  advantages  of  this  approach  is  a better  comparison 
between  quantum  and  classical  dynamics,  a better  understanding  of  quantum  effects  and  the 
possibility  of  analizing  quantum  systems  completely  in  phase  space  in  the  same  way  as  it  is  done 
in  coordinate  space,  without  the  complications  found  in  other  approaches.  [2,  3] 

In  this  approach  to  non  relativistic  Quantum  Mechanics  in  phase  space,  the  operators  associ- 
ated to  the  momentum  and  coordinate  operators  are  F «-»  p/2  — ihd/dq  and  Q «-*•  q/2  + ihd/dp , 
respectively.  As  expected,  these  operators  do  not  commute  with  each  other,  in  fact,  [Q,  P ] = ih. 
Then,  the  phase  space  Schrodinger  equation  is  given  by 


(i) 


where  F = (p,  q)  denotes  a point  in  phase  space  and  (T  j ipt)  denotes  the  phase  space  wave  function. 
This  is  the  equation  which  governs  the  dynamics  of  the  phase  space  wave  packet  and  should  be 
solved  in  order  to  find  eigenfunctions,  eigenenergies,  etc. 

Worth  mentioning  is  the  set  of  phase  space  eigenfunctions  found  for  the  harmonic  oscillator, 
(from  here  after,  we  use  dimensionless  units) 


VUr-.a) 


/ y/l/4  — Q2\ 
y 2"7rn!  J 


exp 


G + “)  2 


//n(r;a) 


(2) 


functions  which  involve  the  phase  space  version  Hn(T;a)  of  Hermite  polynomials,  with  recursion 
relationship //n+j(r;a)  = 2u(r;a)//n(r;a)-4na//n-i(F;a),  where  u(F;a)  = (l/2  + a)g-i(l/2- 
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a)p,  and  -1/2  < a < 1/2.  These  polynomials  have  similar  properties  as  the  usual  one-variable 
Hermite  polynomials  but  now  in  phase  space  This  is  in  contrast  with  other  sets  introduced  in 
previous  works.  [4] 

The  wave  function  in  coordinate  space  ip(q)  can  be  recovered  from  the  wave  function  in  phase 
space  ip(L;a)  by  means  of  the  projection  ip(q)  = /**  exp(ipq/2)ip(r-,  a)dp,  and  the  wn.ve  function 
in  momentum  space  ip(p)  can  be  obtained  from  the  wave  function  in  phase  space  by  means  of  the 
projection  ip(p)  = /+*  exp(-ipq/2)ip{r-,a)dq 

The  diagonal  matrix  element  of  the  quantum  probability  conservation  equation  is 

|<np|r)  = -|-5[(r|Pp|r)  + (r|pP|r)]  + |-f;vnni;(r|0'p0"-'-'ir)  , (3) 

ot  oq  l 1 aP  n=\  1=0 

where  p denotes  the  density  operator,  and  where  we  have  assumed  that  the  potential  function 
can  be  written  as  a power  series  in  its  argument,  V{q)  — En=o  K»<7n.  Note  that  Eq.  (3)  is  a 
combination  of  the  corresponding  equations  in  coordinate 

U l<>  = -|;5  [<?  I «>  + (« I I »>]  . <<> 


and  momentum 

%;<r\r\p)-l±v'±<p\m"-‘-'\p)  . (5) 

ut  &Pn=  1 1=0 

spaces,  providing  an  alternative  description  of  quantum  dynamics. 

For  a density  operator  of  the  form  p = P(iP,x)  I ip)(x  I.  we  introduce  the  Lagrangian 


i=E  m X>5  + ’KBxY  - x'V(Q)<P  - W(Q)x]‘ 

v.x  1 1 


. (6) 


where  ip  and  x 3X6  wave  functions  in  phase  space.  By  means  of  the  methods  used  for  continuous 
systems, [5]  this  Lagrangian  leads  to  the  Euler-Lagrange  equations 


oL  t dL 
dip  dEip 


+ F 2 


dL 

dF*iP 


V'(Q) 


dL 

dV  (Q)ip 


= 0 , 


(7) 


and 


8l.  a.  dL 

dx*  + d(EXY 


+ P2 


= 0 


(8) 


d(P*xY  ’ WQ)x] 

equations  from  which  the  Schrodinger  equation  and  its  complex  conjugate  in  phase  space  are 
obtained. 

In  order  to  obtain  the  conservation  equations  derived  from  this  Lagrangian,  we  make  use  of 
Noether’s  theorem, [5]  which  leads  to 


♦ s 

* s 


d(P\r 


dx  dr. 


dx 

d{VX) 


dip  * dV  ip  dx*  * 

iW-'T'i"-'  ». 


dL 

dx 


(9) 
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where  x is  any  of  the  variables  t,  q or  p. 

Now,  Eq.  (9),  for  x — t,  leads  to 

|s(r  | Hp  | n + I Prn  + pit)  | r> 

= . (io> 

c,Pn=l  J=0 

For  x = <7,  Eq.  (9)  leads  to 

|»<r  |(p-p>|r)  + |-i»(r  | P [(P  - p*)p  + «p  - rj\  \ r> 

-=■  £ v»  £ s<r IW- P')pQr-'  1 1 r)  = 2»<r | F(<j)p | r)  , (ii) 

®P  n=l  i=0 

and,  for  x = p,  Eq.  (9)  leads  to 

|»<r | «j - q-)p  i r>  + |p[(q- <?->p  + p«j - <?*)]  1 0 

£ K.£  M(r  | @(Q  - Q')pQ'-'-'  | r>  = 2S(r  | Pp  | o . (12) 

°P  n=  1 1=0 

It  has  been  pointed  out[l)  that  the  classical  analog  to  the  quantum  density  (r  | p | T)  is 
the  classical  density  p(T ; t),  so,  we  can  ask  for  the  classical  analogs  to  the  quantum  conservation 
equations  derived  previously.  These  classical  analogs  are  obtained  by  taking  the  time  derivative 
of  the  densities  of  interest  and  combining  the  resulting  equation  with  Hamilton’s  p = —dH/dq, 
q = dH/dp,  and  Liouville’s  dp/dt  = - pdp/dq  — F(q)dp/dp , equations.  The  classical  energy 
conservation  equation  so  obatained  is 

|Hp(r;i)  + ^p//p(ru)  + ^F(?)//p(ri()  = ^i^p(r;0  . 03) 

Note  the  close  resemblance  that  the  above  equation  has  with  Eq.  (10),  the  difference  being 
the  symmetrizadon  of  the  classical  products  Hp(r,t),  pHp{T\t ),  F(q)H  p{T\t),  with  F(q)  = 
- E£i  nVnqn-\  and  [dV(q,  t)/dt]p{Y- 1) 

The  conservation  equation  for  the  momentum  density  pp(r;  t)  is 

^pp(r;i)  + ^p2p(riO  + ^fMpp(r:<)  = 2P(,)p(r;()  , 04) 

which  is  the  classical  analog  to  Eq.  (11).  Note  that  the  quantum  density  corresponding  to 
pp(r;f)  is  3F?<r  | (P  - P*)p  j T),  the  quantum  density  corresponding  to  pip{T\t)  is  3f?(T  | 
P [(£  - hp  + P(P  ~ h]  I 0/2  and  , K» E"=o  W I Q'(P  ~ hpQ^1’1  I 0 is  the  quan- 
tum analog  corresponding  to  F(q)pp(r-,t).  It  would  be  very  difficult  to  gess  the  correct  quantum 
densities  without  the  help  of  a Lagrangian  and  Noether’s  theorem. 
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The  conservation  equation  for  qp(T;  t)  is  giver,  by 


Q Q Q 

■gtQp(  F;  o + Q^pq  p(  V;  t)  + Q^F{q)qp(r-,t)  = 2 pp(f;  f) 


(15) 


which  is  the  classical  analog  to  Eq.  (12).  Note  that  the  quantum  density  corresponding  to 
ap(T]t)  is  !R<r  | (Q  - Q‘)p  | T),  the  quantum  density  corresponding  to  pqp(Y\  t)  is  W(I’  | 

r> 


p\(Q-Q')p  + p(Q-Q') 

turn  analog  corresponding 


r)/2  and  ESLi  Vn  ^ »<r  | Ql(Q  - Q*)pQn~l~l  \ V)  is  the  quan- 
to F{q)qp{ P,  t).  It  would  be  very  difficult  to  gess  the  correct  quantum 
densities  without  the  help  of  a Lagrangian  and  Noether’s  theorem. 

With  these  results,  we  can  see  that  one  can  analyze  quantum  systems  completely  in  phase  space 
and  in  the  same  way  as  it  is  done  in  coordinate  space,  without  the  need  of  further  complications, 
increasing  our  confidence  in  this  representaton. 

of  article)  on  by  sending  an  on  your  Subject  line,  that  be  its  be  draftperson.  The  package  to 
equation  numbers,  with  the  equation  commands 
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Abstract 

We  propose  a new  receiver  for  Af -ary  orthogonal  coherent -state  signal.  It  is  shown  that 
the  proposed  receiver  performs  better  than  a photon  counting  receiver  as  to  signal  detection 
error  probability  criterion.  It  is  also  shown  that  the  error  probability  of  the  proposed  receiver 
is  almost  minimum  for  the  signal. 


1 Introduction 

Recent  development  of  technology  of  the  optical  communication  system  brought  the  error  prob- 
ability of  the  system  almost  to  the  standard  quantum  limit  ”SQL~ . which  is  the  classical  error 
performance  limit  of  an  optical  communication  system.  It  is  well  known,  however,  that  ultimate 
error  performance  limit  of  optical  communication  system  is  far  below  the  5QL[1,2].  In  order  to 
overcome  the  SQL,  quantum  phenomena  of  optical  signal,  which  is  one  of  the  most  remarkable 
difference  from  a communication  system  using  radio  frequency  carrier,  have  to  be  utilized  in  the 
detection  process  There  have  been  several  proposals  of  detection  schemes  overcoming  the  SQL 
for  several  signaling  schemes[3-12’. 

Optical  M -ary  orthogonal  signal,  especially  optical  M- ary  pulse  position  modulation  (PPM), 
has  a great  potential  for  a very  low-energy  communication  in  deep-space  data  transmission.  So  far, 
many  authors  reported  the  system  performancef  14,1 5 . In  these  investigations,  a photon  counting 
receiver  has  been  employed  as  a detection  scheme.  Because,  its  construction  is  very  simple,  and 
it  brings  good  channel  property.  The  error  probability  of  the  receiver  for  the  signal  in  a coherent- 
state,  however,  is  much  larger  than  the  minimum  error  probability,  which  is  predicted  by  the 
quantum  detection  thcory[13,16).  As  far  as  the  author  knows,  there  is  no  proposal  for  receiver 
superior  to  the  photon  counting  receiver  for  this  signal. 

The  main  purpose  of  this  paper  is  to  propose  a new  detection  scheme  for  an  optical  A/ -ary 
orthogonal  coherent-state  signal,  which  is  superior  to  a photon  counting  receiver.  By  comparing  its 
error  probability  with  the  minimum  error  probability,  it  is  shown  that  it  performs  quasi-optimally. 


2 Proposal  of  a New  Receiver 

Pulse  position  modulation  (PPM)  signaling  is  on e of  the  typical  orthogonal  signals.  In  a PPM 
signaling  a symbol  of  time  duration  T consists  of  M time  slots  of  duration  7,(-  T}M).  Each 
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symbol  has  only  one  pulse,  and  then  information  is  transmitted  by  the  position  of  the  pulse. 
If  PPM  signaling  is  employed  for  the  optical  communication  system,  a laser  is  pulsed  at  the 
transmitter  during  the  slot  having  the  pulse.  Therefore,  the  pulsed  slot  is  in  a coherent  state,  and 
the  other  m — 1 slots  are  in  vacuum  states.  Then,  a symbol  5,  (for  *=1 , 2,  . . . , M)  is  expressed 
by 

M f JV  ^ ‘ — ' 

Si  : |V\  >—  II  >j  Mij  — | © * j ^ i 0) 

where  Nm  is  an  average  photon  number  contained  in  one  optical  pulse.  At  the  receiver  side,  a 
receiver  has  to  decide  the  position  of  the  pulsed  slot  among  M slots  in  the  symbol.  For  this 
purpose,  a photon  counting  receiver  has  been  employed  as  a detection  scheme.  In  this  case,  the 
pulse  position  is  determined  by  finding  the  slot  with  the  maximum  photocount  among  them. 
If  the  system  is  under  the  quantum  noise  limit,  where  no  external  noise  exists,  photon  number 
fluctuation  of  an  optical  pulse  may  cause  a symbol  detection  error.  Because  of  the  Poissonian 
statistics  of  photon  number  of  coherent  state,  photons  are  never  counted  during  unpulsed  slots. 
However,  no  photon  may  be  counted  during  the  pulsed  slots.  This  occurs  with  the  probability  of 
e-yv*.  In  this  case,  the  detector  can  not  determine  the  pulsed  slot.  If  one  of  M symbols  is  selected 
randomly,  an  symbol  detection  error  happens  with  the  probability  of 


p counting  _ (j£  0 .V, 


(2) 


On  the  other  hand,  the  minimum  error  probability  of  the  Af-ary  orthogonal  coherent-state 
signal  is  given  by[13,16] 


Pe 


mint 


as 


^i{ii + (a#  - . (i  _ 

——  - exp[— 2Af.j  for  N.  > I. 

4 


(3) 


By  comparing  this  with  the  error  probability  of  the  photon  counting  receiver,  it  is  found  that  the 
exponent  of  the  former  is  twice  as  large  as  the  latter.  What  causes  this  difference?  As  shown  in  the 
deviation  of  Eq.(2),  there  remained  no  information  about  which  of  M signal  has  been  sent  when 
a photocount  of  the  pulsed  slot  is  2ero.  That  is,  the  photon  counting  receiver  does  not  examine 
whether  the  incoming  signal  is  |t’,  > or  |u’j  > (j  ^ i),  but  does  whether  |v>,  > or  |0  >»•  In 
order  to  examine  whether  the  incoming  signal  is  | v’,  > or  > ( j ± i),  and  to  make  its  error 
probability  to  approach  to  the  minimum  error  probability,  the  information  that  all  the  A#  — 1 
unpulsed  slots  are  in  vacuum  sates  as  well  as  that  the  pulsed  slot  is  in  a coherent  state  should  be 
used  for  symbol  detection. 

For  this  purpose,  we  propose  a new  detection  scheme.  The  block  diagram  of  the  proposed 
receiver  is  shown  in  FIG.l.  The  receiver  consists  of  a local  laser,  a highly  transmissive  beam 
splitter,  a photon  counter,  an  optical  shutter  and  its  feedback  control  system.  Frequency  of  the 
local  laser  is  identical  to  that  of  signal  field,  and  its  phase  is  shifted  by  tt  [rad/  with  respect  to  the 
signal  of  pulsed  slot.  The  intensity  of  the  local  field  is  prepared  so  that  its  part  reflected  by  the 
beam  splitter  is  the  same  as  the  transmitted  part  of  the  signal.  Assuming  that  the  transmission 
coefficient  of  the  beam  splitter  is  nearly  equal  to  unit,  the  combination  process  can  be  considered 
as  displacement  process  of  coherent  component.  Let  o (|o|2  = .VJ  be  complex  amplitude  of  the 
pulsed  slot,  then  the  conditional  quantum  state  of  the  combined  field  is  given  in  Table  I. 
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TABLE  ! Conditional  quantum  state  of  combined  field. 


[ State  of  shutter 

open 

close 

Pulsed  slot 

0 > 

|q  > 

|-o  > 

|0> 

Signal  Field- 


Beam  Splitter 

* 


^Local 


Photodiode 


Field 


T 


(Local  Laser 


FIG.  1.  Block  diagram  of  proposed  detection  scheme. 


Using  this  construction,  the  receiver  operates  in  the  following  way. 

1.  At  the  beginning  of  each  symbol,  the  shutter  is  open. 

2.  A photon  number  of  combined  field  is  counted  during  each  slot  individually. 

3.  If  no  photon  is  counted  during  a certain,  say  "ith",  slot,  the  feedback  control  system  switches 
the  shutter  into  close  from  the  next,  "t  + 1st",  slot  till  the  end  of  the  symbol. 

The  symbol  is  decided  by  the  following  rules. 

1.  If  the  shutter  is  closed  at  the  ith  slot  and  no  other  photons  are  counted  after  closing  the 
shutter  till  the  end  of  the  symbol,  a symbol  S,  having  an  optical  pulse  at  the  ith  slot,  is 
decided  as  the  transmitted  symbol. 

2.  If  some  other  photons  are  counted  in  the  ith  time-slot  after  closing  the  shutter,  a symbol  5, 
is  selected. 

In  the  case  when  5,  is  transmitted,  if  one  or  more  photons  are  counted  during  every  first  i-1 
slots,  the  combined  field  of  the  ith  slot  is  in  a vacuum  state,  and  then  no  photons  are  counted 
during  the  slot.  Therefore,  the  shutter  is  dosed  from  the  i — 1st  slot,  so  that  no  other  photons  are 
detected  till  the  end  of  the  symbol.  In  this  case,  .S’,  is  derided  as  the  transmitted  symbol  by  the 
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decision  rule  1,  and  errors  never  occur.  On  the  other  hand,  when  a symbol  Si  is  transmitted,  if 
no  photon  is  counted  in  a certain,  say  ”jth”  (j  < i),  time-slot,  and  the  shutter  is  closed  from  the 
j-f  1st  time  slot,  no  photon  is  counted  during  from  the  j+lst  to  i-lst  slots.  However,  some  photon 
may  be  counted  during  the  tth  slot,  whose  combined  field  is  in  a coherent  state  | — a >.  In  this 
case,  Si  is  also  decided  correctly  as  the  transmitted  symbol  by  the  decision  rule  2.  If  no  photons 
are  counted  during  the  tth  slot  in  the  previous  case,  S,  is  decided  incorrectly,  and  which  causes  a 
symbol  detection  error.  The  symbol  detection  error  from  5,  to  S}  occurs  only  for  j < i with  the 
probability  given  by 

P(S} IS.)  = e-2*-  (l  - e-*)0",)  far  j < . (4) 

By  summing  P(S}\St)  with  respect  to  j from  1 to  t-1,  we  obtain  conditional  symbol  detection 
error  probability  Pe{S,)  as  follows: 


Pe(S.) 


Z 


j=i 


p(sas.) 


e~Na{\-{\  -€~Nsy~l) 


(5) 


This  is  symbol-dependent.  Averaging  these  symbol-dependent  error  probabilities  with  respect  to 
a priori-probabilities,  we  obtain  average  symbol  detection  error  probability.  For  equally  probable 
signal,  an  average  error  probability  is  given  as  follows: 


u _ 1 

PpProP  _ 


1 — e 


-St 


.{1  _(i  -e-**)*"1} 


M 


(6) 


3 Numerical  Results 

Symbol  detection  error  probability  of  the  proposed  detection  scheme  is  shown  as  a function  of 
signal  energy  .V,  for  symbol  lengths  M of  64  and  256  in  FIGs.  2 (a)  and  (b),  respectively.  Those 
of  optimum-quantum  receiver,  and  a photon  counting  receiver  are  also  shown.  It  is  found  in  FIG.2 
that  the  proposed  scheme  is  superior  to  a photon  counting  receiver  on  error  probability.  It  is  also 
found  that  the  proposed  receiver  performs  almost  optimally.  It  is  easily  shown  that  the  error 
probability  of  the  proposed  receiver  is  approximately  only  twice  as  large  as  the  minimum  error 
probability  for  A » 3>  1 . FIG. 3 compares  the  symbol  detection  error  probabilities  of  the  three 
receivers  as  a function  of  block  length  M for  an  average  photon  number  S3  of  15.  It  can  be  seen 
from  FIG.3  that  error  probability  of  the  photon  counting  receiver  is  almost  symbol-length  inde- 
pendent, while  those  of  the  other  two  receivers  are  increasing  functions  of  the  length.  Though  the 
advantage  of  the  proposed  receiver  over  the  photon  counting  receiver  becomes  less  as  the  length 
increases,  the  proposed  receiver  is  much  better  than  the  photon  counting  receiver  for  practical 
use,  i.e.  M <1024.  It  seems  from  these  results  that  we  can  expect  the  proposed  detection  scheme 
to  perform  ultimately  low-energy  optical  communication. 
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Ns  Ns 

(a) Ms 64  (b)  M =256 


FIG.  2.  Symbol  detection  error  probability  properties  of  proposed  detection  scheme  compared 
with  two  classical  receivers  and  minimum  error  probability,  (a)  is  for  Af=64.  (b)  is  for  A# =256. 


Symbol  Length  log2(M) 

FIG.  3.  Error  probability  dependence  on  block  length  M for  the  case  that  N,  is  15. 


4 Cc  iclusions 

In  this  paper,  we  proposed  a new  detection  scheme  for  the  ;V/-ary  orthogonal  coherent-statrsignal. 
The  error  probability  of  the  scheme  was  derived.  It  was  shown  by  comparing  its  error  performance 
with  those  of  several  receivers  that  the  proposed  receiver  is  superior  to  a photon  counting  receiver, 
and  it  performs  almc  t optimally. 
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Abstract 

Several  quantum  cryptosystems  utilizing  different  kinds  of  nonclassical  lights  are  de- 
scribed which  can  accommodate  high  intensity  fields  and  high  data  rate.  However,  they  are 
all  sensitive  to  loss  and  both  the  high  rate  and  the  strong-signal  character  rapidly  disappear. 

A squeezed  light  homodyne  detection  scheme  is  proposed  which,  with  present-day  technol- 
ogy, leads  to  more  than  two  orders  of  magnitude  data  rate  improvement  over  other  current 
experimental  systems  for  moderate  loss. 

The  following  is  the  second  half  of  my  talk  “Squeezing,  vacuum  fluctuation,  and  all  that” 
given  at  the  Fourth  International  Conference  on  Squeezed  States  and  Uncertainty  Relations  held 
in  Taiyuan,  China,  June  1995.  The  first  half  consists  of  a brief  review  of  sqeezing,  a discussion 
of  its  coherence  properties,  the  reality  of  vacuum  fluctuation,  and  a treatment  of  the  photon 
localization  problem.  At  least  two  of  these  topics  require  a quantum  field  treatment  that  I cannot 
go  into  here,  so  I will  just  concentrate  on  quantum  cryptography. 

Quantum  cryptography  [1]  -[7j  is  a very  interesting  and  novel  approach  to  secure  communi- 
cation with  eigenstates  of  noncommuting  observables  as  carriers  of  information  to  assure  secrecy. 
In  all  the  concrete  optical  realizations  of  such  systems  which  have  been  studied  theoretically  or 
experimentally  so  far  [2]  -[7].  either  single- photon  eigenstates  orweak  coherent  states  with  less 
than  one  average  photon  per  mode  are  employed  to  provide  security  (8J.  Such  systems  not  only 
face  serious  practical  limitations  in  their  detection,  they  are  also  inherently  data-rate  limited, 
especially  after  large  transmission  attenuation  in  possible  applications  such  as  the  INTERNET. 
However,  from  an  abstract  point  of  view,  two  sets  of  states  having  the  same  linear  geometry  in  the 
Hilbert  space  of  states  have  the  same  security  in  principle.  Thus,  it  is  quite  possible  to  describe 
strong-signal  quantum  cryptosystems,  i.e.,  systems  with  quantum  states  that  are  macroscopically 
distinguishable,  which  are  as  secure  as  the  ones  that  have  been  proposed.  In  the  following  we  will 
describe  several  such  systems  involving  nonclassical  lights  [9].  Unfortunately,  such  equivalent  sets 
of  states  behave  very  differently  in  loss  depending  on  the  field  intensity.  In  all  the  following  sys- 
tems, one  cannot  maintain  either  the  strong-signal  or  the  high-rate  characteristics  in  the  presence 
of  the  usual  linear  loss.  Although  a general  proof  is  not  yet  available,  the  evidence  indicates  that 
there  is  no  strong-signal  quantum  cryptosystem  that  would  function  properly  in  loss,  for  the  same 
kind  of  reasons  as  the  difficulties  in  generating  and  observing  macroscopic  superpositions  of  quan- 
tum states.  I'li is  featme  also  leads  to  serious  obstacles  in  transmitting  more  than  | bit  per  mode 
securely,  although  it  is  not  clem  what  the  fundamental  rate  limit  is.  As  a small  compensation,  a 
currently  implement  able  system  is  proposed  which  may  be  of  practical  importance. 
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Consider  the  following  standard  quantum  cryptosystem  [2]  with  a single  polarized  photon  in 
four  different  possible  polarization  states. 


! 1 >1  i 0 >2,  | 0 >i|  1 >2  (1) 

-~(|  1 >,|0>a±|0>,|  1 >2)  (2) 

where  | 1 >i  is  the  photon  number  = 1 eigenstate  of  a vertically  polarized  light  mode,  | 0 >2 
the  vacuum  state  of  the  horizontally  polarized  light  mode,  so  that  the  two  states  of  (2)  are  the 
single  photon  eigenstates  of  the  corresponding  diagonally  polarized  light  modes.  A sender,  Adam, 
picks  the  basis  (1)  or  (2)  at  random  for  transmitting  a single  bit  u the  legitimate  user,  Babe, 
who  would  choose  to  measure  (1)  or  (2)  also  randomly.  After  comparison  in  another  public 
channel  to  match  basis,  they  would  succeed  in  communicating  on  the  average  ^ bit  per  use. 
An  eavesdropper.  Eve,  cannot  duplicate  a copy  of  the  transmitted  state  and  wait  for  the  public 
measurement  announcement,  because  the  four  possible  states  in  (1)  and  (2)  are  nonorthogonal 
[10].  Similarly,  Eve  cannot  use  a quantum  measurement  to  determine  without  large  error  which 
state  was  transmitted;  thus  any  state  she  re-sends  after  measurement  would  induce  large  error 
in  the  otherwise  perfect  bit  correlations  between  Adam  and  Babe,  who  could  therefore  detect 
the  eavesdropping  via  various  public  forms  of  comparison.  Apart  from  the  practical  difficulty  of 
generating  and  detecting  single  photons,  the  data  rate  of  this  system  is  reduced  to  ^ after  suffering 
an  energy  loss  1 — due  to  transmission  attenuation,  detection  quantum  efficiency,  and  whatever. 
If  the  optical  system  has  bandwidth  Vi',  i.e.,  a total  number  of  W adjacent  frequency  modes  per 
polarization  per  second,  the  data  rate  becomes  ^ bits  per  second  assuming  perfect  detection.  In 
the  coherent-state  realizations  of  this  scheme  with  energy  S < 1,  the  data  rate  is  further  reduced 
to  t)SW/2.  Because  of  the  smallness  of  this  rate  in  practice,  especially  when  the  loss  is  large,  it  is 
important  to  investigate  the  possibility  of  rate  increase  for  a single  mode. 

Clearly,  the  state  vectors 


I 4'  >i|  <P  >2.  I <t>  >i|  t >2 ; ^=(|  4’  >i\4>>2±\4>  >i|  4>  >2) 


(3) 


where  < 4'  I <f>  >=  0 in  each  mode  1 and  2 have  the  same  Hilbert  space  geometry  as  (l)-(2)  in  the 
sense  of  equal  inner  products,  and  hence  the  same  security  in  principle.  A strong-signal  scheme  can 
be  obtained,  say,  by  using  photon  number  eigenstates  | 4'  >=|  n >,  | 6 >=|  0 > or  more  generally 
| 4 >=  i «i  >,  | 4>  > = | «2  > with  (>ij  — »2)  >>  1 for  macroscopic  distinguishability.  Note  that 
^-(|n  >i|0>2±|0>|n  >2)  are  not  the  number  eigenstates  of  the  diagonally  polarized  light  for 
n > 1.  In  a single  pair  of  modes,  one  can  increase  the  data  rate  by  utilizing  [ 4'n  >=  | n -f  An  > 
, ! 4>n  > = | n > while  keeping  An  >>  1.  If  A'  >>  1 is  the  upper  bound  on  the  photon  numbers 
that  can  be  used  in  a mode,  such  a scheme  would  have  a data  rate  of  1 + Ar  - An)  bits 

per  second.  Such  high  rate  can  also  be  obtained  for  a lossless  system  via  conjugate  coding  [1], 
in  which  the  first  basis  contains  Ar  orthogonal  states  and  each  s.  ate  in  the  second  basis  is  some 
linear  combination  of  all  the  Ar  states  in  the  first.  While  it  is  possible  to  suggest  concrete  optical 
realizations  for  certain  number  state  superpositions,  it  is  not  clear  how  the  N-state  superpositions 
in  conjugate  coding  may  be  generated.  In  any  case,  all  such  superpositions  degenerate  quickly  in 
loss  as  presently  demonstrated. 
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It  is  well  known  [1 1 ]- [12]  that  linear  combinations  of  macroscopically  distinguishable  coherent 
states  are  very  sensistive  to  loss:  they  degenerate  into  a mixture  of  the  states  very  readily.  In  a 
way,  number  states  fare  even  worse.  In  the  present  context,  this  means  the  cryptosystem  would 
be  incapacitated  entirely  as  the  second  basis  degenerates  into  the  first.  Let  the  lossy  system  be 
represented  by  [1 3]- [14] 

b = + (1  - ?/)^  c (4) 

where  c is  the  photon  annihilation  operator  of  a vacuum  mode,  a and  b the  input  and  output 
mode  operators.  For  a pair  of  independent  modes  suffering  the  same  loss  1 — 17,  each  would  be 
represented  by  (4)  with  different  a,  6,  c . For  | ip  >=|  n >,  | <f>  >-  ■ 0 >,  the  difference  A/>  between 
the  two  density  operators  resulting  from  passing  the  two  superposed  states  of  (3)  through  (4)  can 
be  conveniently  calculated  via  eqns  (6)-(7)  of  ref  [15],  with  the  result 

Ap  = Vn  (I  n >,|  0 >2  1 < 0 | 2 < n | + | 0 >,|  n >2  , < n | 2 < 0 |)  (5) 


which  goes  to  zero  exponentially  in  r/.  If  j v >=|  >,  | <P  > = | n2  > in  (3),  a similar  but  more 

complicated  result  is  obtained  with  the  eigenvalues  of  Ap  = ±2^ni+nj.  For  the  single-mode  system 


I ni  >, 


«i  > ± I ”2  >) 


(6) 


the  eigenvalues  of  the  superposed  state  difference  Ap  in  loss  are  ±N/if"+n*.  Since  two  equiprobable 
states  can  only  be  discriminated  with  probability  equal  to  the  positive  eigenvalue  of  A p from 
quantum  detection  theory  [16],  such  superposed  number  state  schemes  are  useless  with  even  a 
tiny  amount  of  loss. 

The  coherent-state  superpositions  in  the  following  4-state  scheme 


Q >,  I -Q  >, 


(|  O > ± 1 -Of  >) 
sj2{\  ±exp{- 2 | o |2)] 


(7) 


can,  at  least  in  principle,  be  obtained  from  a Kerr  medium  [17].  For  large  ]a|,<  a | -a  > = 
exp (—2  | a |2)  is  nearly  zero  and  the  states  (7)  would  perform  in  practice  like  an  orthogonal 
scheme  such  as  (6).  For  the  general  coherent-state  superpositions  in  the  following  scheme 


| o,  >,  | a2  > ; Af±  (|  »,  > ± | o2  >)  (8) 

where  A'±  are  normalization  factors,  the  resulting  density  operator  difference  A p in  loss  is 
proportional  to  < y/\  - T)  a ^ | s/\  - r]a2  > which  goes  to  zero  exponentially  in 

i Qt  - a 2 |.  To  avoid  this  sensitivity  to  loss,  |qi  - q2|  has  to  be  chosen  small  and 
the  resulting  data  rate  for  (7)  or  (S)  would  be  comparable  to  coherent-state  sysytems  such  as 
{|±o  >}  or  {|±o  >;  |±ia  >}.  although  (7)  or  (8)  may  be  more  secure  because  of  their  similarity  to 
the  single-photon  scheme  [7].  If  one  increases  the  rate  in  such  systems  by  displacing  the  amplitude 
with  (m  ± m)a0  for  integers  m,rt  and  a real  o0  with  J]Qq  > 10  to  assure  near  orthogonality 
of  the  displaced  states,  which  can  be  readily  accomplished  experimentally,  the  resulting  rate  is 
increased  to  ~ log (rjS)  for  large  available  energy  S >>  a„.  However,  Eve  can  split  off  a small 
fraction  of  the  signal  and  determine  m,r?  fairly  closely,  thus  obtaining  many  bits  of  information 
probabilistically  so  that  such  systems  do  not  truly  have  a high  secure  rate. 
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Consider  the  following  4-state  cryptosystem  with  two  2-state  bases  given  by  two-photon  co- 
herent states  (TCS)  (13)  or  pure  squeezed  coherent  states  which  can  readily  be  generated  over  a 
considerable  range  of  parameters  [18], 


\fi,  v \ ± or  > ; |/i, -v\  ±io  > (9) 

where  | > is  the  | > of  ref  [13]  with  mean  field  a = \i'$  - *//?'  and  p,i/,a  are 

all  chosen  real.  In  (9),  the  signal  is  in  the  small  noise  quadrature.  As  an  approximate  form  of 
conjugate  coding  for  the  two  conjugate  field  quadrature  operators  whose  eigenstates  have  infinite 
energy,  consider  the  extension  of  (9)  to  the  scheme 


|p,  v ; ±mo  > ; |p,  — u ; ±ima  >,  m = 1,3,5,  • ••  (10) 

From  eqn  (3.25)  of  ref  [13],  | < //,  v\  ±a  | p,  — v\  ±0  > |2  = exp(  — ja  - 0\3)  and 

| < ft,  v\  ma  | ft, -v\  nia  > |2  = (fi2  + t'2)-1  exp{-(n2  + m2)a2/(ft3  + i/2)}  (11) 


Thus  (fi3  + v3)  cannot  be  too  large  from  (11),  and  a also  cannot  be  too  large  or  else  Eve  can 
determine  the  state  by  a phase  insensitive  linear  amplifier  followed  with  beamsplitting  or  by 
heterodyne  detection  with  the  following  signal-to-noise  ratio  in  the  quadrature  containing  the 
signal  [19] 


S N Rhet 


4 T}a3 

V(fi  - t/)2  + 2 - rt 


(12) 


In  general,  one  has  to  assume  that  Eve  may  tap  at  r?  = 1. 

When  the  correct  quadrature  is  detected  with  homodyne  detection,  the  signal-to-noise  ratio  is 

(13)4)9] 


SNRhom 


4tjo2 

T}(n  - I/)2  -f  1 - ri 


(13) 


One  must  also  require  that  at  T)  = 1,  the  homodyne  SNR  obtained  by  Eve  with  a beamsplitter 
of  transmittance  e is  sufficiently  small  so  that  she  cannot  quite  resolve  the  state  even  after  the 
measurement  announcement  with  a probability  larger  than,  say,  Pf  = 0.25,  while  the  induced 
reduction  in  the  SNRhom  for  Babe  from  (13)  to 


c pB  4(1  c)i/a 

*•"  >)(i-£)0<-i'>I  + <->  + ()--,) 


(14) 


is  already  sufficiently  large  that  Babe  can  detect  the  eavesdropping  from  the  increase  in  her  error 
rate.  However,  even  for  small  e Eve  can  locate  to  within  a few  states  among  one  basis  of  ( 10)  quite 
well,  unless  a is  so  small  that  the  data  rate  is  strongly  affected.  Thus,  a large  number  of  secure 
bits  cannot  be  derived  from  the  use  of  (10).  Nevertheless  the  potential  of  homodyne  systems  can 
be  seen  from  the  following  two  examples. 

Consider  (9)  with  a3  = 0.8,  v = 0,  t;  = 1.  The  homodyne  detection  probability  of  error  [19] 
is  Pe  = erfc(y/SNR)  ~ 0.037.  If  Eve  tries  to  resolve  the  four  states  with  optimized  heterodyne 
detection,  it  is  readily  shown  from  classsical  detection  theory  that  the  resulting  error  probability 
is  > 0.2  which  is  easily  detected  by  Babe.  Amplification  and  beamsplitting  would  lower  Babe’s 
SNR  too  much  at  the  present  signal  level.  If  Eve  taps  off  just  a fraction  ~ 0.089  of  the  field 
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to  wait  for  measurement  announcement  so  that  the  resulting  optimum  quantum  receiver  [16]  for 
binaray  coherent  states  yields  an  error  probability  of  0.25,  that  would  already  change  Babe’s  error 
rate  to  0.044  via  (10),  a 25%  increase.  With  104  transmissions,  this  means  an  increase  of  3.64 
standard  deviations  of  error  in  an  asymptotic  standard  Gaussian  distrubution  , which  occurs  with 
only  a probability  ~ 10-4.  Comparing  to  the  photon  detection  system  [5],  [6]  with  a2  ~ 0.1 
and  considering  the  fact  that  close  to  an  order  of  magnitude  improvement  in  the  photodetector 
quantum  efficiency  can  be  obtained  from  high  efficiency  photodiode  for  homodyme  detection,  this 
yields  almost  two  orders  of  magnitude  improvement  in  the  data  rate.  For  the  TCS  system  (10) 
with  m = ±1,±3,  a2  = 1,  (p  -f  i/)2  = 4,  rj  = 0.5,  and  with  the  homodyne  error  probauility 
among  the  four  states  in  one  basis  still  given  by  Pe  = erfc(\/SNR),  Eve  cannot  exclude  the 
possibility  of  any  state  with  c = 0.04  which  already  induces  a 3-standard  deviation  difference  in 
Babe’s  err  ~ rate  for  104  transmissions,  and  e = 0.1  is  required  for  Pf  — 0.25.  The  data  rate 
is  now  increased  by  a factor  of  ~ 400.  The  disadvantage  of  these  schemes  is  that  by  raising 
the  signal  level,  the  initial  beamsplitter  attack  puts  a limit  on  the  transmittance  »/  below  which 
the  eavesdroppping  cannot  be  detected.  This  can  be  amended  by  setting  the  threshold  of  the 
binary  decision  at  a higher  level  and  making  no  decision  below  it,  which  of  course  reduces  the 
data  rate,  or  by  decreasing  a which  would  also  lower  the  data  rate.  Apart  from  the  sensitivity 
of  homodyne  detection  versus  photon  counting  technology,  part  of  the  above  improvement  is  due 
to  more  elaborate  signal  processing  which  can  also  be  adopted  in  photon  counting  systems.  Note 
that  as  in  the  direct  detection  case,  the  presence  of  a small  error  probability  for  Babe  would  reduce 
the  information  rate  from  the  original  data  rate  by  a small  fraction.  Also,  Eve  could  obtain  some 
probabilistic  information  without  being  detected,  which  can  be  eliminated  by  Babe  via  "privacy 
amplification”  [5]  that  would  further  lower  the  information  rate.  However,  for  sufficiently  long 
keys  there  is  no  need  to  eliminate  Eve's  probabilistic  information.  A detailed  study  r *'  he  various 
possibilities  will  be  given  elsewhere. 
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Abstract 

The  dependence  of  the  quantum  fluctuation  erf'  the  output  fundamental  and  second-  har- 
monic waves  upon  cavity  configuration  has  been  numerically  calculated  for  the  intracavity 
frequency-doubled  laser.  The  results  might  provide  a direct  reference  for  the  design  of  squeez- 
ing system  through  the  second-harmonic-generation. 

PACS  numbers:  42.50.Dv,  42.65. Ky 


1 Introduction 

The  SHG  is  a highly  efficient  process  for  producing  the  squeezed  state  light.  The  generation  of 
squeezed  light  by  SHG  in  a passive  cavity  has  been  studied  intensively  in  theory  and  experiment!1-3!. 
Some  authors  have  discussed  the  nonclassical  properties  of  the  output  fields  from  an  intracavity 
frequency-doubled  laser.  Most  of  them  consider  an  idea  laser  system*4-5!. 

For  the  experimental  physicists,  it  is  intersting  to  analyze  the  nonclassical  properties  of  the 
output  optica]  fields  from  a realistic  intracavity  frequency-doubled  laser  system.  In  this  paper, 
the  intensity  fluctuations  spectra  of  the  fundamental  and  the  SH  wave  in  output  fields  have  been 
calculated.  The  dependences  of  the  intensity  fluctuations  on  the  configuration  of  the  laser  cavity 
and  the  losses  in  the  cavity  have  brvn  discussed.  These  results  will  provide  a direct  reference  for 
the  design  of  squeezer  with  SHG. 


2 Fundamental  and  SH  fluctuations  spectra 


The  system  we  consider  here  is  a single-ended  resonator  that  contains  a laser  medium  and  a y<?)- 
nor.linear  crystal.  The  laser  is  pumped  by  a coherent  laser  source  and  the  fundamental  f equeney 
mode  (o,’i)  and  SH  frequency  mode  (u%  - 2oq)  are  coupled  by  a *(2) -nonlinearity.  Based  on  Lax- 
Louisell  laser  theory!6!  and  in  the  rotating  frame,  the  semiclassical  equations  of  motion  for  this 
system  are  given  by: 

a,  = (-7,  - .A,)Q,  + ka,a3  + - - (1) 


q2  - (-72  - *A2)q2  - - 


ka\ 


(2) 


where  Oj.  js  the  complex  amplitude  of  fundamental  and  SH  wave,  A\  = <*/i  — un,  and  A2  = 
u.2  - 2u,’t  are  the  detuning  between  the  cavity  modes  and  the  lasing  transition  uq,,  71,72  are  the 
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cavity  damping  rates,  g is  the  pump  parameter,  b is  the  saturation  parameter  of  the  laser  medium, 
k is  the  nonlinear  coupling  constant 


2XW  l 

n3  L 


(3) 


The  constant  k depends  on  the  nonlinearity  of  the  cystal  and  the  configuration  of  the  cavity.  V 
is  the  mode  volume,  l is  the  nonlinear  crystal  length,  L is  the  cavity  length. 

It  is  useful  to  introduce  the  real  parameters  p}  and  q,  to  describ  the  real  and  imaginary  parts 
of  the  field  a,  respectively. 


Pj  = \(ai  + «>)  Qi  = ~ 

In  the  stationary  state,  *he  real  variables  are  the  solution  of  the  following  equations: 

k2b 


K j 


whereas  the  imaginary  parts  are  taken  as  zero  q\  = qz  — 0. 
When  the  pump  parameter  g approaches  the  critical  valued 


9c  = ~(27i  + 72) 


(,  + (,+ 


8bj2 


k2(  27i  + 72) 


)') 


(4) 

(5) 

(6) 


(7) 


the  phase  variables  q}  become  unstable  and  the  system  presents  self-sustained  oscillation.  We  are 
interested  in  the  regime  below  the  threshold  of  the  instabilities,  in  which  the  equations  of  motion 
(1)  and  (2)  can  be  linearized  around  the  stationary  state  given  by  equations  (5)  and  (6). 

At  the  case  of  resonance  (A,  = 0),  we  obtains  expressions  for  the  outgoing  amplitude  squeezing 
spectra  of  the  fundamental  and  SH  wave  at  the  analytic  frequency  Q.  When  the  phase  angles 
equal  to  zero  the  optimum  squeezing  can  be  obtained.  Setting  zero  as  the  shot-noise  level,  we 
have: 

1 — /?!  87ft,  — (l+bfop/gp)  (j  + ^2) 


Si{U)  = - 


62(H)  = - 


1 — R\  + L\ 
1 - R2 


D 


87fla  (2IP2I  (i+fcfoiVp)»)  k2\Pi\2 


where 


D = 


1 — r2  + L2 
2672IP1I2 


D 


i + W2/s)2 


y 


(8) 


(9) 


(10) 


(1  + mvg)2 

Rj  is  the  reflectivity  of  the  output  coupler  at  the  frequency  uir  L}  is  the  rest  losses  per 
roundtrip  in  the  resonator  that  include  absoption,  scattering  and  residual  transmission  through 
mirrors  other  than  the  output  coupler.  7^  is  the  cavity  damping  rate  which  only  depends  on 
the  output  coupler  loss  (1  - R}),  7,  is  total  cavitv  damping  rate  which  depends  on  total  losses 
(1  — Rj  + Lj).  i,From  the  equations,  it  can  been  seen  that  the  squeezing  increase  when  the  rest 
losses  are  decreased. 
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3 Numerical  calculation  and  discussions 


Following  numerical  calculation  was  processed  according  to  our  realistic  experimental  setup  and 
parameters.  The  experimental  system  is  shown  in  Fig.  1 

Fig.l 

A Nd:YAG  laser  medium  and  a nonlinear  crystal  KTP  are  contained  in  a semimonolithic  laser 
cavity.  One  side  of  Nd.YAG  crystal  was  coated  as  the  input  coupler  (A/j).  The  length  of  Nd:YAG 
and  KTP  both  are  5mm.  The  input  coupler  is  high  reflectivity  for  both  fundamental  and  SII 
waves  and  the  output  coupler  (A/2)  is  high  reflectivity  for  the  fundamental  wave.  Former  works 
I4-5!  have  indicated  that  the  squeezing  increases  with  pump  paramter.  Considering  g < gc,  we 
chose  the  pump  parameter  g = 109s_l,  that  corresponds  to  the  pump  power  of  2W  in  our  system, 
to  discuss  the  dependence  of  the  squeezing  on  the  configuration  of  the  cavity  and  the  reflectivity 
of  the  output  coupler  for  SH  wave  (W2).  The  saturation  parameter  b of  laser  crystal  is  0.2s_I,  the 
rest  losses  of  fundamental  wave  is  0.5%  and  the  rest  losses  of  SH  wave  is  1%. 

Fig.2 

Fig.2  shows  that  the  squeezing  degree  of  th  SH  wave  at  zero  analytic  frequency  as  a function 
of  the  cavity  length  and  R2.  Here  the  curvature  radius  of  output  coupler  is  designated  as  30mm. 
It  can  be  seen  that  for  the  designated  curvature  radius  we  can  find  an  optimum  R2(R2  = 88%) 
and  an  optimum  cavity  length  (L  — 25 mm)  to  get  the  maximum  squeezing  (S2(0)  - —0.21). 
For  a certain  R2  there  is  a corrspondent  optimum  cavity  length  which  is  a near  half-concentric 
configuration. 


Fig-3 

In  Fig.3  the  curvature  radius  of  output  coupler  is  taken  as  100mm.  In  this  case  R2  = 92% 
L — 46mm  should  be  an  optimum  option  which  is  a near  half  -confocal  cavity  other  than  above 
near  half-concentric. 


Fig.4 

Fig-4  is  the  squeezing  spectra  of  the  fundamental  wave  (1)  and  the  SH  wave  (2)  as  a function  of 
analytic  frequency  ft  at  the  above-mentioned  optimum  configurations  of  the  cavity.  For  Fig. 4(a) 
p - 30 mm,  L - 25 mm  and  R2  = 88%;  for  Fig. 4(b)  p = 100mm,  L = 46mm  and  R2  — 92%. 
In  this  designed  system  the  squeezing  of  the  fundamental  wave  is  much  less  than  SH  wave.  The 
squeezing  bandwidth  in  Fig.4(a)  is  larger  than  Fig.4(b),  so  that  in  the  experiment  the  length  of 
laser  cavity  should  be  chosen  as  short  as  possible  to  obtain  higher  intracavity  density  of  power, 
larger  squeezing  bandwidth  and  more  compact  configuration. 
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4 Conclusion 


We  have  calculated  the  dependence  of  quantum  noise  squeezing  upon  the  reflectivity  of  output 
coupler  and  the  length  of  cavity  in  the  intracavity*  doubled  laser.  The  results  might  provide  some 
references  for  designing  squeezer  with  intracavity  SHG. 
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Figure  Caption 


Fig.l  The  laser  configuration 

Fig-2  The  dependence  of  squeezing  at  Q — 0 upon  the  reflctivity  R2  and  cavity  length  with 
p = 30mm 

Fig.3  The  dependence  of  squeezing  at  fl  = 0 upon  the  reflctivity  R2  and  cavity  length  with 
p — 100mm 

Fig.4  The  squeezing  spectra  for  the  fundamental  wave  (1)  and  SH  wave  (2).  (a)  p = 30mm,  (b) 
p = 100mm 
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Fig.  1 The  laser  configuration 
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Fig3  The  dependence  of  squeezing  at  0*0  upon  the 
reflectivity  R ^ and  cavity  length  with  p*  100mm 
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Fig.4(a)  The  squeezing  spectra  for  the  fundamental 
wave  (1)  and  SH  wave  (2)  ( p=30mm) 
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Fig.4(b)  The  squeezing  spactra  for  the  fundamental 
wave  (1)  and  SH  wave  (2)  ( p-  100mm) 
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Abstract 

Solid  state  laser  sources,  such  as  diode-pumped  Nd:YAG  lasers,  have  given  us  CW  laser 
light  of  high  power  with  unprecedented  stability  and  low  noise  performance.  In  these  lasers 
most  of  the  technical  sources  of  noise  can  be  eliminated  allowing  them  to  be  operated  close 
to  the  theoretical  noise  limit  set  by  the  quantum  properties  of  light.  The  next  step  of 
reducing  the  noise  below  the  standard  limit  is  known  as  squeezing.  We  present  experimental 
progress  in  generating  reliably  squeezed  light  using  the  process  of  frequency  doubling.  We 
emphasise  the  long  term  stability  that  makes  this  a truly  practical  source  of  squeezed  light. 
Our  experimental  results  match  noise  spectra  calculated  with  our  recently  developed  models 
of  coupled  systems  which  include  the  noise  generates  inside  the  laser  and  its  interaction 
with  the  frequency  doubler.  We  conclude  with  some  observations  on  evaluating  quadrature 
squeezed  states  of  light. 


1 Quantum  models  of  coupled  systems 

Earlier  quantum  models  considered  only  one  system  at  a time,  one  resonator  or  one  laser,  and 
predicted  the  noise  properties  of  such  a system  in  isolation.  Using  the  ideas  developed  by  Gardiner 
and  Carmichael  [1]  we  have  developed  algorithms  which  allow  us  to  describe  coupled  systems. 
Examples  include  a laser  pumped  by  another  laser,  a laser  locked  to  a passive  linear  or  nonlinear 
resonator  (such  as  a frequency  doubler  or  optical  parametric  oscillator),  or  a laser  locked  to  another 
laser.  This  new  technique  is  an  extremely  powerful  tool  to  evaluate  the  performance  of  realistic 
systems,  which  usually  consist  of  several  coupled  components,  and  it  was  applied  to  simulate  the 
experiments  described  in  this  paper. 

2 Removing  excess  laser  noise 

It  is  possible  to  actively  suppress  most  of  the  excess  technical  noise  from  the  laser,  including 
the  intrinsic  relaxation  oscillation,  using  electro-optic  feedback.  Such  a circuit,  with  a suitably 
designed  feedback  characteristic,  will  suppress  classical  fluctuations  in  the  laser  ,:ght  [2]  but  cannot 
suppress  quantum  noise.  In  fact  there  is  actually  a penalty  to  be  paid  for  the  noise  suppression: 
in  spectral  regions  originally  free  of  excess  noise,  such  as  well  above  the  relaxation  oscillation,  the 
feedback  adds  classical  noise  - particularly  when  the  feedback  gain  is  high  [3j.  Improvements  to 
direct  detection  feedback  can  oulv  be  made  by  replacing  the  beam  splitter  with  a nonlinear  optical 
component,  such  as  a Kerr  medium  or  a frequency  doubler  [4j. 
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NORMALISED  NOISE  POWER  (dB) 


An  alternative  technique  is  to  passively  suppress  the  noise  at  higher  frequencies  by  passing  the 
laser  through  a narrow  bandwidth  cavity.  This  arrangement,  typically  known  as  a mode  cleaner 
because  the  cavity  improves  the  spatial  properties  of  beam,  acts  as  a low  pass  filter  for  the 
laser  noise.  The  impact  of  the  mode  cleaner  can  be  see  . Figure  la.  Trace  A shows  the  amplitude 
noise  spectrum  of  the  laser  used  in  our  experiment  .ace  B shows  the  output  noise  spectrum 
after  a mode  cleaner  of  bandwidth  800  kHz.  (The  sp.xe  is  the  moduli  tion  peak  used  to  lock  the 
mode  cleaner).  There  is  a significant  improvement,  with  light  *-e-.ching  the  quantum  noise  limit 
at  8 MHz,  as  opposed  to  beyond  50  MHz. 


FIG. la.  Intensity  noise  ^pectra.  A)  direct  from  laser  B)  after  passage  through 
mode  cleaner 

FIG. lb.  Experimental  layout  for  generating  squeezed  light  via  fr<  quency  doubling 


3 Amplitude  squeezed  light 

Having  shown  that  it  is  possible  to  remove  the  technical  ; ^>ise  from  a practical  light  source, 
the  question  becomes  is  it  possible  to  produce  a practical  light  source  with  reduced  quantum 
fluctuations?  (In  this  paper  we  will  concentrate  on  reduction  of  amplitude  fluctuations.) 

This  can  be  done  with  a diode  laser  which  converts  electric  current  to  light  with  a high  quantum 
efficiency.  Currents  are  a flux  of  bosons,  and  thus  the  Poissonian  limit  does  not  apply:  sti  laid 
current  regulators  generate  currents  with  Poissonian  statistics  (and  thus  fluctuations)  well  below 
the  standard  quantum  limit.  In  turn  this  can  be  used  to  drive  a laser  and  generate  light  with  sub 
Poissonian  statistics  [5]  However  to  date,  such  systems  have  relatively  poor  spatial  properties 
and  are  limited  to  the  red  region  of  the  spectrum. 

An  attractive  alternative  to  diode  lasers  is  to  use  a nonlinear  medium  to  generate  bright, 
amplitude  squeezed  light  directly.  Frequency  doubling  was  one  of  the  first  processes  which  was 
explored  for  squeezing  [6].  A long  sequence  of  technological  improvements  was  required  to  improve 
the  reliability  of  these  systems.  To  date,  passive  monolithic  singly  resonant  cavities  have  proved 
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to  be  by  far  the  most  stable  systems  for  noise  suppression  [7].  In  our  experiments  [8j  the  doubling 
material  is  monolithic  Mg0:LiNb03-  The  end  faces  are  curved,  polished  and  dielectric  coated  to 
form  high  reflectivity  cavity  mirrors.  A dt<'de  pumped  n\\  Nd:YAG  laser  operating  at  1064  nm 
:s  locked  to  this  resonator  and  pumps  it  with  =:  100  m\»  of  power.  The  doubler  has  a conversion 
efScency  greater  than  50%.  The  squeezed  light,  at  532  nm.  is  picked  off  with  a dichroic  mirror 
and  is  detected  at  a balanced  pair  of  detectors  (a  self-homodyne  detector).  See  Figure  lb. 


FREQUENCE  (MHz) 


-62 


-63 


3 

06 

$ 

£ 

Hi 

w 

z 


65 


-67. 


-66 


; 

1.1  dB 

Observed 

1 

i 1 

Business 

After 

Hours 

Hours 

60 


120  180 
TIME  i Minutes ' 


240 


300 


FIG.  2a.  Theoretical  and  experimental  noise  spectra  for  doubler. 

FIG.  2b.  Reliability  trace.  Degree  of  squeezing  is  constant  over  a -5  hour  period. 

Figure  2a  shows  the  results  of  a scan  of  the  detection  frequency.  Trace  A is  the  predicted 
squeezing  for  SHG  when  illuminated  with  a coherent  state,  an  example  of  an  unrealistic  model 
based  on  a smgie  system.  It  predicts  best  noise  suppression  at  zero  detection  frequency.  The 
width  of  the  noise  spectrum  corresponds  to  the  linewidth  of  the  doubler.  Trace  B shows  the 
experimental  results,  after  allowing  for  the  nonideal  detection  efficiency  (a;  65  %).  Whilst  the 
agreement  at  large  detection  frequencies  is  reasonable,  the  prediction  of  good  noise  suppression  at 
low  frequencies  is  clearly  wrong.  The  noise  properties  of  the  real  laser  dominate. 

Trace  C shows  the  results  of  a model  which  simultaneously  describes  the  laser  and  the  doubler: 
it  is  in  excellent  agreement  with  the  measured  results.  The  parameters  for  the  laser  model  are 
derived  from  diiect  m asurement  of  the  laser  output,  no  futher  adjustment  to  the  parameters  are 
required  when  used  in  the  coupled  model.  To  access  greater  squeezing  we  placed  a mode  cleaner 
between  the  laser  and  the  doubler  and  locked  it  to  the  laser.  The  prediction  for  the  coupled 
system  of  three  cavities  (laser,  mode  cleaner  and  dc.  jb’er)  is  shown  ir.  trace  D.  the  corresponding 
experimental  results  are  shown  in  trace  E (again  allowing  for  nonideai  detection  efficiency).  Both 
the  improvement  sn  squeezing  and  the  agreement  bet*  -een  theory  and  experiment  is  excellent, 
aj.art  fiom  the  frequency  window  from  5 to  10  MHz  where  we  see  a series  of  well  defined  technical 
noise  spikes,  most  likely  due  ’o  acoustic  resonaces  in  the  doubling  crystal.  Figure  2b  shows  the 
results  of  the  reliability  t**st.  Observed  squeezing  of  1.1  dB  (2.2  dB  inferred)  was  measured  at 
11.16  MHz  over  a 5 hour  period.  In  ail.  thes»’  results  demonstrate  the  validity  of  our  model  for 
coupled  systems  and  show  that  bright  squeezing  greater  than  2 dB  can  be  reliably  obtained. 


4 Evaluating  quadrature  squeezed  staies  of  light 

In  the  previous  section  we  obtained  excel'ent  quantitative  agreement  between  theory  and  ex- 
periment. Curiously  neither  the  theoretical  model  nor  the  experimental  results  we  used  truly 
quantified  the  state  of  the  light  - infcimatioc  was  th~.«n  away.  In  this  section  we  examine  this 
issue  in  some  detail. 

Broadly  speaking  there  are  two  classes  of  model. , full  and  linearised.  The  starting  point  for 
both  is  the  same,  the  difference  arises  in  the  approxi'  nations  made  in  the  latter  to  evaluate  the 
effect  of  the  nonlinearity.  Either  model  will  give  a two  dimensional  probability  or  quasiprobability 
distribution  that  describes  the  state  of  the  light.  (In  the  remainder  of  this  discussion  we  will 
consider  the  Q representation  and  its  corresponding  Q function.)  Full  models  use  a full  quantum 
mechanical  description,  covering  both  average  mean  values  and  fluctuations,  to  describe  the  com- 
plete state  of  light  Due  to  computing  and  mathematical  limitations,  these  models  are  mainly  used 
to  describe  states  *f  low  photon  number  (such  as  squeezed  vacuum).  The  resulting  Q functions 
may  be  aysmmetric  and  may  show  negative  curvature.  In  linearised  models,  the  mean  values  of 
the  quadratures  are  evaluated  by  solving  the  semiclassical  equations.  The  fluctuations  are  treated 
as  perturbations,  and  only  term?  linear  in  fluctuation,*  are  considered.  This  allows  consideration 
of  high  photon  states,  but  limits  the  model  to  predicting  only  symmetrical  Q functions.  As  we  will 
see,  the  standard  measurement  taken  with  a homodyne  detector  is  well  matched  to  the  simplified 
predictions  of  the  linearised  theory. 

Now  consider  the  experiment.  In  CVV  squeezing  measurements  the  experimental  signal  is 
the  phase  dependent  noise  current  from  the  homodyne  detector.  This  is  normally  analysed  with 
a spectrum  analyser  to  give  the  phase  and  frequency  dependent  variance  of  the  noise  current, 
\r current ( ) . For  an  arbitrary  state  of  light  no  direct  and  unique  mathematical  conversion  exists 
between  the  measured  noise  variances  of  the  light  and  the  predicted  Q function.  However,  some 
important  features  of  the  Q function  can  be  inferred. 

For  a coherent  state  ((AA2)  = (AA|),  (AA2)(AA|)  = 1)  the  probability  distribution  is  a 
symmetric  two  dimensional  Gaussian  with  a full  width  half  maximum,  6X(4>yu;)  = 1,  centred 
around  the  point  given  by  the  long  term  averages  XI,  X2  (where  4>  and  u are  the  detection  angle 
and  frequency  respectively).  By  convention  a contour  is  drawn  at  the  full  width  half  maximum 
of  this  probability  distribution.  For  any  projection  angle  the  root  mean  square  value  of  the 
distribution  (i.e.  the  square  root  of  the  variance)  is  trivially  equal  to  the  separation  of  the  contour 
from  the  centre  of  the  distribution.  The  contour  is  a circle. 

Squeezed  states  are  those  where  the  symmetry  between  XI  and  X2  has  been  broken  by  some 
nonlinear  process.  In  other  words  the  fluctuations  in  XI  and  X2  are  no  longer  independent  but 
are  correlated.  For  a mininum  uncertainty  squeezed  state  ((AA2)  ^ (AAf),  (AA2)(AA2)  = 1) 
the  distribution  is  still  a two  dimensional  Gaussian,  but  the  contour  is  now  an  ellipse.  Note  that 
such  a two  dimensional  Gaussian  function  has  Gaussian  cross  section  for  any  angle  <t>.  Once  an 
elliptical  contour  is  assumed,  which  is  true  for  any  mininum  uncertainty  state,  measured  variance 
Vevrent (£,*>)  and  contour  6X(<j>.uj)  can  still  be  related  point  by  point. 

For  a squeezed  state  with  excess  noise  ((AA2)(AAj)  > 1)  the  shape  of  the  Q function  can 
vary  significantly  from  the  previous  cases.  Without  specifying  the  specific  squeezing  process,  no 
simple  assumption  about  the  shape  or  the  symmetry  of  the  contour  nor  the  shape  of  the  various 
cross  sections  through  the  Q function,  ciJi  be  made.  The  connection  between  V (0,u/)  and 
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6X(4>,u)  is  no  longer  local.  The  value  of  VCT,rrent(0,u/)  depends  cn  all  parts  of  the  probability 
distribution.  The  projection  of  the  entire  function,  not  just  one  specific  cross  section  at  <t>,  must 
be  taken  into  account  when  determining  the  contour  points  (and  thus  the  Q function  shape)  from 
the  variance  (<£,«?). 

There  are  three  courses  in  such  a situation.  To  date  the  most  common  course  has  been  to  simply 
assume  that  the  Q distribution  is  Gaussian  / the  contour  is  an  ellipse.  Whilst  unsatisfactory, 
by  definition  this  gives  good  agreement  with  the  linearised  models  most  often  used  to  describe 
experiments  as  they  only  produce  Gaussian  distributions  / elliptical  contours.  In  fact  one  can 
only  interpret  the  variance  Vcw.reni(d,u;)  as  the  limit  to  the  extent  of  the  distribution  function  in 
the  direction  <i> . The  second  course  then  is  to  obtain  a rough  idea  of  the  contour  for  the  Q function 
by  taking  every  value  of  \T  e*rrmt(Q**>)  and  converting  and  plotting  it  as  to  two  tangents  with 
the  separation  [VCMrrend^1w)]I/’2.  The  actual  distribution  will  lie  inside  the  perimeter  bounded  by 
these  tangents.  The  shape  and  size  of  the  contour  can  then  be  estimated  from  the  plot.  This  can 
be  done  easily  with  typical  variance  datafd]. 

The  third  approach  is  to  measure  the  Q function  directly  and  was  pioneered  by  the  group 
of  Ravmer  et.  al.  (lOj  with  pulsed  sources  of  squeezed  light.  At  fixed  o.  many  pulses  are 
recorded  and  a full  histogram  of  the  energy  of  the  pulses  is  constructed.  This  gives  not  only 
the  variance  of  the  fluctuations  but  the  full  distribution  function  at  that  angle.  I'sing  data 
from  various  angles  the  Q function  is  tomographically  reconstructed.  Each  pulse  is  a mode  of 
the  light  and  is  constructed  of  a complex  mixture  of  frequencies.  In  GW  squeezing  the  measured 
squeezing,  and  therefore  the  measured  Q function,  is  highly  frequency  dependent.  (The  intracavity 
squeezing  value  / probability  distribution  is  for  a mode  of  light  - it  can  be  related  to  the  measured 
extracavity  squeezing  spectrum  of  the  light  field  via  the  input/output  formalism  of  Collett  and 
Gardiner  (11]).  The  analogous  experiment  is  thus  to  look  at  only  one  frequency  of  the  phase 
dependent  noise  current  from  the  homodvne  detector.  This  can  then  be  sampled  and  digitised  to 
build  up  a histogram  of  the  photocurrent  fluctuations.  This  is  repeated  for  a number  of  angles 
and  the  histograms  are  then  in  the  tomographical  reconstruction.  This  technique  was  recently 
demonstrated  successfully  to  analyse  the  squeezed  vacuum  / tow  photon  squeezed  light  produced 
by  a CW  optical  parametric  amplifer  / oscillator  [I2{. 

To  conclude,  mininum  uncertainty  states  are  well  described  by  linearised  theories,  and  well 
evaluated  by  current  measurment  techniques.  States  with  excess  noise,  such  as  a Kerr  squeezed 
state,  cannot  be  accurately  described  by  a linearised  model  - interesting  (non  Gaussian)  features 
are  lost.  Furthermore,  current  measurement  techniques  will  also  miss  these  interesting  features. 
New  modeis  and  experimental  techniques  are  required.  Table  1 summarises  the  salient  points. 
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TABLE  I Summary  of  Section  4. 


Mininum  Uncertainty  State 

State  with  excess  noise 

Theory 

Linearised  theory  / quadratic 
Hamiltonian  gives  exact  result 

Linearised  theory  is  not  sufficient. 
Full  quantum  theory  / higher  order 
higher  order  Hamiltonian  required 

Distrib. 

charac. 

(A  Xi)(AX})  = 1 

Q function  is  a 2 dimensinal  Gaussian. 
Any  cross  section  is  gaussian 

(AX?)(A XI)  > 1 
Q function  has  an  arbitrary  shape 

Contour  line  is  an  ellipse 

Contour  shape  is  arbitrary 

Contour/Q  function  defined  by  the  two 
parameters  r and  fo 

Definition  of  cortour/Q  function 
requires  many  parameters 

Distance  from  contour  to  centre  is 

6X(<t>)  = \t2V{4>) 

Distance  from  contour  to  centre  can 
be  greater  or  smaller  than  l/2V($) 

Conversion  of  V(<p)  to  contour  . unique 

No  unique  conversion  of  V(4>)  to  contour 

Detect. 

Homodyne  detector  and  spectrum 
analyser  gives  Vmin  and  which 

define  contour  and  Q function  uniquely. 

Requires  tomography  to  describe  Q 
function.  Conditional  distribution 
constructed  from  homodyne  output  for  a 
given  LO  angle.  Tomography  requires  a 
range  of  LO  antes. 

Nonlin. 

system 

Any  system  with  nonlinearity  constant 
across  distribution  function 

System  where  nonlineariy  varies  across 
distribution  function  (e.g.  singularity) 

5 Conclusion 

Strong  squeezing  of  bright,  short  wavelength,  light  has  been  demonstrated  and  found  to  be  ex- 
tremely reliable.  We  have  developed  models  th»c  describe  the  behaviour  of,  and  account  for 
the  interaction  between,  the  various  elements  in  a realistic  system  and  find  excellent  agreement 
with  experiment.  We  conclude  that  current  theory  and  measurement  techniques  will  need  to  be 
extended  to  properly  evaluate  the  next  generation  of  nonclassical  light  experiments. 
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Abstract 

The  amplitude  and  transverse  quadrature  component  squeezing  of  coherent  light  in  high 
Q cavity  by  injection  of  atoms  of  two-photon  transition  are  studied. 

The  Golubev-Sokolov  master  equation  and  generating  function  approach  are  utilized  to 
derive  the  exact  variances  of  photon  number  and  of  transverse  quadrature  component  as 
function  of  t.  The  correlation  functions  and  power  spectrums  of  photon  number  noise  and 
of  output  photon  current  noise  are  also  investigated. 


1 Introduction 

In  this  work,  the  amplitude  squeezing  as  well  as  the  transverse  quadrature  component  squeezing  of 
coherent  light  in  high  Q cavity  by  injection  of  atoms  are  investigated.  The  interaction  is  assumed 
to  be  two-photon  transition  type  and  the  initial  mean  photon  number  N is  assumed  large. 

The  interaction  interval  r for  individual  atom  is  taken  the  faverable  value  n/g,  where  g denotes 
the  effective  coupling  constant  between  the  atom  and  the  single  mode  light.  This  value  makes 
each  incoming  atom  to  emit  two  photons  during  passing  the  cavity. 

Our  approach  is  based  on  Golubev-Sokolov  master  equatiorJ’b  Since  this  equation  was  doubled 
by  Bcnkert  and  Rzazewski‘2l  for  it  may  give  negative  probabilities.  We  will  do  some  discussion  on 
it  first.  To  our  view,  even  if  Golubev-Sokolov  equation  does  not  have  the  meaning  as  a common 
differential  equation,  it  is  able  to  give  correct  mean  values,  variances  and  correlation  functions  of 
appropriate  quantities,  when  it  is  utilized  along  with  generating  function  method.  In  this  work, 
this  approach  is  not  only  used  to  derive  photon  number  varance,  the  power  spectrums  of  steady 
photon  number  noise  and  of  output  photon  current  noise,  but  alsc  is  generalized  to  study  the 
squeezing  of  transverse  quadrature  component. 

In  the  investigation  of  photon  number  variance,  we  find  that,  in  the  case  that  the  steady  mean 
value  of  photon  rt,  is  much  larger  than  the  initial  mean  value  of  photon  A",  the  ratio  (An(t)2)/(n(f)) 
will  first  drop  to  a value  which  is  much  smaller  than  its  steady  state  value  1/2,  and  then  turns  up 
to  approach  1/2. 
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In  the  investigation  of  squeezing  of  transverse  quadrature  component,  we  get  that  its  variance 
square  is  expressed  by  (n(t))/4N,  hence  the  correspondent  steady  value  Tf,/4 N maybe  either 
smaller  on  larger  thatn  the  standard  value  1/4.  It  is  interesting  to  note,  this  steady  value  is 
related  to  the  initial  parameter  N.  Furthermore  it  does  not  depend  cm  whether  the  injection  is 
regular  or  poissonian. 


2 Model,  Golubev-Sokolov  master  equation  and  gener- 
ating function  approach 

We  assume  that  the  initial  state  of  light  in  the  high-Q  cavity  is  single  mode  coherent  light  with 
mean  photon  number  N » 1.  The  injected  two  level  atoms  are  in  upper  level,  they  interact  with 
the  cavity  field  by  resonant  two-photon  transition:  ufo  = 2w. 

The  change  of  density  matrix  of  photon  field  due  to  its  interaction  with  a single  atom  initially 
in  upper  level  is  described  by 

(up)™  = PmnCOs{gTyJ(m  + l)(m  + 2))  cos  (pry(n  + l)(n  + 2)) 

+pm- 2,n-2  sm{gry/m(m  - 1))  sin(pTy/n(n  — 1))  - p™.  (1) 

For  lage  N,  m and  n for  important  p™  are  also  large,  so  that  gryf(m  + l)(m  + 2)  may  be 
approximated'3'  by  pr(m  + 5),  etc.  If  we  take  the  value  of  r as  - then  eq.(l)  turns  out  to  be 

(up)mn  = ( — 1 ) Pro-2, n-2  firm  (2) 


which  means  each  atom  emits  two  photons  during  passing  the  cavity,  namely  the  quantum  effi- 
ciency of  photon  production  equals  one. 

We  assume  that  the  atoms  enter  the  cavity  one  by  one  and  at  most  one  atom  in  the  cavity 
every  moment.  Therefore  after  injection  of  k atoms,  p will  change  to  (1  + u)kp. 

If  the  injection  is  of  poissonian  statistics  with  r as  mean  injection  rate,  the  average  number  of 
injected  atom  during  the  interval  t -*  t + dt  will  equal  K = rAf.  Thus'1' 


Kk. 


leading  to 


p(t  + At)  = J2  g‘*-£f  (1  + «)fcP  = «P*A‘p(0, 
dp(t) 


= TUp. 


(3) 


(4) 


dt  pump 

This  is  just  the  pumping  term  in  the  well  known  Scully-LamO  master  quation. 

For  regular  pumping,  k itself  is  a definite  number,  k — rAt  with  r denoting  the  injection 
rate.Therofore 

p(t  + A i)  = (1  + u)T^p(t)  = er'  y"(,+*V(t),  (5) 

which  leads  to'1' 

dp{t) 


dt 


lj>ump  — r[fn(l  + u)]p(f) 


(6) 


3>0 


for  regular  injection.  By  adding  the  cavity  damping  term,  Golubev  and  Sokolov  got  the  equation 


= r[ln(l  + u)/)(t)U  + rl-j(m  + n)pm(t)  + y/(m  + l)(n  + 1)a*i*+iW1.  (7) 

in  which  T denote  the  cavity  damping  and  the  thermal  photon  is  assumed  negligable. 

Benkert  and  ftzazewski  found*2!  that  this  equation  gives  negative  p™,  when  it  is  solved  by 
letting  ^Pnn  = 0 to  derive  the  steady  values  of  p™.  Let  us  see  where  this  problem  might  come 
from.  For  regular  injection  rAt  equals  k therefore  must  be  larger  than  1.  Thus  At  cannot  be 
taken  as  arbitrarily  small.  This  in  turn  means  eq.(7)  may  not  be  a differential  equation  of  common 
sense,  one  ought  to  avoid  by  setting  be  zero  to  get  the  steady  value  of  p.  Because  of  stepwise 
increase  of  rt,  th-  strickly  steady  value  of  p may  not  exist. 

In  practice,  or  * usually  only  needs  to  calculate  the  expectation  values,  varicances  or  correlation 
functions  of  some  relavant  quantities.  In  this  case  it  is  better  to  evaluate  these  values  directly 
rather  than  through  evaluating  p™  first.  Generating  function  aproach  is  especially  ^ood  for  this 
purpose.  In  this  work  this  approach  will  be  used  not  noly  to  study  the  amplitude  squeezing 
(photon  number  squeezing)  but  also  generalized  to  study  the  squeezing  of  transverse  quadrature 
component. 

3 Photon  number  squeezing^ 

Golubev  and  Sokolov,  as  well  as  some  other  authors,  expanded  the  logurithm  ln(  1 + u)  tnd 
trancated  at  the  second  order  of  u: 


io<;(  1 +ti)  = ti  - ^u2.  (8) 

W.-h.Tan*5'  and  the  present  author16*  has  shown  independently  that  for  evaluating  the  variance 
square  (A n2(f)).  this  treatment  is  correct.  The  result  so  obtained  is  identical  to  the  exact  solution, 
but  it  is  not  so  for  evaluating  (A n(t)3).  In  general,  for  calculating  of  (An(t)1),  one  needs  to  expand 
/n(l  + ti)  to  / terms  to  get  the  correct  value*6'. 

As  did  in  Ref(l],  we  introduce  the  generating  function  for  (An2(t))  as 

C(z,t)  = f>nn(t)2n,  2<1-  (9) 

rv=0 


By  utilization  of  eqs.(7)  and  (8),  we  get  the  equation  for  G(z,t)  as 


dG(z,t) 

dt 


-5(3  - *2)U  - *2)C(*,<)  + r(i  - z)^^- 


(10) 


This  is  a partial  difference  equation  of  first  order,  its  general  solution  is  expressed  by  one  of 
its  special  solution  mutiplied  by  the  general  solution  of  equation  = T(1  — z) 8<  & . The 

latter  will  be  determined  by  the  requirement  of  initial  condition.  The  desired  solution  so  obtained 
expressed  by 

G(z,t)  = G(  (11.1) 
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where 

y = 1 + (*  - l)e-r‘,  (11.2) 

/(*, 0 = ^|3(*  - y)  + |(*2  - y2)  - |(*s  - vs)  - - y4))-  (11.3) 

The  values  of  ( n(£ ))  and  (An2(f)}  are  easily  obtained  from  G(z,t): 

MO)  = = ^ + (*-£)«-",  (12.1) 

<An2(i)>  = a^'‘)|„i  + - [^7^  1 

-=  + (12.2) 
The  steady  values  of  (An(£))  and  (An2(t))  exist. By  letting  t = oo,  one  get.- 

M).=  %.  <An2(()),  = £.  (13) 


If  we  define  *?(£)  as  (An2(t))/(n(£)),  then  its  steady  value  gs  will  be  j,  the  same  as  one  photon- 
transition  subpoissonian  lasers. 

Eqs.(12)  can  be  checked  in  the  special  case  of  ideal  cavity  (r  = 0)*3i. 

The  T](t)  defined  above  has  different  behavior  for  x(=  rT,/N)  > 1 or  < 1.  In  the  latter  case 
77(f)  drops  from  its  initial  value  and  monotonically  tends  to  the  steady  value  1/2.  In  the  former 
case  1 ](t)  first  drops  down  to  a minimum  value  Tjmin  less  than  1 /2  and  then  turns  up  to  approach 
1/2.  For  1,  rjm m ~ ^ <Si  1,  therefore  the  correspondent  state  may  be  closed  to  the  photon 
number  eigen  state. 

The  steady  state  correlation  function  g(t)  defined  as  following 

9(t)  = tr  [pJatw(0)a^(t)a//(t)a//(0)]  , £>0  (14) 

can  also  be  evaluated  by  a generating  function  F(z,t).  F(z,t)  satisfies  the  same  differential 
equation  as  eq.(10),  but  has  different  initial  conditions: 

P(*>0)  = £(n  + l)pSi,„+i2n.  (15) 

n 

The  g(t)  so  attained  is 

0(t)  = ~ = (n)]  - ^(n),e~rt,  t > 0.  (16) 

The  power  spectrum  of  the  steady  state  output  photon  current  noise  is  related  to  g(t),  in  the 
case  that  the  damping  of  the  cavity  field  is  mainly  due  to  output,  its  expression  will  be 

P,M  = (17) 

The  correlation  function  (An(£i)An(£2))  for  arbitrary  £1  and  £i  can  also  be  calculated  by  similar 
approach!4*.  ^From  it  we  obtain  the  power  spectrum  of  steady  state  pho'onnumber  noice  as 

W = W.JTp.  08) 

which  mainly  lies  in  low  ftequency  region,  in  contrast  to  P/(u>)  given  above. 
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4 The  squeezing  of  transverse  quadrature  component. 

We  are  now  generalizing  the  generating  function  approach  to  investigate  the  squeezing  of  quadra- 
ture components  of  a. 

Let  a,  the  eigen  value  of  a for  the  initial  photon  state,  be  real  number,  then  di  = \{a  + a*), 
a2  = — a*)  will  be  the  longitudinal  and  tranvcrse  quadrature  components  respectively. 

The  mean  value  of  longitudinal  quadrature  component  is  given  by 

(ai(t))  = Y VnTipn,nti(()- 

n 

In  our  model  (up)n,n+i  = -pn-2.n-i  - Pn.n-i,  which  absolute  value  is  not  small  as  compared  with 
|Pn.n+i|-  Actually  it  is  almost  twice  as  large  as  |pn.n+i|-  And  the  sign  of  |(1  f u)kpln,n+i  varies 
alternately  between  positive  and  negative  as  k varies.  Because  of  these  features,  the  evolution  of 
(di(t))  could  not  be  described  by  differential  equations.  The  situation  of  transverse  quadrature 
component  is  different.  In  our  case  {(12(0)  remains  to  be  zero.  We  may  generalize  the  generating 
function  method  to  investigate  its  variance  square,  which  is  expressed  by 

(A «2(/)2}  = J + |^P»n( 0 - 7 Y \An  + l)(n  + 2)a*.«*+2(0-  (19) 

**  * n * n 


As  before,  En  \/(™~+  1)(”  + 2)pni„+2(f)  may  be  approximated  by  En(n  + §)p„,n+2(£)-  Define 


G2(z,t)  = Yp^2{t)zn,  2<1, 

fl 


(20) 


then 

B»  + |k-«(o  = (2i) 

We  see  that  only  first  order  derivative  appears  in  eq.(21),  therefore  it  is  enough to  take  just 
one  term  in  the  expansion  of  ln(  1 +u).  The  equation  of  G2(z,£)  can  be  derived  accordingly,  solving 
it  as  before,  we  get  En(n  + f )Pn.n+2(0>  which  in  turn  yields 


= w + ?<•  - 


-rt  _ (n(0> 
N ’ 4 N ' 


(22; 


This  result  may  also  be  checked  in  the  special  case  of  ideal  cavity.  Setting  e rt  = 1 - H in  eq.(22), 
we  get 

<Aa2(t)2}  = - + — , 

which  is  the  same  as  that  given  in  Ref(3]  by  a completely  different  approach. 

One  may  show  from  eq.(22)  that  (Aa2(£)2}  - j may  be  positive  or  negative,  depending  on 
whether  {ns)/N  is  larger  or  smaller  than  one.  The  steady  value  of  (A a2(£)2)  is  given  by 


(Aa2(<)2), 


(n), 

4Ar  ’ 


(23) 
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which  may  be  much  larger  or  much  smaller  than  1/4.  The  latter  means,  in  certain  sense,  deep 
suppression  of  phase  noise. 

It  is  interesting  to  note  that  the  stationary  value  (Aa2\t)2),  is  still  related  to  the  initial  pa 
rameter  N. 

It  is  also  interesting  to  note  that  (Aa2(t)2},  unlike  (A n(t)2),  has  no  concern  with  whether  the 
injection  is  regular  or  poissonian,  since  in  the  above  derivation,  ln(\  +u)  is  allowed  to  ^e  replaced 
by  u. 

This  work  is  part  of  the  project  supported  by  the  Chinese  Doctoral  Program  Foundation  of 
the  Institution  of  Higher  Education. 
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Abstract 

In  this  paper.  We  study  the  atomic  dipole  squeezing  in  the  correlated  two— mode  two— photon 
JC  model  with  the  field  initially  in  the  correlated  two— mode  SU(1,1)  coherent  state.  The  effects 
of  detuning,  field  intensity  and  number  difference  between  the  two  field  modes  are  investigated 
through  numerical  calculation. 

1 Introduction 

The  production  and  nonclassical  properties  of  quantized  electromagnetic  fields  and  their 
interaction  with  matters  have  been  the  topics  of  fundamental  importance  in  quantum  optics,  and 
both  saw  remarkable  development  in  the  past  decade.  In  the  first  aspect,  the  correlated  two- 
mode  states  of  radiation  fields,  such  as  the  two— mode  squeezed  stated  l],  the  pair  coherent 
state[2]  and  correlated  two  — mode  SU(1,1)  coherent  state£3l,  have  recciv  a great  deal  of 
attertions  among  researchers.  These  states  usually  display  nonclassical  properties  including  field 
squeezing, antibunching  and  sub  — poissonian  photon  statistics.  In  the  other  aspect,  the  theoretical 
model  for  the  interaction  of  correlated  two— mode  fields  and  a two— level  atom,  better  known 
as  the  generalized  Jaynes— Cummings  model[4] , was  investigated  for  field  squeezing  and  atonic 
dynamics^ 5].  However,  little  attention  has  been  paid  to  the  atomic  dipole  squeezing  in  these 
systems. 

It  is  well  known  that  the  atomic  dipole  squeezing,  in  much  the  same  way  as  the  field 
squeezing,  is  the  reduction  of  fluctuation  of  one  component  of  the  dipole  moment  while  keeping 
the  uncertainty  relations  with  the  other  component  at  the  s me  time.  As  it  is  shown[6]  that 
squeezed  atom  radiates  squeezed  lights,  it  is  of  importance  to  study  the  squeezing  of  the  atomic 
variables.  In  the  present  paper,  we  devote  a study  to  the  squeezing  of  the  atomic  dipole  moment 
in  the  correlated  two— mode  two— photon  JC  model. 

2 The  Hamiltonian  and  State  Vector 

Wc  consider  a system  comprising  of  a two  — level  atom  interacting  with  the  correlated  two 
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— mode,  two— photon  field.  The  Hamiltonian  for  the  system  in  the  dipole  and  the  rotating— wave 
approximation  is  given  by  the  following  expression; 

H = gj ,.o,/ 2+w, (afa,  + 1 / 2)  -f‘WJ(a*aI-i'l  / 2)  -f-X(a*a*o  +o+a(a?) , (h=  1)  (1) 

where  o,  is  the  atomic  transition  frequency,  u,  is  the  frequency  of  the  field  of  mode  it  a, (a*) 
and  a2(a* ) are  the  field  annihilation  (creation)  operators  of  the  two  modes, respectively tOj  is  the 
atomic  inversion  operator  and  ot  are  the  atomic  transition  operators  ; >.  is  the  atom— field  coupling 

constant. 

We  assume  that  the  atom  is  initially  in  the  coherent  superposition  state  of  the  excited  state 
; c>  and  the  ground  state  1 g>,  and  the  field  in  any  correlated  two— mode  state.  The  initial 
atom  — field  state  is  given  by 

T(0)>=  | A(0)>®  | F(0)>  (2) 

where  1 A>=cos  ~ | e>4-e"sin  j g>  = A,  ! e>  + A,  | g> 
and  F(0)>  = X Cn<  I n+q,n> 

At  any  time  t>0,  the  state  vector  of  the  system  is  found  from  the  Hamiltonian (1)  to  be 
I T(t)  > = A,Sexp  { — iCo/n+q-rl) -f-u^n  + DDtjC.^G,  | +{  n+q,n>  — iA2£exp  {— iCo>,(n 
-rq) +«.n}t  ^H,  ! +i  n-f-q  — 1 ,n  — 1> 

+ A,2:c  exp{-iCw,(n-i-q)  }G2  | — ; n + q,n> 


— iA,SCn ^exp{ — iCw,(n-f-q-i- 1) -)-ojJ(n  + 1)  ^]t }.  H?  j — ; n-hq  + l ,n4-l> 

with 

_ i&  sinAt  _ _ i6  sinBt 

C -COSAt  — y-^-.  C-COSBl-j— g- 

H =a  , S'"B' . H.=«  ^ 

. -m  b : A 


(3) 


A = C6V4  + o;  \ B = C62/4+a 

of  ^X’fn-f-q-hl)  (n-hq)  , 


3 Atomic  Dipole  Squeezing 

We  define  the  slowly  varying  atomic  dipole  operators  as 


396 


(i,—  (o+ex  p(  — iwt)  -t-o  exp(iu,t) ) (4) 

o = ~ j (o.exp(  —101,0  — o exp(icj,t) ) (5) 

which  correspond  to  the  dispersive  and  absorptive  parts  of  the  dipole  moment, respectively. 

The  atomic  state  is  said  to  be  squeezed  if  the  variance  satisfies  the  condition 

(A'T)  I <<\>  I i=l  or  2 (6) 

4 

This  condition  can  be  rewritten  as 

S,=  (A°,>  !<o3>|<0  (7) 

In  carrying  out  the  numerical  calculations,  we  assume  that  the  initial  field  is  in  the  correlated 
two  — mode  SU(1,1)  coherent  state1 

F<0)  >=  (!  — | ; 1 '**•  v:  (n±l>!  _y  ‘V  I n+q,n>  (8) 

"•'I-' 

where  •;=  — th(6/2)exp(  — iqp)  and  where  0 <8<oc  and  0^q>  ^ 2n.  For  simplicity , we 
set  q = 0.  Also  we  focus  on  the  effects  of  detuning, photon  number  and  the  number  defference 
between  the  two  modes  on  the  atomic  dipole  squeezing. 

We  assume  the  atom  to  be  initially  in  the  ground  state.  In  the  case  of  on  — resonance 
excitation,  the  dispersive  part  of  dipole  moment  does  not  squeeze,  as  is  shown  by  the  theoretical 
expression  of  the  squeezing  function  S,.  The  evolution  of  S.  vs  reduced  time  X t for  different 
photon  numbers  (N  ) and  number  differences  (q)  are  shown  in  Figs.  I ~3.  It  is  evident  from 
Fig.  1 , where  q = 0,  that  S exhibits  exactly  periodic  fluctuation  behavior , with  periodic  time 
X t = :t.  Good  squeezing  for  o.  is  found  in  the  case  of  weak  initial  field  with  N^=l,  as  shown 

in  Fig.  la,  where  o is  squeezed  almost  all  the  time  except  when  Xt  = kn  (k  = 0,l,2 ). 

With  the  initial  field  becoming  more  intensive,  both  the  digree  and  duration  of  squeezing  grow 
smaller.  (Fig.  1) 

When  there  is  number  difference  between  the  two  modes,  the  time  evolution  of  S;  no  longer 
shows  periodic  behavior  (Figs2~-3).  In  weak  initial  field  cases,  for  example  N ==l  (Fig.  2a, 
Fig.  3a)  , the  fluctuations  of  S,  are  small  and  squeezings  recur.  The  first  squeezing  in  the  case 
of  q=l  lasts  longer  than  that  of  the  case  q = 5,  but  larger  and  longer  squeezings  recover  in 
the  case  of  q — 5.  In  both  cases  the  degree  and  duration  fo  squeezing  get  smaller  as  the  initial 
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field  becomes  more  intensive.  As  it  is  observed  from  Fig.  3b  and  Fig.  3c, only  short  and  small 
squeezings  occur  when  N,— 5 and  10. 

The  above  results  reveal  that  atomic  squeezing  is  both  intensity  and  phase  dependent  of  the 
initial  field.  Two  identical  field  modes  (q  = 0)  , which  mean  that  both  modes  have  identical 
number  and  phase  distributions,  resul:  in  periodic  fluctuation  and  squeezing.  On  the  other  hand, 
two  different  field  modes  (q  = 0)  lead  to  nonperiodic  fluctuation  and  weaker  squeezing  effects. 

The  time  evolution  of  S,  and  S2  for  different  off — resonance  excitations  6 and  for  q=l 
and  N,=  l are  shown  in  Fig.  4 and  Fig.  5 respectively.  It  is  seen  that  both  S,  and  Sz  squeeze 
recurrently  and  alternatively.  When  the  detuning  is  larger,  the  fluctuation  and  squeezing  become 
smaller  due  to  weaker  coupling  between  field  and  atom.  We  have  also  studied  the  cases  when 
q is  large  and  found  that  squeezing  exists  only  for  small  detuning  (not  shown). 

4 Conclusion 

In  summary, we  have  investigated  the  atomic  dipole  squeezing  for  the  correlated  two  —mode 
two— photon  JC  model  with  the  field  initially  in  the  correlated  two— mode  SU(1,1)  coherent 
state.  It  is  shown  that  in  the  on— resonance  excitation  and  when  the  numbers  of  the  two  modes 
are  equal , periodic  squeezing  is  found  for  the  absorption  part  of  the  dipole  . Good  squeezing 
is  observed  when  the  atom  is  initialy  in  the  ground  state  and  the  initial  field  is  weak  . As  the 
number  of  photon  in  mode  2 and  the  number  difference  grow  larger,  the  degree  and  duration 
of  squeezing  decrease  . In  of f — resonance  excitation,  both  o(and  o2  exhibit  squeezing  effects  . 
Detuning  generally  displays  the  effects  of  reducing  fluctuation  and  squeezing  even  revokes  for 
large  detuning  . 
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Abstract 

The  two- photon  transition  (GS^— *6D5/2)  of  atomic  Cesium  is  investigated  for  excitation 
with  squeezed  vacuum  generated  via  nondegenerate  parametric  down  conversion.  The  two- 
photon  excitation  rate  (R)  is  observed  to  have  anon-quadratic  dependence  of  R = al2  + bl  on 
the  incident  photon  flux  (/).  reflecting  the  nonclassiral  correlations  of  the  squeezed  vacuum 
field. 


I Introduction 

Over  the  last  two  decades,  there  has  been  great  progress  in  the  generation  and  application  of 
manifestly  quantum  or  nonclassical  states  of  the  electromagnetic  field.  Spectroscopy  with  such 
nonclassical  light  can  reveal  new  optical  phenomena  associated  with  the  interaction  between  the 
nonclassical  fields  and  matter.  In  this  paper,  we  report  the  first  experimental  observation  of  such 
a novel  field-matter  interactions,  namely  two-photon  atomic  excitation  using  squeezed  vacuum 
light. 

It  is  well  known  that  the  two-photon  excitation  rate  ( R ) can  often  be  expressed  in  terms  of 
the  second-order  correlation  function  of  the  driving  field  [1].  For  classical  light,  this  rate  depends 
quadratically  on  the  incident  photon  flux  (I).  In  contrast,  it  is  theoretically  predicted  that  the 
quantum  correlations  of  a squeezed  state  can  enhance  this  rate  so  that  it  depends  linearly  on 
/ in  the  limit  of  small  photon  flux  [2,  3,  4,  5].  More  generally,  the  two- photon  excitation  rate 
versus  incident  photon  flux  of  a squeezed  vacuum  field  is  well  approximated  by  the  combination  of 
quadratic  and  linear  components,  as  R = al 2 + bl.  As  a realization  of  this  theoretical  prediction, 
we  have  investigated  the  two-photon  transition  (6S1/2 — 1 >6p3/2— »6Ds/2)  for  trapped  atomic  Cesium 
with  squeezed  vacuum  light,  and  found  a non-quadratic  dependence  of  the  excitation  rate  on  the 
incident  photon  flux. 
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2 Experiment 

The  squeezed  vacuum  light  is  generated  from  a tunable  optical  parametric  oscillator  (0P0)  [6] 
pumped  under  subthreshold  condition.  The  pump  beam  is  the  second  harmonic  of  a TirSapphire 
laser  (A=883  nm),  the  frequency  of  which  is  locked  (±0-3  MHz)  to  the  two-photon  resonance 
6Si/2,F=4  — * 6Ds/2,F=6  of  atomic  Cesium.  The  OPO  is  tuned  to  generate  two  frequencies 
(At=852  nm  and  A2=917  nm)  in  resonance  with  the  transitions  6Si/2,F=4  — » 6P3/2,F=5  and 
6P3/2,F=5  — » 6D5/2,F=6,  respectively.  The  doubly  resonant  condition  of  the  OPO  cavity  (linewidth 
~8  MHz)  to  the  two  frequencies  is  identified  by  monitoring  the  parametric  gain  of  an  auxiliary 
beam  from  a diode  laser  at  852  nm  which  is  locked  (±0.3  MHz)  to  the  6Si/2  — » 6P3/2  resonance. 

The  output  from  the  OPO  is  focused  with  a waist  of  ~10  pm  onto  Cesium  atoms  in  a magnet- 
optic  trap  (MOT)  [7],  which  has  a diameter  of  ~200  pm.  The  population  of  the  upper  excited  state 
(6Ds/2)  is  measured  by  observing  the  fluorescence  at  917  nm  (6D5/2— »6P3/2)  with  an  avalanche 
photodiode.  By  chopping  the  trapping  beams  of  the  MOT  at  4 kHz,  we  measure  two  counting 
rates  Rt  and  R2,  the  rates  with  the  trapping  beams  on  and  off,  respectively.  Since  the  trapping 
beams  provide  appreciable  population  of  6P3/2,  R\  provides  a measure  of  the  incident  photon  flux 
at  917  nm,  while  R2  is  proportional  to  the  two-photon  excitation  rate  driven  by  the  squeezed 
vacuum  field  at  852  nm  and  917  nm. 

Since  the  counting  rate  R2  is  very  small  (<  1 s-1)  in  the  region  of  interest,  special  care  has 
been  taken  to  eliminate  and  to  determine  accurately  residual  backgrounds.  We  used  two  different 
techniques  to  measure  the  background  for  a particular  run.  First,  the  magnetic  field  for  the  MOT 
is  switched  off  thus  eliminating  the  trap.  Second,  an  interference  filter  is  placed  to  block  the 
852  nm  beam  thus  eliminating  the  two- photon  transition.  In  both  cases,  no  difference  in  results 
is  discerned  within  an  accuracy  of  ±0.1 /s,  indicating  that  there  are  no  systematic  offsets  in  the 
background  levels  within  the  precision  of  our  data. 


3 Results  and  Discussion 

We  have  performed  several  individual  runs  of  the  experiment,  each  of  which  took  up  to  10  ho»'rs 
for  the  actual  data  acquisition.  In  Fig.  1 is  shown  one  example  of  the  experimental  plot  of  R 2 vs. 
7?i,  where  (a)  and  (b)  are  taken  with  approximate  coherent  state  excitation  and  squeezed  vacuum 
excitation,  respectively  [8].  For  the  coherent  state  excitation  (a),  the  dependence  of  R2  on  Rx  is 
well  described  by  the  simple  quadratic  relation,  R2  - a'R\,  with  the  significance  level  (a)  of  0.86. 
However,  for  the  squeezed  vacuum  excitation  (b),  the  data  tend  to  depart  from  the  quadratic 
form  in  the  low  intensity  region.  In  fact,  the  data  for  (b)  are  well  described  by  a combination 
of  quadratic  and  linear  components,  R2  = aR\  + bRx,  with  the  significance  level  of  a=0.69, 
while  the  simple  quadratic  fit  can  be  rejected  because  of  the  far  smaller  value  of  the  significance 
level  (a=0.07).  In  Table  I,  significance  levels  calculated  for  five  recent  experimental  runs  are 
summarized.  One  can  see  that  the  function  R2  = aRf  ± bRr  produces  the  largest  significance 
levels  for  every  experimental  run  and  that  it  is  the  only  acceptable  one.  The  existence  of  the 
linear  component  is  consistent  with  the  theoretical  predictions  [2,  3,  4,  5],  which  take  account  of 
the  quantum  correlations  between  the  two  fields  (A2  and  A2)  of  the  squeezed  vacuum. 
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FIG.  1.  Two  photon  excitation  rate  ( R2 ) versus  excitation  intensity  ( Rt ). 

(a)  Excitation  with  approximately  coherent  light,  and  (b)  excitation  with  squeezed 
vacuum.  Solid  curves  indicate  the  fitted  functions  of  R2  = a'  R\  and  R2  = aR\  + 
for  (a)  and  (b),  respectively.  Dotted  curves  for  (b)  are  asymptotic  linear  and  quadratic 
components. 


In  addition  to  the  measurement  of  R\  and  R2,  we  also  record  the  parametric  gain  ( G ) of  the 
0P0  at  852  nm.  By  using  the  relationship  between  G and  R\  (or  R2 ),  one  can  deduct  the  “knee” 
position  where  the  linear  and  quadratic  components  give  equal  contributions  (9).  The  average 
value  of  the  knee  position  G*nee  for  five  experimental  runs  is  G/b„ee=1.36±0.Q9,  and  each  value 
shows  reasonable  consistency  within  the  statistical  error.  This  value  is  to  be  compared  with  the 
theoretical  expectation  Gfcn«  = 1.7,  which  is  obtained  from  numerical  integration  of  the  Master 
Equation  appropriate  to  our  system  [10].  Although  the  measurements  give  somewhat  smaller 
values  and  the  reason  for  that  is  not  clear  at  present  [11],  the  agreement  between  the  measured 
and  theoretical  values  of  the  knee  position  is  not  unreasonable.  Furthermore,  the  consistency  of 
the  measured  values  strongly  indicates  that  the  observed  dependence  of  R2  on  Rx  is  due  to  the 
properties  of  the  light  emerging  from  the  0P0,  and  not  to  some  spurious  effects. 
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TABLE  I.  Significance  levels  for  three  trial  functions  R2  = aR\  + bR\,  R2  = a'R\ , 
and  R2  = a" R\  + c.  (A)  to  (E)  are  the  values  for  particular  experimental  runs,  and 
(Total)  for  all  the  data  scaled  together  as  described  in  the  text. 


Experiment 

R2  — aR\  + bR\ 

R2  = a'R\ 

R2  = a"R\  -f  c 

A 

0.001 

0.0002 

0.002 

B 

0.69 

0.07 

0.44 

C 

0.33 

0.0005 

D 

0.89 

0.32 

E 

0.51 

0.004 

Total 

0.03 

2 x 10“ 10 

0.003 

By  using  the  simultaneous  measurements  of  R\,  R2,  and  G,  one  can  combine  all  our  experimen- 
tal data  onto  a common  scale,  so  that  the  measured  variables  (Rt,  R2,  and  G)  fit  the  theoretical 
value  by  means  of  a least-squares  minimization.  As  shown  in  Table  1 (Total),  the  experimental 
data  thus  scaled  together  can  be  fit  by  the  function  R2  = aR \ + bR\ , with  the  largest  value  for 
the  significance  level.  Meanwhile,  the  fit  with  the  functions  of  simple  quadratic  ( R2  = a' Rf)  and 
quadratic  plus  constant  (R2  = a"R\  + c)  should  be  rejected  because  the  significance  levels  for  such 
fits  are  much  smaller.  Thus,  we  conclude  that  the  experimental  data  do  exhibit  the  predicted  lin- 
ear component  of  the  two-photon  excitation  rate  versus  incident  photon  flux.  We  believe  that  the 
linear  dependence  is  characteristic  of  the  nonclassical  nature  of  the  squeezed  vacuum  excitation, 
because  we  can  exclude  the  possibility  of  a linear  dependence  for  classical  fields  in  several  broad 
cases  (12j. 

In  conclusion,  we  have  made  the  first  observation  of  a nonclassical  effect  on  atomic  excitation 
with  a squeezed  vacuum  field.  Our  observations  reveal  a new  regime  of  the  field-matter  interaction 
where  the  nonclassical  nature  of  the  field  plays  a role  not  heretofore  realized. 
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Abstract 

I have  investigated  the  evolution  of  the  field  entropy  in  the  two-photon  JCM  in  the 
presence  of  the  Stark  shift  and  examined  the  effects  of  the  dynamic  Stark  shift  on  the 
evolution  of  the  field  entropy  and  entanglement  between  the  atom  and  field.My  results  have 
shown  that  the  dynamic  Stark  shift  plays  an  important  role  in  the  evolution  of  the  field 
entropy  in  two-photon  processes. 


1 Introduction 

The  two-photon  Jaynes-Cummings  model  [1]  describing  the  interaction  of  a single- mode  quantized 
field  with  a two-level  atom  through  intermediate  state  involving  the  emission  or  absorption  is  one 
of  t'ne  most  intensively  studied  mode’s  in  quantum  optics  . In  this  model,  when  the  two  atomic 
levels  are  couple  with  comparable  strength  to  the  intermediate  relay  level, the  Stark  shift  becomes 
significant  and  cannot  be  ignored  [2-5] . Puri  and  Bullough  (3),  A. Josh  (4),  Tahira  Nasreen  and 
Razmi  |5j  studied  the  influences  of  the  Stark  shift  terms  on  the  atomic  inversion  and  dipole 
squeezing  . Tahira  Nasreen  and  Razmi  [5,8]  discussed  the  e ect  of  the  Stark  shift  on  the  Atomic 
emission  and  cavity  field  spectra  in  the  two-photon  JCM  .These  works  have  shown  that  the 
dynamic  Stark  shift  plays  an  important  role  for  the  properties  of  dynamics  in  two-photon  JCM  . 
On  the  other  hand,  recently  much  attention  has  been  focused  on  the  properties  of  the  entanglement 
between  the  field  and  atom  in  the  Jaynes-  Cummings  model  (JCM) [9- 15]. Phoenix  and  Knight  [9] 
have  shown  that  the  partial  entropy  is  a convenient  and  sensitive  measure  of  entanglement  between 
the  atom  and  field  . The  time  behavior  of  the  field  (atomic)  entropy  reflects  time  behavior 
of  the  degree  of  entanglement  between  the  field  and  atom  in  JCM  . The  higher  the  entropy, 
the  greater  the  entanglement, the  information  concerning  the  field  is  obtained  by  measurement 
performed  on  atoms  .For  the  two-photon  JCM.  Phoenix  and  Knight  [11],  and  Buzek  ]10]  studied 
the  evolution  of  the  field  entropy  and  the  entanglement  between  the  field  and  atom  .The  author 
]13]  also  examined  the  influence  of  atomic  coherence  on  the  evolution  of  field  entropy  in  two- 
photon  processes  .However, these  results  are  obtained  in  the  case  the  Stark  shift  is  ignored  .In  this 
paper, to  make  the  two-photon  JCM  closer  to  the  experimental  realization,!  include  the  effect  of 
the  dynamic  Stark  shift  in  studying  the  evolution  of  field  entropy  and  entanglement  . The  results 
for  the  entropy  evolution  and  entanglement  incorporating  the  Stark  shift  are  radically  different 
from  the  result*  obtained  in  the  absence  of  the  Stark  shift. 
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2 The  reduced  density  operator  and  the  field  entropy 
calculation  formalism  for  two-photon  JCM  in  the  pres- 
ence of  the  Stark  shift 


In  this  paper,  the  model  considered  consists  of  a single-mode  cavity  field  of  frequency  lj  with 
an  effective  two-level  atom  of  transition  frequency  kfc  through  two-photon  transitions  in  a lossless 
cavity.  The  excited  and  ground  states  of  the  atom  will  be  designated  by  | +>  and  | — ),  respectively 
. I assume  these  states  to  have  identical  parity,  whereas  the  intermediate  states,  labeled  | j) 
(j— 3,4,...),  are  coupled  to  | +)  and  | — ) by  a direct  dipole  transition  and  so  located  as  to  give  rise 
to  a significant  Stark  shift.  The  effective  Hamiltonian  describing  such  a model  has  form  [3] 

W*//  = ud+a  + + a+a(,02  | +)<+  | +0,  | -><-  |)  + g[d+2S.  + aa5+),  (1) 


where  1 have  chosen  units  such  that  ft  = 1.  a+and  d are  the  creation  and  annihilation  operator 
of  the  cavity  field;  S,  =|  +){+  | - | -)(-  |,  S+  =|  +)(-  |,  and  5_  =|  -)(+  | are  the  atomic 
flopping  operators./?!  and  (h  are  the  parameters  describing  the  dynamic  Stark  shift  of  the  two 
levels  due  to  the  virtual  transitions  to  the  intermediate  relay  level,and  g is  the  atom-field  coupling 
constant . For  simplicity  ,1  consider  on-resonance  interaction  ,so  that  u/q  = 2u/ . By  diagonalizing 
We//  in  the  manifold  of  states  | +,n)  and  | - , n + 2) , the  time-evolution  operator  in  the  interaction 
picture  can  be  obtained  [5] 


Ul2(n)  \ 

V* 2(n)  ) ' 


(2) 


where  I have  written 


Wn(n)  = sin2(0„)exp(— + cos2(0„)exp(-*'A^f) 

Wi2(n)  = ^ sin(20„)(exp(-iA^f)  - exp(-i'A^f)]  = 0ai  (n) 

W22  (n)  = sin2(0„)exp(-tA^f)  + cos2(0M)exp(-iA£t),  (3) 

With 


sin(0„) 

A* 

ft. 


ft/ 

n(l  -1  r2)  + 2r2 

0 ^ 

(02(n  + l)(n  + 2)  + £J,/2 


6.  - |;[n(l-r2)-2r2) 

r = (Pi/(h)l/\  (4) 

I consider  the  at  time  t=0  tlie  atom  is  in  a coherent  superposition  of  the  excited  and  ground  states 


0 >y”)  = «m(^)  I t ) +-  cxp(— i\p)  sin(^)  | -) 


(5) 
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and  the  field  is  an  arbitrary  superposition  of  Fock  states, so  that  at  time  t=0  the  density  operator 
for  system 


p(0)  = £ £ Fn-m{cos(^)  i -F.n)  + exp(-iV)  sin(jjj)  | -,n» 

n= 0m=0  1 * 

6 0 
*{cos(-)<m,+  | + exp(iip)  sin(-)(m,  — |}. 


(6) 


where  0 is  the  degree  of  excitation,  is  the  relative  phase  of  the  two  atomic  levels = FnF^ 
and  Fn  are  coefficients  in  the  Fock-  state.  At  any  time  t > 0 the  reduced  field  density  operator 
for  the  system  is  given  by 

Pf(t)  = Tratairn{Oi{t)p(0)Uf{t)} 

= cas2do)  £ £ F„,m {f/i , («)(/{, (m)  | n)(m  | +U2l{n)U;i{m ) | n + 2 )(m  + 2 |} 

‘ n=0m=0 


+^sin(0)exp(i*?)  £ £ Fn,m{f/n(n)£/;2(m  - 2)  | n){m  - 2 i 

n-0m=O 

+f/2i(^)^22(m  - 2)  | n + 2)(m  |} 


1 

+ 2S‘" 


WoM-if)  £ £ F«.m{U„(n  - 2)u;,(m)  | n - 2 )(m  | 

n- 0 m=0 


+t'!2(n  - 2)1/;, (m)  | n)(m  + 2 |} 


+ sin!(i»)  £ £ - 2)l/i(m  - 2)  | n)(m  | 

‘ n=0  ro= 0 

+f/2,(n  - 2)t/22(m  - 2)  | n - 2)<m  - 2 j}. 


(7) 


The  reduced  density  matrix  Equation  (7)  has  included  the  influences  of  the  Stark  shift  and  atomic 
coherence  .Following  the  woik  of  Phoenix  and  Knight  (9), the  eigenvalues  and  eigenstates  of  the 
reduced  field  density  operator  Equation  (7)  may  be  obtained 


I V’?(0>  = 


»?(<)  = (i/;;(/;,)±exp(=FS)i(t/,>;,>i 
= <(/;!(/;,)  ±exp(±4)  I (U‘*U^)  I, 

-/■  ± «>]  I U'n)  ± rapl-jK  ± 4)1 1 1/;,» 

y27T*(f)  cosh(<5)  2 2 


(8) 

(9) 


where 


U[x)  -■=  cos  do)  jr  FnUu[n)  | n)  + sin(^0)exp(-iV)  £ ~ 2)  I n “ 2)< 


n=0 


n=0 
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(10) 


I W„)  = cos(i«)  £ F„t/a,(n)  | n + 2)  + sin(ifl)  exp(-i*>)  £ FJJ„(n  - 2)  | n). 

* n=0  £ n=0 

6 = sinh~l(x).  (11) 

1 can  obtained  calculation  formalism  of  the  field  entropy  Sf(t)  in  terms  of  the  eigenvalue  rrf  oil 
the  reduced  field  density  operator 

S/(t)  = -I*/(<K»**/(0  + (12) 

The  field  entropy  S/(t)  given  by  Equation  (12)  shows  that  the  field  entropy  depends  not  only  on 
the  field  statistics  parameters  Fnm,but  also  on  the  Stark  shift  parameter  r = (Pi/Pi)1^  and  the 
initial  state  of  atom.  Especially  whr  Pi  = 0?  = 0 ,Eq(12)  give  the  results  of  Refs[ll-13]  for  K=2. 

3 Numerical  results 

I now  discuss  the  numerical  results  for  the  field  entropy  Sj(t)  is  given  by  Equation  (17)  when  the 
initial  field  state  is  in  the  coherent  state  | a) 

F„.m  = exp(-  | a |2)ana*m/(n!m!),/2.  (13) 

with  a =|  a | exp  {ip)  and  | a |2=  n,  where  P is  the  initial  phase  of  the  field  and  n is  the 
average  number  of  photons  in  the  coherent  state.  Here  I hope  to  learn  about  the  roles  played  by 
the  Stark  shift  . The  numerical  results  of  equation  (12)  are  show  in  Figs.  1-3  for  different  values 
of  the  Stark  shift  parameter  r and  different  the  initial  states  of  the  atom  with  n = 20  . 

; Figure  1 Figs.l  Effects  of  the  Stark  shift  on  the  evolution  of  the  field  entropy.  9 = 0 .atom 
initially  in  excite  state, field  in  the  coherent  state  with  mean  photon  numbers  h = 20  ,(a),no  Stark 
shift  (Pi  = Pi  = 0 );(b),r  = l(pi  = Pi)  ;(c ),r  = 0.5  ; (d),r  = 0.3 

; Figure2  Figs.2  Effects  of  the  Stark  shift  on  the 
evolution  of  the  field  entropy.  9 = n/2  , v?  - 2P  = 0 .atom  initially  in  trapping  state,  the  rest 
parameters  as  Figs.l.  (a), no  Stark  shift  (P\  = pi  = 0 );  (b),r  = l(/?j  = Pi)  ;(c),r  = 0.5  ;(d),r  = 
0.3  ; Figure3  Figs. 3 Effects  of  the  Stark  shift  on  the  evolution 

of  the  field  entropy.  The  same  as  Figs.2  but  <p  -2 P = tt/2.  (a), no  Stark  shift  (Pi  = P2  = 0 ); 
(b),r  = l(Pi  = Pi)  ;(c),r  = 0.5  ;(d),r  = 0.3  3.1  Atom  Initially  in  the  excited  state  In 

Figs.l(a),I  have  the  case  0 = 0 (i.e.  the  atom  is  in  the  excited  state)  and  Pi  = Pi  = 0(i.e.  in 
the  absence  of  the  Stark  shift)  .corresponding  to  the  evolution  of  the  field  entropy  in  the  standard 
two-photon  JCM  obtained  by  Ref{l  1-13]. I note  that  the  field  entropy  evolves  at  periods  7r/g,when 
t = nir/g,  (n  = 0, 1, 2, 3...),S/(<)  evolves  to  the  zero  values  and  the  field  is  completely  disentangled 
with  the  atom,  while  when  t = (n  + \/2)ir/g.  S/(t)  evolves  to  the  maximum  value, and  the  field  is 
strongly  entangled  with  the  atom  . The  results  for  the  evolution  of  the  field  entropy  S/(t)  in  the 
presence  of  the  Stark  shift  are  plotted  in  Figure  l(b)-(d).  In  Figs.  1(b), the  Stark  shift  parameter  r 
is  given  as  1 (namely  P\  = Pi  ),  this  correspond  to  the  case  the  two  levels  of  the  atom  are  equally 
strongly  couple  with  the  intermediate  relay  level  . By  making  a comparison  between  Figs.  1(a) 
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and  Pigs.  1(b),  I find  that  the  evolution  of  the  entropy  is  almost  similar  for  both  cases.  This 
result  corresponds  with  the  fact  that  in  two-photon  processes, the  Stark  shift  creates  an  effective 
intensity  dependent  detuning  A.v  = ft  - ft  f 16].  When  r = 1.0  , (namely  ft  = ft)thus  A at  = 0.0  , 
the  Stark  shift  does  not  affect  the  time  evolution  of  the  field  entropy  . In  Figs.  1(c), I show  the 
case  r =0.5, in  which  the  two  levels  have  the  unequal  Stark  shifts  (ft  < ft  ).I  note  that  the  Stark 
shift  leads  to  decreasing  the  values  of  maximum  field  entropy  and  increasing  the  values  of  field 
minimum  entropy  .It  also  results  in  increasing  frequency  of  the  field  entropy  vibration  . As  the 
parameter  r further  decreased  (e.g.,r=0.3,see  Figs.  1(d)),  the  values  of  the  maximum  field  entropy 
and  the  degree  of  entanglement  of  the  field-atom  further  reduced  . 3.2  Atom  initially  in  the 
superposition  states  When  0 — n/2  and  <p  — 20  = 0 , the  atom  is  initially  in  trapping  state, 
the  evolution  of  the  field  entropy  are  plotted  in  Figs.2  . Figs.2(a)  show  the  evolution  of  the  field 
entropy  in  the  absence  of  the  Stark  shift  while  Figs.2(b)  show  the  case  that  r=1.0  .1  can  see  that 
under  the  condition  the  atom  is  initially  in  trapping  state, the  field  entropy  obviously  reduced  with 
comparison  Figs.l  (a),(b)  in  where  the  atom  is  initially  in  excited  state,  and  the  evolution  of  field 
entropy  in  the  case  r=1.0  is  almost  same  as  that  in  the  absence  of  the  Stark  shift  .Figs.2(c)  and 
Figs.2(d)  show  the  evolution  of  S/(t)  in  two  cases  that  r=0.5  and  r=0.3, respectively.  As  is  visible 
from  the  figures,  the  effects  of  the  dynamic  Stark  shift  are  more  pronounced  when  r deviates 
from  unity  .On  the  other  hand  .when  atom  in  initially  trapping  state, as  r decreased, the  values  of 
maximum  field  entropy  increased,  indicating  that  the  Stark  shift  leads  to  increasing  the  degree 
of  entanglement  between  the  field  and  atom,  which  is  contrary  to  the  case  the  atom  is  initially 
excited  state  . The  results  for  the  evolution  of  the  field  entropy  Sj(t)  as  0 = jt/2  ,<p  — 20=  jt/2 
and  various  values  of  Stark  shift  parameter  r are  presented  in  Figure  3 .In  these  cases,  I note 
that  the  maximum  field  entropy  always  remains  at  its  maximum  values,  regardless  of  the  chosen 
value  of  r . A possible  explanation  for  above  behavior  of  field  entropy  evolution  can  be  performed 
in  terms  of  the  Bloch  vector  in  semiclassical  theory  (17]  in  the  next  section  . 


4 Semiclassical  interpretation  of  the  evolution  behavior 
of  the  field  entropy 

I can  find  that  the  larger  the  extent  of  the  Bloch  vector’s  motion, the  greater  the  values  of  the 
maximum  field  entropy  by  examining  the  evolution  of  field  entropy  in  semiclassical  version  . By 
replacing  the  field  annihilation  operator  a by  the  c number  v = y/ftexp \i{jjjt—0)\  I get  semiclassical 
version  of  eq.(l) 


He/f  — nui  + woft  + n(ft  | +){+  j +ft  | — )(—  |) 

+ ng(S+  exp(— i2(u;t  — 0)\  + S_  exp[i2(urt  - ft})  . 

The  motion  equations  of  operators  S{(£  = +,  — , *)can  be  written 

dS 

—j—  = iuoS+  - i2<7nexp[i2(urt  - ft]S,  + in&NS+  , 
at 

dS 

— y—  = + i2gnexp\-i2(ujt  - 0)]SZ  — inA^5_  , 

at 


(14) 


05) 

(16) 
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where 


JP 

—£■  = tgfi(exp[t2(ujt  - 0)\S.  - exp|-t‘2(<</t  - 0)\S+)  , 


(17) 


= = ri>  - (18) 
r 

is  an  effective  detuning  created  by  the  Stark  shift . Define  the  two  slowly  varying  operators  which 
involve  the  coherence  between  the  two  atomic  states 


S*  = ^{exp{— t(o*)t  - $)]S+  + exp[i(u*>t  - $)1S_)  , 
Sy  = ^{exp(-i(u*>e  - $)J5+  - exp (i (Mot  - $)JS_}  . 


(19) 


(20) 


where  $ is  a phase  angle  that  may  be  chosen  at  will . The  atom  interacting  with  the  field  obeys 
the  optical  Bloch  equation 

^ = «.(<)  X S(8).  (21) 

Where  S(t)  is  the  Bloch  vector  for  the  atom 

S {t)  = {Sx(t),Sv(t),S,(t)}.  (22) 


and  Qg  (t)  is  the  driving  field  vector  .which  can  be  written  by  using  eqs.(14)-(22) 


Q ,(t)  = {2^ricos|(2u;  - u*)t  - (20  - ♦)),  2 gn sin[(2u/  - wu)t  - (20  - 4>)),  uAn } . (23) 

Generally  S(f)  precesses  in  a cone  about  ns(t).  The  extent  of  Bloch  vector’s  motion  is  largest  when 
S(t)  and  n8(0  are  orthogonal  and  minimum  when  S(£)  and  Qs(t)  are  parallel  or  antiparallel. Thus 
the  time  evolution  of  the  Bloch  vector  is  quite  different  for  different  initial  preparations.  If  the 
atom  is  initially  coherent  superposition  state  given  by  eq(5),  the  Bloch  vector  at  time  t=0  can  be 
expressed  |17| 

S(0)  = {^  sin(0)  cos(4>  - <p),  ^ sin(0)  sin(4>  - <p),  ^ cos (9)}  , (24) 

ns(0)  - {2(picos(4>  - 2/?),2<7nsin($  - 20),nAN}  . (25) 

For  simplicity, I let  4»  = y?,the  initial  Bloch  vector  in  this  case  is  on  the  x-z  plane.  When  the 
atom  is  initially  in  excite  state  (0  = 0 ),the  initial  Bloch  vector  S(0)  = {0,0,  |)  and  the  vector 
(2,(0)  = {21771,0, nA at)  . Under  this  condition, the  extent  of  Bloach  vector’s  motion  is  dependent 
of  the  effective  detuning  AN  created  by  the  Stark  shift  . When  0\  — 02  = 0 (in  the  absence 
of  the  Stark  shift)  or  r = 1.0(/?i  = 02)  , An  — 0 , the  vector  S(0)  and  (2,(0)  are  orthogonal 
and  the  extent  of  Bloach  vector  is  the  maximum  for  these  two  cases  so  that  the  maximum  field 
entropy  always  remains  at  its  maximum  value  and  the  degree  of  the  entanglement  of  atom-field  is 
the  largest  (see  Figs.  1(a)  and  (b)).  With  r reduced, Aw  increased,S(0)  and  0,(0)  are  no  longer 
orthogonal  and  the  extent  of  Bloach  vector’s  motion  is  reduced  .This  leads  to  the  values  of  the 
maximum  field  entropy  and  the  degree  of  entanglement  of  atom-field  decreased  as  the  Stark  shift 
parameter  r reduced  under  the  condition  the  atom  is  initially  in  excite  state  . When  the  atom 
is  initially  trapping  state  (namely  0 = - 20  — 0), Bloach  vector  S(0)  = {5,0, 0} , r2s(0)  = 

{2(/n,0,nA/v}-The  motion  extent  of  S(t)  is  also  dependent  of  the  effective  detuning  An  . When 
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0i  = (h  = 0 (in  the  absence  of  the  Stark  shift)  or  r = l.Q(0i  = 0%)  , Aw  = 0.0  and  the  vector  S(0) 
is  parallel  to  Qs(0),the  motion  extent  of  the  S (t)  tends  to  zero, and  the  values  of  the  maximum  field 
entropy  obviously  reduced  (see  Figs.2(a),(b).  With  parameter  r decreased, Aw  increased  and  the 
vector  S(0)  and  fls(0)  are  no  longer  parallel  . The  greater  the  effective  detuning  A w (the  smaller 
the  parameter  r),  the  larger  the  extent  of  the  S(£)  .this  leads  to  the  values  of  maximum  field 
entropy  and  the  degree  of  entanglement  of  the  atom-field  increased  as  parameter  r decreased  (see 
Figs.2(c),(d))  under  the  atom  is  initially  in  trapping  state  . Furthermore, when  0 — n/2  .relative 
phase  y?  - 20  — x/2  is  chosen, S(0)  = {^,0,0},H8(0)  = {Q,2gn,ii&x}  are  completely  orthogonal 
irrespective  of  values  of  Aw  • Therefore, at  this  case, the  extent  of  S's  motion  and  the  values  of 
maximum  field  entropy  are  independent  of  the  influences  of  the  Stark  shift,  and  are  maximum  at 
a)l(sce  Figs.3(a)-(d)). 
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The  figure  captions 

Figs.l  Effects  of  the  Stark  shift  on  the  evolution  of  the  field  entropy.  0 = 0 .atom  initially 
in  excite  state, field  in  the  coherent  state  with  mean  photon  numbers  ft  s 20  ,(a'  no  Stark  shift 
(01  * 02  * 0 );(b),r  * l(ft  * 0j)  ;(c),r  * 0.5  ;(d),r  m 0.3 

Figs. 2 Effects  of  the  Stark  shift  on  the  evolution  of  the  field  entropy.  9 = x/2  , <p  — 20  as 

0 .atom  initially  in  trapping  state,  the  rest  parameters  as  Figs.l.  (a), no  Stark  shift  (ft  = A * 0 ); 
(b),r  as  1(0!  a 0j)  ;(c),r  = 0.5  ;(d),r  = 0.3 

Figs. 3 Effects  of  the  Stark  shift  on  the  evolution  of  the  field  entropy.  The  same  as  Figs.2 

but  <p  - 20  = r/2.  (a), no  Stark  shift  (&  = 03  = 0 ),  (b),r  = l(0i  = 0j)  ;(c),r  = 0.5  ;(d),r  = 0.3 
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Abstract 

The  thermal  self-modulation  has  been  observed  experimentally  via  SHG  in  OPO.  the 
threshold  pump  power  for  the  thermal  self-  modulation  is  much  smaller  than  that  of  the 
nonlinear  self-pulsing.  The  thermal  effect  prevent  from  realizing  the  theoretical  prediction 
for  the  self-pulsing. 

PACS  numbers:  42.65. Ky 


1 Introduction 

In  recent  years  the  interest  in  the  continuous  optical  parametric  oscillators  (OPO’s)  has  been 
renewed  because  of  their  ability  to  generate  nonclassical  states  of  light  efficiently!1,2'.  The  bright 
amplitude  squeezed  light  have  been  produced  from  the  single  and  double  resonant  OPO’s  through 
second-harmonic  generation  (SHG)*3,4'.  Due  to  technical  problem,  especially  thermal  instibility, 
the  double  resonance  system  was  not  stable4.  Therefor  it  is  necessary  to  study  the  thermal  effects 
in  OPO’s 

In  1978  K.J. McNeil  et.  al.  predicted  the  self-pulsing  behaviour  in  the  intensity  of  the  sec- 
ond harmonic  mode  for  sufficient  strong  coherent  input  to  the  fundamental  mode'5'.  Plenty  of 
theoretical  papers  in  this  subject  has  been  published  but  so  far  there  is  no  experimental  result 
to  be  presented  to  our  knowledge.  We  designed  a ring  OPO  to  realize  self-pulsing  experimen- 
tal. Although  a similar  intensity  modulation  phenomenon  between  »,ne  second  harmonic  mode 
and  the  fundamental  mode  has  been  observed  the  oscillation  period  was  totally  different  with 
that  pr  ted  by  McNeil  et.  al..  The  theoretical  analyses  showed  that  the  intensity  modulation 
records  . us  derived  from  the  thermal  effect  in  the  nonlinear  crystal.  We  named  it  thermal 
self-mc  aation.  The  thermal  self-modulation  effect  m be  explained  by  means  of  the  phase  m:s- 
matching  of  SHG  during  the  crystal  temperature  rising  due  to  the  absorption.  O lr  experimer 
points  out  that  the  threshold  of  the  thermal  self-modulation  is  much  lower  than  that  of  the  self- 
pulsing  giving  in  ref. [5]  for  the  crystals  with  the  large  absorption  to  the  second  harmonic  wave 
such  as  LiNb03.  The  thermal  effect  prevents  from  demonstrating  experimentally  to  the  nonlinear 
self-pulsing  predictions.  This  might  be  the  reason  of  that  why  the  experimental  observation  has 
not  been  finished  untill  now.  In  this  paper  we  shall  present  the  experimental  results  of  the  thermal 
self-modulation  and  compare  the  threshold  power  of  the  thermal  self-modulation  with  that  of  the 
nonlinear  self-  pulsing. 
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2 Experimental  set-up  and  result 

We  designed  a ring  OPO  cavity  to  prevent  the  laser  source  from  being  desturbed  by  the  feedback 
light.  The  pump  source  is  a frequency-  stablized  cw  ring  Nd  : Y AG  laser.  The  output  power  of 
1.06/tm  waveler.gth  up  to  3 W can  be  available.  The  experimental  scheme  is  showen  in  Fig.l. 

Fig.l 

The  OPO  consists  of  four  minors:  and  M2  are  the  input  and  output  couplers  respectively  with 

the  curvature  radiis  of  20mm  and  50mm,  M3  and  M4  are  the  plane  mirror  with  high  reflectivty 
for  both  fundamental  and  second  harmonic  waves.  The  total  length  of  ring  cavity  is  15cm.  The 
transmissivity  of  input  ampler  Mi  for  the  fundamental  wave  is  Tim  — 4%  and  it  is  highly  reflective 
for  harmonic  wave.  The  output  coupler  M»  is  highly  reflective  for  both  waves.  A MgO  : LiNbO 3 
of  size  5 x 5 x 25cm  was  used  as  the  nonlinear  crystal  for  SHG.  The  crystal  was  placed  on  the 
common  curvature  centre  of  Mi  and  M2.  A half  wave  {date  HP  placed  front  Mj  was  used  to  align 
the  polarization  of  the  input  pump  light  for  optimum  phase-matching.  A beam  splitter  5 following 
M%  separated  the  leakage  light  from  M2  to  two  parts  of  1.06pm  and  0.53pm  wavelengths.  The 
detectors  D\  and  D2  respectively  receded  the  second  harmonc  wave  (0.53pm)  and  the  fundamental 
wave  (1.06pm),  then  their  power  were  analysed  with  the  oscillascope  (05).  The  experimentally 
measured  finesses  of  the  OPO  are  103  for  1.06pm  wave  and  136  for  0.53pm  SH. 

When  the  pump  power  were  lower  than  2AW  the  increases  of  pump  power  results  in  the 
increase  of  SH  power  as  usual.  Once  the  pump  power  were  o ver  2.4 W the  transmission  curve  of 
pump  power  presented  the  M-type  (see  Fig.  2). 

Fig.2 

The  peak  of  SH  wave  was  corresponding  with  the  dip  of  M-type  curve  for  the  fundamental  wave. 
Raising  the  pump  power  continuously  when  input  power  is  over  2.7 W the  intensity  modulation 
phenomena  between  the  second  harmonic  mode  and  the  fundamental  mode  were  observed.  The 
Fig.  3 (a)  and  (b)  are  the  recorded  experimental  modulation  curves  at  the  pump  power  of  2.7 W 
and  3 W.  The  period  of  modulation  is  about  the  order  of  millisecond.  During  recording  this 
curves  the  cavity  of  OPO  was  locked  in  the  pump  frequency.  By  controlling  the  temperature  of 
the  crystal  the  cavity  operated  in  near  double  resonant  situation. 

Fig.3 


3 Discussion  to  the  experimental  results 

The  period  of  modulation  (m5)  in  above  experimental  curve  is  3 orders  longer  than  that  predicted 
by  K.J.McNell  et.  al.  0*5)^.  Therefor  they  are  totally  different  phenomena.  Usually  the  thermal 
response  time  is  at  the  order  of  millisecond.  We  consider  that  the  observed  intensity  modulation 
derived  from  thermal  effect.  The  absorptivity  of  the  crystal  used  in  our  experiments  for  SH  wave  is 
ajfu  = 6.012/cm  which  is  much  higher  than  that  for  the  fundamental  wave,  so  that  the  absorption 
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for  1.06pm  wave  can  be  neglected,  i.e.  the  crystal  is  heated  up  only  through  the  absorption  to  SH 
wave.  Due  to  that  the  refractive  indexes  n„  and  n*  of  crystal  are  the  function  of  temperature,  the 
heating  up  of  crystal  must  result  in  the  pha??  mis-match  then  the  intensity  of  SH  wave  decreases 
and  that  of  the  fundamental  wave  increases.  During  the  reduction  of  SH  intensity  the  temperature 
of  crystal  drops  down.  When  the  temperature  return  to  the  phase  matching  point,  the  intensity 
of  SH  wave  restores  to  the  maximum.  The  temperature  change  between  phase  mis- matching  and 
matching  point  results  in  the  thermal  self-modulation. 

Based  on  experiment  observation  we  calculated  the  critical  temperature  rising  ATcr*  and  the 
phase  mis-matching  (A k)  for  the  thermal  self-modulation.  The  nonlinear  equation  of  motion  for 
the  slowly  varying  amplitudes  Oj  and  02  of  the  fundamental  and  the  second  harmonic  waves  in 
OPO  are  written  as  follows: 

di  = — 7io<i  + G0O1Q2  + E (1) 

d2  = —7^02  — 2^°a«  (2) 

where  71,  72  are  the  cavity  damping  rates  for  Qi  and  02  modes.  E is  the  pump  parameter 
corresponding  to  the  power  of  the  coherent  driving  field.  Go  is  the  coupling  coefficient  at  perfect 
phase  matching.  For  our  system  71  = 7 x 107,  72  = 4 x 107  and  Go  — 57.15.  Substituting 
above  parameters  into  eqs.  (1)  and  (2)  and  taking  2.7 W as  the  critical  pump  power  we  get  the 
intracavity  intensity  of  SH  wave  with  which  the  thermal  self-  modulation  starts.  If  the  absorbed 
power  of  SH  wave  per  unit  volume  is  q the  temperature  rising  at  the  radius  r in  the  Gaussian 
beam  due  to  the  absorption  is  expressed  as: 


ATV-Mexp 


(3) 


k c is  the  thermal  conductivity  of  crystal,  u*>  is  the  spot  size  of  the  SH  beam  in  crystal.  Integrating 
ATr  through  the  beam  spot  we  obtain  the  average  temperature  rising  AT : 

ST  = /“*  ATf27rrdr  = 0.63ATo  (4) 

7TLJ5  Jo 

A T0  is  the  temperature  rising  at  the  centre  of  beam  (r  = 0).  The  phase  mis-matching  (A k) 
resulting  from  the  temperature  rising  is  equal  to: 

= Tat'  (#  - if)  <5> 

here  A is  the  wavelength  of  fundamental  wave,  ^ and  are  the  temperature  coefficients  of 
refractive  indexes  respectivly  for  the  fundamental  wave  with  ordinary  polarization  and  the  SH 
wave  with  extraordinary  polarization.  For  LiNbQ$  crystal  we  have 


dn® 


d nL  _ 


dr  dT 


= -5.9  x 10 


-s 


fcc  = 5.6W/mK 
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(6) 


In  our  experimental  system  ub  * 48 pm,  we  obtain  the  critical  temperature  rising: 

kTcrit  = 0.03  V 

and  corresponding  phase  mis-matdung: 

Ahertt  = 21 

Obviously  the  thermal  effect  is  very  sensitive. 
iFVom  ref.[5)  the  nonlinear  self-pulsing  read: 

, .a  (27i  + 7a)a[27a(7i  + 7i)I 

|B| m 

IlJ06 

Where  At  is  the  round  trip  time  in  the  cavity.  Using  above  given  parameters  we  have: 

P»  = 238W 

Clearly  P*  is  much  large  than  the  critical  pump  power  for  the  thermal  self-modulation. 


(7) 

(8) 
(9) 

(10) 


4 Conclusion 

The  phase  matching  condition  for  SHG  in  OPO  may  be  disturbed  by  the  thermal  effect.  When  the 
absorption  of  crystal  for  SH  wave  is  large  the  threshold  pump  power  for  the  thermal  self-modulation 
is  much  lower  than  that  for  the  nonlinear  self-pulsing  predicted  in  ref.[5].  For  realizing  experimen- 
tally the  nonlinear  self-pulsing  the  crystal  with  quite  low  absorption  for  both  fundamental  and 
SH  waves  has  to  be  chosen.  Of  course  the  crystal  must  also  have  high  nonlinear  coefficient.  This 
might  be  the  reseaon  of  that  the  nonlinear  self-pulsing  has  not  been  observed  experimentally  so 
far. 
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Figure  Caption 


Fig.l  The  experimental  set-up 

Fig.2  The  output  curves  of  OPO  at  pump  power  P = 2.4 W 

Fig.3  The  output  curves  of  OPO  at  pump  power  (a)  P = 2.7W,  (b)  P = 3W 
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Fig.  1 Experimental  Set-up 
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The  itnctuR  of  optimal  motive?  is  iBsmssod  fine  optical  earn  measuring  a small  dis- 
placement of  peobe  mass.  Dos  to  noofinear  interaction  of  the  field  and  the  minor  a reflected 
wave  is  in  sqoeeeed  state  (natural  sqneering)  two  quadratures  of  which  am  correlated  and 
therefore  one  can  increase  rigual-to-noise  ratio  and  overcome  the  SQL.  A measurement  pro- 
cedure realising  such  oocrriatioc  processing  of  two  quadratures  is  clarified.  The  required 
rnfnntnEOoc  oc  (piofHiim  can  dc  pcoaucao  via  roiling  ok  paxnp  mm  xcdocsm  zroni 
minor  with  local  oscillator  phase  modulated  field  in  dual  rtntfiftnr  homodyne  . Such 
measurement  procedure  could  be  useful  not  only  tor  resonant  bar  gravitational  detector  but 
for  laser  loogbase  interferometric  detectors  aa  wdl. 

Measurement  of  small  gravitational  force  acting  on  high  quality  mechanical  oscillator  is  of 
great  importance  in  modem  physics.  However  in  usual  measurement  scheme  there  is  a Standard 
Quantum  limit  (SQL)  on  force  resolution  [1] : 

«**!>- (2/*)(J«w,)*'>>  (1) 

where  F0  is  force  amplitude  and  we  suppose  that  gravitational  signal  has  the  following  form 

F,(t)  = F0sinuot,0  <t<f,  (2) 

Uf,  and  Af  are  resonant  frequency  and  mass  of  probe  oscillator  (u>p  « <jq)  . 

There  are  measurement  procedures  which  allow  to  achieve  the  sensitivity  larger  than  SQL 
[1,  2, 3]  . For  example  in  scheme  with  external  squeezing  of  vacuum  noises  (2, 3]  one  can  achieve 
the  sensitivity 


h > 9'1Fq, 

where  g is  squeezing  coefficient,  hi  this  contribution  a scheme  with  internal  (natural)  squeezing 
is  proposed  for  optical  sensor. 

Optical  sensor  in  the  most  simple  modification  is  a mirror  attached  to  mechanical  resonator 
and  illuminated  with  coherent  pump  field.  Usual  schemes  measuring  the  phase  of  reflected  pump 
field  (i.e.  one  quadrature  component)  have  the  limit  of  resolution  of  force  acting  on  mechanical 
system  according  to  (1).  On  the  other  hand  reflected  wave  is  in  squeezed  state  (natural  squeezing) 
due  to  nonlinear  interaction  of  the  field  and  the  mirror  and  a coefficient  of  squeezing  could  be  large 
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[4] . Fbr  such  system  two  quadratures  of  reflected  wave  are  correlated.  One  quadrature  consists 
of  the  signal  (gravitational  displacement  of  mechanical  oscillator)  and  the  noise  and  the  other 
only  of  the  noise.  Using  correlation  of  noises  in  two  quadratures  one  can  increase  signal-to-noise 
ratio  and  overcome  the  SQL.  A photodetector  in  this  scheme  must  measure  linear  combination  of 
quadratures  of  reflected  wave  with  weight  functions  rather  than  the  phase  of  reflected  wave.  Such 
combination  of  quadratures  can  be  produced  via  mixing  of  reflected  wave  with  phase  modulated 
lecal  oscillator  field. 

The  similar  scheme  was  analiaed  earlier  in  [5, 6) . However  the  modulation  of  local  oscillator 
does  not  depend  there  on  gravitational  signal  form  therefore  the  optimal  filtration  procedure 
cannot  be  realised. 

Let  the  reflection  coefficient  of  the  minor  bernl.  The  incident  and  reflected  fields  one  can 
take  in  the  Mowing  form: 


= Re(A(z, t)  expfjfat  - kz)}) 

Bt(xyt)  * Re(B(z, t)  exp{j(uot  + kx)})  (3) 

where  A(x,t)  and  B(x,  t)  are  complex  amplitude  operators  of  the  fields  (k  = (ufo/c).  Let  for 
simplicity 

A(0,  t)  = Ao  + a(f)  - jb(t)  (4) 

where  Ao  = (2Fto/S)ifr  - amplitude  of  the  pump  with  power  Pq>*»  = 120*  [(dun)  - resistance  of 
free  space,  S - cross  section  of  pump  beam,  a(t)  and  b(t)  - operators  of  field  quadrature  components 
with  correlation  matrix  (we  assume  this  field  in  the  vacuum  state) 

< a(t)o(t +r)  > = < 6(t)6(t  + t)  >=  iVbd(r), 

<a(t)6(t+r)  > = 0 (5) 

No  * h<*>H/(2S) 

In  linear  approximation  ( | ibt  |<  1,|  o(t),6(t)  | < A«)  one  can  obtain  (constant  term  is  omitted) 

B(0,t)  = *!(*)  + >&(*)  (6) 

6i(t)  = —a(t) 

&t{t)  • b(t)  + 2AckG{p)(F  + Xa)  (7) 

where  G(p ) = [ Af  (p*  + 2 ap + w£)  ]_1  - mechanical  oscillator  transfer  function,  p = d/(dt), 2a  = 
H/M , w*  ss  K/M;X  * SAo/{zqc),  Af,  K and  H are  dynamical  parameters  of  mechanical  oscillator. 
Fbrce  F(t)  acting  on  mechanical  oscillator  have  the  following  form 

F(t)  = F,(t)  + F„(t),  (8) 

where  Ft{t)  is  signal  force  and  F„(t)  is  zero  mean  white  Gaussian  process  with  covariance  function 
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<F„(*)F„(f  + r)  >=Nh6{t),  (9) 

The  process  F„(t)  corresponds  to  zero  temperature  thermal  noise  of  mechanical  oscillator  or  any 
other  white  noise. 

Using  eqs.  (6,7)  one  can  obtain  spectral  density  matrix  for  quadrature  components  B\  and  £*: 


WuM  = Wo,  H'B(«)  = Ar,  + (2^t),(|G0w)|),(W,  + >,W.) 

H'uO'o')  « -W,(M,t)AC(jo.),  W„(jo<)  « t*l(jo,)  (10) 

Rom  eq.  (10)  one  can  see  that  the  noises  in  two  quadrature  components  Bi  a B*  have  nonzero 
correlation  Wu{ju>). 

Optimal  receiver  on  the  base  of  the  vector  output  signal  [B|(t),  BJ(t)]T  must  construct  a 
following  functional  [7]  (time  of  observation  0 < t < T) 

Z~C.  )<ft  (11) 

where  Co  is  arbitrary  scale  coefficient,  pj(t)  and  pt(t)  are  the  reference  signals  defined  by  the 
following  system  of  integral  equations 

f [K\X{t  - t)px{t)  + Ku{t  - T)pt(T))dT  = 0 

J9{Ksi{t  — T)pl(T)  + Kn(t  — T)pi(T)]dT  = < Bi(t)  >,  (12) 

where  K^t  - r)  = < £m(t)£ta(r)  >|Ft=0  - are  correlation  matrix  elements  of  time  stationary 
noises  in  quadrature  components  B\  and  Bj,m,n  = 1,2. 

Using  a transformation  of  variables  in  ea.  (11) 

Pi(t)  = Q(t)  ««8  p(t),  Pi{t)  = Q(t)  tan  <p(t)  (13) 

one  can  obtain 

Z - C0  fTQ(t)eo(t)dt  = Co  jT&(t)dt  (14) 

where 

6o(t)  * [ Bx(t)  cos  <p(t)  + £j(t)  sin  <p(t) ) , 0(f)  * Q(t)0o(t)  (15) 

Let  a field  of  local  oscillator  be  E(t)  « £*(t)  cosfot  + y*(t)).  Then  for  a photocurrent  f#(t) 
in  dual  detector  scheme  one  can  obtain  for  pt(t)  * <p(t)  [8] 

4t(<)  « «e(i(0,t)E-(()|  - £,(1)6.(1)  (16) 

This  photocurrent  acts  on  an  input  of  the  optimal  receiver. 

Rom  eqs.  (14)-(16)  one  can  consider  that  for  local  oscillator  field  without  amplitude  modular 
tion  Eo(t)  = const  the  optimal  receiver  can  be  realized  either  in  the  form  of  correlation  receiver 
with  reference  signal  a Q(t)  or  in  the  form  of  concordant  filter  with  transfer  function  [7] 
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where  K%  is  erbitmy  scale  coefficient,  h is  time  of  observation. 

Fbr  local  oodDator  field  with  amplitude  modulation  £«(t)  a Q(t)  the  optimal  receiver  can  be 
realized  in  tire  farm  of  ideal  integrator  (ct  (14)-(16)). 

The  calculation  of  reference  signals  pi(t)  and  pi(t)  considerably  simplifies  in  the  assumption 
of  MwHmtenl  time  of  observation.  Fbr  T -4  oo  one  can  obtain  from  eq.  (12)  the  reference  signals 

feCfeO.*  « 1,2: 


Pu-O’w)  = -pVu(;a;)/A(u;)in(;W) 

P%*U»)  = (Wn(W)/A(W)m,(;«),  (17) 

where 

A («)  - W„(W)IV„(w)  - | Wa{j»)  |* 

YJJu)  = 2AtkGUu)^m  (18) 

and  Wmmijuf)  is  the  spectral  density  matrix  corresponding  to  Kmmlr)  (ct  (10),  (12)), F^(juj)  is 
the  spectrum  ct  the  signal  F,(t). 

Taking  into  account  eqs.  (13),  (17)  one  can  obtain  optimal  modulation  functions  for  the  scheme 


Q(t)  = IP?W  + /4Wl1/l  <P(t)=‘arctg[pi(t)/pl(t)] 

P\(t)  s=  — (2tt)— 1 f Wvt(jw)Y^(ju)  exp{iurf}du//A(w)  (19) 

J -OO 

pt(t)  = (2x)_1  r Wii(w)K,(jw)  exp{jwt}dw/A(u/) 

/ — OO 

and  Pi(t)iPi(t)  depend  on  the  signal  form  according  to  eq.  (19). 

The  nignnl  tn  noinr  ratio  [7]  fbr  the  measurement  of  Z (cf.  eq.  (14))  in  the  assumption  of 
unlimited  time  of  observation  one  can  obtain  from  eqs.  (17),  (18) 


S/N  - (2 »)-'/“  | Y„(ju)  |*»,i(u)i</A(w) 

/ -OO 

- ftwO'w)  i1  [w.+ r*]'‘<iu-  (») 

where  k » No(2Atk)~2  oc  1/P0.  When  the  pump  power  increases  the  influence  of  the  noises  due 
to  vacuum  fluctuations  decreases  and  the  sensitivity  (20)  approachs  the  limit  which  depends  only 
on  the  dissipation  in  mechanical  system. 

It  is  worth  mentioning  that  this  scheme  is  useful  not  only  for  resonant  mechanical  oscillator 
but  for  longbase  laser  interferometric  detector  as  well.  In  this  case  the  transfer  function  C(p)  in 
eq.  (6)  must  be  specified  for  free  masses  gravitational  antenna  and  the  noise  F,(t)  in  eqs.  (7),  (8) 
will  be  a thermal  noise  of  free  masses  suspension. 
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Abstract 

Dynamics  of  two-level  atoms  interacting  with  their  own  radiation  field  in  a single- mode 
high-quality  resonator  is  considered.  The  dynamical  system  consists  of  two  second-order 
differenta!  equations,  one  for  the  atomic  SI/ (2)  dynamical-group  parameter  and  another 
for  the  field  strength.  With  the  help  of  the  maximal  Lyapunov  exponent  for  this  set  we 
investigate  numerically  transitions  from  regularity  to  deterministic  quantum  chaos  in  such 
a simple  model.  Increasing  the  collective  coupling  constant  b = X* S'od2 /hu;  we  observed 
for  initially  unexcited  atoms  usual  sharp  transition  to  chaos  at  bc  ~ 1.  If  we  take  the 
dimensionless  individual  Rabi  frequency  a = (If %j  as  a control  parameter,  then  a sequence 
of  order-to-chaos  transitions  has  been  observed  starting  with  the  critical  value  ac  — 0.25  at 
the  same  initial  conditions. 


1 Introduction 

When  studying  field-matter  interactions  it  is  usually  of  interest  to  consider  the  possibility  of 
controlling  the  temporal  behavior  of  the  field  and/or  the  atomic  subsystems.  Say,  in  resonator 
quantum  electrodynamics,  it  is  important  to  drive  the  interaction  between  atoms,  moving  through 
a cavity,  and  a quantizied  field  mode  in  such  a way  to  attain  specified  states  of  the  electromagnetic 
field  (Fock,  coherent,  squeezed,  and  so  on)  in  the  cavity  and/or  desirable  states  of  atoms  leaving 
the  cavity.  It  is  inexplicitely  supposed  that  we  are  able,  in  principle,  to  attain  any  desirable  state 
(which  is  accessible,  of  course,  in  quantum  mechanics)  under  an  appropriate  control. 

However,  it  has  been  shown  in  resent  years  [1]  that  beyond  the  rotating- wave  approximation 
even  the  simple  model,  consisting  of  «V  two-level  atoms  interacting  with  their  own  radiation 
field,  may  demonstrate  unpredictable  temporal  behavior  in  the  sense  of  deterministic  chaos.  Our 
previous  results  (2)  have  shown  that  even  slight  modification  in  a model,  describing  this  interaction, 
could  create  dramatic  artifacts.  The  purpose  of  this  work  is  to  treat  the  routes  to  deterministic 
chaos  in  the  framework  of  the  dynamical-symmetry  approach  which  has  been  proved  to  be  useful 
in  investigating  regular  dynamics  of  a variety  of  quantum  models  [3], [4]. 
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2 Dynamical  SU( 2)  model 


We  consider  an  ensemble  of  N identical  two-level  atoms  placed  in  a single-  mode  high-quality 
resonator  with  the  volume  V.  Each  two-level  system  is  described  by  the  SU( 2)  Hamiltonian 


in  which  the  operators  satisfy  the  usual  commutation  relations 

[IZo, fi*]  = ±f?±,  [f?+, ft.)  = 2/io, 


(1) 


(2) 


and  ui  is  the  atomic  transition  frequency  that  coincides  with  the  resonator  frequency.  The  indi- 
vidual Rabi  frequency  fl  is  given  by 

n = f.  (3) 

where  d is  the  dipole  moment  of  the  atomic  transition.  Atoms  interact  self-consislently  by  dipole 
interaction  with  an  electric  field,  whose  strength  is  written  in  the  form 


E(t)  = £^(0, 


(4) 


where  Eo  is  the  constant  amplitude  and  e(t)  the  dimensionless  variable,  0 < c < I. 

We  treat  the  field  ab  in'Mo  semiclassically,  assuming  that  it  satisfies  the  usual  Maxwell  equation 


tPF 

37+o/2£  = WP, 
dt* 


(5) 


where  V = N0d  < + £_  > is  the  polarisation  created  by  atoms,  iV0  = N/V  is  the  density  of 

atoms  in  the  resonator  Substituting  r = u >t,  we  can  write  the  eq.5  in  the  dimensionless  form  with 
the  derivative  with  respect  to  r 


£ +e  = ^ <£+  + £_>  . 
We  have  introduced  following  to  [1]  the  dimensionless  constant 

&vN0<P 


6 = 


hu> 


(6) 


(7) 


characterizing  the  energy  exchange  between  the  atomic  ensemble  and  the  field. 
In  addition  another  dimensionless  constant 


a = 


2 u 


(8) 


will  be  used  to  investigate  transitions  from  order  to  chaos  in  our  model.  The  expression  (8)  is 
simply  the  dimensionless  individual  Rabi  frequency. 

In  the  dynamical-symmetiy  approach,  each  two-level  atom  is  governed  by  the  following  single 
equation  for  the  SU (2)  c mplex- valued  group  parameter  [5] 


9 ~ G + *)  9 +(2a£)2?  = °’  9(0)  = l'  9 = ° 


(9) 
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The  derivatives  in  (10)  are  also  defined  with  respect  to  t. 

Thus  we  have  two  coupled  osrilators  (9)  and  (6)  describing  the  self-consistent  interaction 
between  two-level  atoms  and  a single-mode  classical  field.  Kewriting  (9)  and  (b)  in  the  equivalent 
first-order  form,  we  obtain  the  following  uonlinear  dynamical  system 


X,  = 

2 aey2. 

x2  = 

-2<nryi, 

yi  = 

-y2  + 2«£x2 

= 

yi  - 2aei|, 

e = 

-V 

V = £ T £(*iyi  + 


(10) 


Signs  — and  + in  the  last  equation  of  (10)  refer  to  the  initially  unexcited  ;..td  excited  atoms, 
respectively. 

The  atom-field  system  (10)  obeys  two  conservation  laws 


*l+*2+»l  +>J®  (I*) 

± + *2  - yi  y t)~  U2  + v2)  ± + x2y2)  = <unst.  (12) 

It  should  be  noted  that  the  variables  X|  = Reg  and  x2  = Img  are  not  independent  [5).  Therefore 
we  have  three  independent  real  variables,  that  is  the  minimum  required  for  chaos  [b]. 

For  two-level  atoms  the  dynamical  system  (10)  is  equivalent  to  the  usually  adopted  Maxwell- 
Bloch  equations.  Let  us  introduce  the  components  of  the  Bloch  vector 


«(<)  = 

cjc2  + C,C'. 

t’(0  = 

i(cjc2  - ctcj). 

m 

w(t)  = 

M2  - |c,|2. 

where  cj  and  e2  are  the  probability  amplitudes  of  lower  and  upper  states  respectively.  On  the 
other  hand  these  components  can  be  expressed  in  terms  of  the  variables  x and  y as  follows 

« = 2(x,y,  + x2y2), 

«’  = 2(xiy2  — x2y, ),  (14) 

= yi*  + yt2  - Ji2  - Ji2- 

Thus  we  can  rewrite  (10)  in  the  standard  Maxwell-Bloch  form 

u = — u, 

t>  = u -f  4aew. 

w = -4aet\  (15) 

£ = -V. 

P = e - 
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3 Numerical  results 

Our  model  possesses  two  control  parameters  a and  b.  We  will  numerically  treat  here  transitions 
from  order  to  chaos  varying  one  of  them  in  a certain  range  and  keeping  a>  other  constant.  Chaos 
will  be  diagnosed  with  the  help  of  the  maximal  Lyapunov  exponent  A,  which  is  a quantitative 
characteristic  of  deterministic  chaos  describing  the  mean  exponental  rate  of  divergence  of  two 
initially  adjacent  trajectories  in  a phase  space  (6).  The  sign  of  A gives  up  a reliable  criterion  to 
distinguish  between  regular  and  chaotic  dynamics  of  a system  in  question.  When  it  is  neglibly 
small  the  motion  is  said  to  be  regular.  If  A becomes  positive  for  a certain  range  of  values  of  a 
control  parameter  a system  is  chaotic  for  this  range.  Chaos  may  also  be  confirmed  by  continuous 
power  spectra 
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Fifl  l The  maximal  Lyapunov  exponent  as  a function 
of  the  control  parameter  b for  initially  unexcited 
atoms.  a«0.2S'  10* 


Fig2  The  maximal  Lyapunov  exponent  as  a function 
of  the  control  parameter  b for  initially  excited 
atoms.  a*0  25  • 10* 
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Fig  3 The  maximal  Lyapunov  exponent  as  a function 
of  the  control  parameter  a for  initially  unexcited 
atoms,  b=1 
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Fig.  4 The  maximal  Lyapunov  exponent  as  a function 
of  the  control  parameter  a for  initially  excited 
atoms.  b*1 
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By  varying  tlx*  collective  coupling  parameter  b we,  in  fact,  change  the  density  of  atoms  A/0  in 
a cavity.  Numerical  integration  shows  that  the  maximal  Lyapunov  exponent  A becomes  positive 
when  b exceeds  a critical  value  bc.  Its  magnitude  depends  essentially  on  initial  conditions.  It  is 
seen  from  Fig.l  that  bc  ~ I for  initially  unexcited  atoms.  For  initially  excited  atoms  (Fig.2)  the 
maximal  Lyapunov  exponent  becomes  positive  for  much  smaller  critical  value  of  b. 

We  have  observed  a quite  different  transition  to  chaos  with  chaotic  regimes  alternating  among 
regular  regimes  when  varying  the  individual  dimensionless  Rabi  frequency  a and  fixing  the  pa- 
rameter 6.  Fig.3  and  Fig-4  demonstrate  such  a behavior  for  initially  unexcited  and  excited  atoms, 
respectively. 

4 Outlooks 

We  have  demonstrated  two  possible  routes  to  chaos  in  the  interaction  of  two-level  atoms  with  their 
own  radiation  field.  From  a more  general  points  of  view,  we  have  observed  numerically  order-to- 
chaos  transitions  in  the  system  of  two  coupled  nonlinear  oscillators  (6)  and  (9).  At  last,  from  an 
abstract  point  of  view,  we  have  treated  such  transitions  in  a system  consisting  of  the  "driven” 
SU( 2)  group  treated  as  a nonlinear  dynamical  system.  Thus,  the  results,  obtained  in  this  work, 
are  applicable  in  a more  general  context.  They  may  be  applied  with  slight  modifications  to  any 
driven  physical  (chemical,  biological,  ecological,  etc)  system  with  the  underlying  .S7'(2)  dynamical 
symmetry. 
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Abstract 


We  calculated  the  force  to  which  Cs  atoms  are  subjected  in  the  one-dimensional  magneto-optical  trap 
(ID-MOT)  and  properties  of  this  force  are  also  discussed.  Several  methods  to  increase  the  number  of  Cs 
atoms  in  the  ID-MOT  are  presented  on  the  basis  of  the  analysis  of  the  capture  and  escape  of  Cs  atoms  in 
the  ID-MOT 
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1.  INTRODUCTION 

Laser  cooling  and  trapping  of  neutral  atoms  is  one  of  the  most  active  research  fields  in 
physics  in  this  decade  . Several  kinds  of  neutral  atom  traps  have  been  achieved 
experimentally  111  .one  of  which  is  the  magneto-optical  trap(MOT)  whose  basic  principles 
were  discussed  in  detail  in  Refs.[2]  and  [3]  The  MOT  is  formed  in  the  intersection  of  three 
orthogonal  pairs  of  counter  propagating  laser  beams  with  opposite  circular  polarization  A 
pair  of  anti-Helmholtz  coils  is  used  to  generate  an  inhomogeneous  magnetic  field  whose 
zero  point  coincides  with  the  center  of  the  intersection  region  where  a stable  potential  well 
is  formed  Atoms  confined  in  this  volume  will  experience  a damping  force  and  a restoring 
force  MOT  has  become  almost  a standard  technique  for  obtaining  large  number  of  cold 
atoms  due  to  its  large  depth,  large  trap  size  and  long  trap  lifetime.  A lot  of  theoretical  and 
experimental  work  has  been  carried  out  since  Raab  et  al.'21  first  achieved  MOT  in  1987  In 
1990,  Wieman  et  al !4i  built  a MOT  into  which  for  the  first  time  Cs  atoms  were  loaded 
directly  from  low  pressure  Cs  vapor  in  a quartz  cell  and  this  greatly  promoted  the  research 
on  MOT  At  present  about  10i0  atoms  can  be  trapped  in  MOT  with  a density  of  10" 
atoms/cm' 151  and  temperatures  below  the  Doppler  limit ,6)  In  recent  years,  the  research  of 
MOT  has  been  concentrated  on  two  aspects  ( 1 investigating  the  properties  of  MOT  wi’h 
the  aim  of  increasing  the  number  and  density  of  trapped  atoms  and  lowering  the 
temperature  so  as  to  optimize  the  performance  of  MOT  as  a source  of  cold  atoms,  (2)using 
MOT  to  carry  out  some  fundamental  or  applied  research  work  such  as  atomic  fountain'7' , 
cold  atoms  collision18* , atomic  interferometry*91  and  Bose-Einstein  condensation,  etc 

A simple  case  of  a fictitious  atom  with  a Jg  = 0 Jt  = 1 transition  in  the  1 D-MOT 
•project  supported  by  National  Natural  Science  Foundation  of  China. 
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In  this  paper  we  use  a simple  method  to  deal  with  this  problem  and  have  got  some 
valuable  results. 

In  section  2 we  calculate  the  force  as  well  as  the  capture  and  escape  of  Cs  atoms  in 
ID-MOT  ; in  section  3 we  continue  by  analyzing  the  features  of  the  force  and  we  present 
several  measures  to  increase  the  number  of  Cs  atoms  in  MOT,  finally  in  section  4 we  give 
a conclusion  and  some  comments  on  our  future  work 

2.  CALCULATION  OF  THE  FORCE  AND  THE  MOTION  OF  Cs  ATOMS 


A Calculation  of  the  force 

The  force  that  an  atom  experiences  in  a laser  field  is1101 


F = 


-< 


dV 

dx 


) 


(1) 


where  < > represents  the  mean  value,  V - D E is  given  by  the  interaction  Hamiltonian 
between  the  induced  electric  dipole  D of  the  atom  $nd  the  electric  field  vector  E of  the 
laser  The  authors  of  Ref  [10]  analyzed  the  force  of  a fictitious  atom  with 
Jg  = 1 Jt  = 2 transition  under  a'  - a configuration.  The  transition  used  for 
cooling  and  trapping  of  Cs  atoms  is  6 Su2,Fg  = 4 ->  6PV2,Fe  =5  and  the  schematic 
diagram  of  the  corresponding  energy  levels  is  shown  in  Fig.  I1111 


Fig  1 Energy  lc\els  of  Cs  6 Sv2 , Fg  = 4 — ► 6/\,2 , Ff  = 5 
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There  are  several  kinds  of  mechanisms  which  contribute  to  the  total  force  exerted  on  Cs 
atoms  in  the  case  of  complicated  energy  level  structure  The  most  important  two  are  , 
namely  , the  scattering  force  and  the  polarization  gradient  force1 11  By  extending  the 
result  of  Ref  [10]  to  the  case  Fg  ->  Ft  = Fg  + 1 ( the  contribution  of  the  excited-state 
population  is  taken  into  account  in  the  calculation ) , we  have 


/ f scatter  f grad 


hkT 


scatter 


Z m - - F. 


«-t  \ 2 


file ^ 

fgrtd  ~ 9 S Cm  ~ - 1 ) ^ e ( Pm  ,m  - 2 ) 

& m = 0 


4, 

p (^m-2.m-l‘^m-2.iii-l  ^ ^ m,m-  \ ^ m ,m  - 1 )^(  Pm.m-  2 ) 


(2) 


(3) 


(4) 


where#),*’  =<  Fg,mg\p\Fg,mg  >, p^]  =<  Fe,mt\ p\Fe,mt  > are  diagonal  elements 

Cl1  12 

of  the  density  matrix,  Sm  = — -5 —5 is  the  saturation  factor, Q = 2 dEh  1 

• +r2/4  • 

is  the  Rabbi  frequency,  (C  *' ) 2 is  corresponding  normalized  transition  probabilities 

dB 

shown  in  Fig2,  njHi]  = S^kV  + [mgg  ~{m±\)gt]pBX—  is  the  relative  frequency 

detaining,  is  the  frequency  detaining,  k is  the  optical  wave  vector,  v is  the  atomic 
velocity,  pB  is  the  Bohr  magneton, g8  and  ge  are  the  g factors  of  the  ground  state  and  the 
excited  state,  respectively  , and  pmm_2  = (Fg,m\ p\ Fg,m- 2) exp( -2ikVt)  represents  the 
coherence  between  sublevels  of  the  ground  state 

r 

In  formula  (3) , — ]£  (p‘,4)  - p{*lt  )Sm  )2  represents  the  scattering  rate  for 

2 ft 

4 P h 

a photons  by  spontaneous  emission  and  _ y (p(j>  _ p(*\)Smm  ,(C"''  )s  >s  that  for  a 

**  m « - F f 

photons  The  atom  will  obtain  a momentum  hk  or  -fik  if  it  scatters  a a*  photon  or  a o 
photon  , respectively  The  net  effect  is  that  the  atom  will  experience  a scattering  force 

fse»lter 


From  formula  (4) , we  know  that  fg,^  is  due  to  the  off-diagonal  element  pm,m-2 , that  is , 
the  coherence  between  sublevels  of  the  ground  state  Fig  2 shows  the  stimulated 
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absorption-stimulated  emission  process  which  contributes  to  the  coherence  under  o*  -o 
configuration. 


m«=m-l 


Fig.  2 Stimulated  absorption-stimulated  emission 
process  between  sublevels  of  the  ground 
state  of  Cs  under  a configuration 


The  authors  of  Ref.  [10]  also  pointed  out  that  f^  would  contribute  dominantly  to  the 
force  experienced  by  an  atom  only  when  the  condition  (S  ^tt  - S)  < P ( P refers  to 

the  optical  pumping  rate.  The  condition  can  also  be  written  as  AV=P/k  , AX=AP(g*  Ub 
dB/dx)'  ) is  satisfied  We  may  neglect  the  effect  of  fg»d , if  this  condition  is  not  fulfilled 
Taking  the  Cs  atom  for  example,  with  F<0.5MHz  under  the  condition  5=  - 10  MHz , 1 = 
4mW/cm2  , dB/dx  = ImT/cm  , gg  (6S|tf,  F = 4)  = 0.25  , g*  (6P3/2 , F'  = 5 ) = 0 4 , the 
velocity  range  is  AV<0.45m/s  and  the  spatial  range  is  AX<lmm  Such  a small  interaction 
range  makes  fpad  negligible  and  we  can  keep  only  the  term  of  fitter  when  discussing  the 
process  of  capture  and  escape  of  Cs  atoms 

It  can  be  seen  from  formula  (3)  that  fitter  only  rehtes  to  the  diagonal  elements  of 
density  matrix  so  we  can  use  rate  equations  to  calculate  it.  Taking  into  account  the  effect 
of  spontaneous  emission,  stimulated  emission  and  stimulated  absorption,  we  have  the 
following  rate  equations,,l, 


pLs>  = 


-/><:.>,»+  pi  (c;-« 
«=  - > 


(5) 


,<•>  - 


pv  = K:\  - Pi")  + 


(6) 


and  the  normalization  condition 


I 


(7) 
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After  obtaining  the  steady  solutions  p („#)  and  p1*'  to  the  above  equations  we  can 
calculate  the  scattering  force  exerted  on  a Cs  atom  under  different  physical  conditions. 
Fig  (a)  shows  the  influence  of  light  intensity, Fig  3(b)  is  the  variation  of  force  with  different 
laser  detuning;Fig  3(c)  shows  the  forces  as  a function  of  the  magnetic  field  gradient  at  a 
fixed  point  in  space  In  these  figures,  the  X-axis  represents  velocity  in  m/s  and  the  Y-axis 
is  the  force  in  units  of  ftkf  ( it  equals  to  4x  10‘21  N for  the  transition  Cs  6S(/2  ->6Pj^  ) 


(a)  For  curves  in  the  direction  of  the 
arrow,  from  lower  to  upper,  1=0  27, 
l l , 4 4 ,18 , 27  mW/cm J,  at  A = 

- 10  6 MHz,  B=0T 


(b)  For  curves  in  the  direction  of  the 
arrow,  from  right  to  left,  A = - 10  6, 
-21.2  , -42  4 MHz,  at  1=4  4mW/cmJ, 
B=0T 


(c)  For  curves  in  the  direction  of  the 
arrow,  from  right  to  left  , dB/dx=0  5 . 
1 , 1.5  mT/cm  , at  l = 4 4 raW/cm!  , 
and  A = -10  6 MHz  The  distance 
to  the  center  of  the  trap  is  I cm 


Fig  3 The  force  experienced  by  a Cs  atom  under  different  conditions 

Fig  4 shows  the  position  dependence  of  the  scattering  force  on  a Cs  atom  with 
different  velocities  The  X-axis  is  the  position  and  the  Y-axis  represents  the  force  as  in 

Fig  3 
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0.3 


Fig.4  The  scattering  force  of  a Cs  a'om  with 
different  velocities  . For  curves  in  the 
direction  of  the  arrow , from  left  to  right 
V*  -4.5, 0,4.5  m/s,  at  1=  l.IuiW/cm2 , 

A * -10.6MHz  , dB/dx- 1 mT/cm 


From  Fig  3(a)  it  can  be  seen  if  an  atom  is  stopped  at  the  center  of  the  MOT  and  has  a 
small  velocity , we  can  obtain 

/,, = -<*V  (8) 

From  Fig  4 , we  derive  that  if  an  atom  has  zero  velocity  and  is  near  the  trap  center, 
then 


- -tx  (9) 

Therefore  when  both  X and  V are  relatively  small,  we  may  rewrite  f,c,„er  approximately 


as 


f.'.n'r  = -kX  - aV  (10) 

where  K and  a are  the  string  constant  and  damping  coefficient  respectively  This  is 
the  typical  form  of  force  in  a potential  well  with  damping 

B Calculation  of  the  capture  and  escape  of  Cs  aioms 

Before  the  calculation , we  would  like  to  explain  several  related  concept  <=  and  introduce 
two  important  parameters  In  practice  the  MOT  is  three  dimensional  and  is  formed  at  the 
intersection  of  six  lasei  beams  The  size  of  the  MOT  is  determined  by  the  radius  of  the 
laser  beams  We  will  then  also  use  the  radius  of  laser  beam  as  the  spatial  range  of  1 D- 
MOT  The  atom  is  considered  to  be  trapped  if  it  finally  stops  at  the  trap  center  The 
maximum  velocity  of  atoms  captured  at  the  edge  of  the  MOT  is  defined  as  the  capture 
v ~>city  Vc  Mainly  due  to  collisions  with  fast  background  atoms  , trapped  atoms  at  the 
center  of  the  MOT  may  obtain  enough  initial  velocity  to  be  knocked  out  of  the  trap  The 
minimum  initial  velocity  is  defined  as  the  escape  velocity  Ve 
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For  the  calculation  of  the  parameters  of  motion  the  Cs  atom  is  treated  as  classical 
particle  Its  dynamical  behavior  obeys  the  Newton’s  second  law  The  force  is  obtained  by 
the  approach  discussed  above  After  integrating  the  equations  of  motion  by  the  Runge- 
Kutta  algorithm  we  obtain  curves  showing  variation  of  the  velocity  and  position  of  a Cs 
atom  in  the  process  of  capture  and  escape  Fig  S(a)  shows  the  variation  of  the  position 
in  the  capture  process  The  motion  of  Cs  atoms  with  different  initial  velocities  is  given 
where  the  atoms’  initial  position  is  supposed  to  be  at  the  edge  of  the  trap  Fig  5(b)  shows 
the  variation  of  the  velocity  in  the  same  process  Finally  Fig  6 presents  the  same  curves 
in  the  escape  process  Here  the  atoms’  initial  position  is  assumed  to  be  at  the  trap's  center 


(a)  Variation  of  position  (b)  Variation  of  velocity 

Fig  5 The  variation  of  position  and  velocity  in  the  process  of  capture  For  curves  in  the  direction 
of  the  anon  . from  upper  to  lower . the  initial  velocity  is  V,  = 0 . 10 , 12  58 , 15 , 20  m/s . the 
radius  of  the  laser  beam  is  2cm  .1  = 44  mW/cmJ . A = - 10  6 MHz . dB/dx  = lmT/cm 
From  these  curves  . we  obtain  Vt  = 12  58  m/s 


(a)  Variation  of  position  (b)  Variation  of  velocity 

Fir  6 The  variation  of  position  and  velocity  in  the  process  of  escape  For  curves  in  the  direction 
of  the  arrow  , from  upper  to  lower . V,  * 5 .7  5.9  08  , 10.  20  m/s  The  parameters  of  laser 
arc  the  same  as  those  in  Fig  5 From  these  curves  we  see  that  the  escape  velocity  evaluates 
to  be  V,  = 9 08  n«/s 

\ . and  Ve  are  determined  respectively  in  the  following  way  first , we  set  the  velocity 
range  to  be  (Om/s.  2Gm/s]  , which  , according  to  our  calculation  , cover  the  value  of  Vc 
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and  V, , then  , the  velocity  range  is  step  by  step  decreased  by  the  dichotomy  , finally  , we 
get  the  approximate  values  of  V«  and  V,  for  a velocity  range  smaller  than  O Olm/s  The 
magnitude  of  Ve  and  Ve  is  related  closely  to  the  number  of  trapped  atoms 


where  r is  the  radius  of  the  laser  beam  , /i  is  th$  average  velocity  and  a ts  the  cross 
section  fix  a trapped  atom  to  be  knocked  out  of  the  trap  by  a background  atom  Obviously 
, a decreases  with  Ve  From  (1 1) , we  know  that  for  a large  number  of  trapped  atoms  it 
is  beneficial  to  increase  Vc  and  V«  by  changing  the  trap  parameters 

3 DISCUSSION 


A The  properties  of  the  force  in  MOT 

A Cs  atom  experiences  three  kinds  of  forces  in  MOT  These  are  the  gravitational  force 
the  magnetostatic  force  and  the  optical  force  The  magnetostatic  force  is  caused  by  the 
inhomogeneous  magnetic  field  Wien  dB/dx  = 2 mT/cm , a cs  atom  in  the  Ff  = 4 ,#nf  = 4 

sublevel  obtains  an  acceleration  of  about  g (gravitational  acceleration  ) The  optical  force 
is  due  to  the  interaction  between  the  light  arid  the  atom  . For  A = - 10  6 MHz  and  I = 
4mW/un2 , the  acceleration  caused  by  this  force  is  about  103  g , which  is  much  greater 
than  that  by  the  gravitational  force  and  the  magnetostatic  force  Therefore  , we  could 
neglect  the  gravitational  and  the  magnetostatic  force 

As  discussed  above, both  and  f^t  contribute  to  the  optical  force  in  the  ID-MOT 
The  capture  and  escape  of  atoms  are  mainly  determined  by  the  former  due  to  its  large 
interaction  range  of  velocity  and  space  Even  though  f^  has  a smaller  interaction  range 
than  that  of  but  it  acts  in  this  very  small  range  much  stronger  on  the  atom  [10] 
When  atoms  in  MOT  reach  a steady  state  , they  concentrate  at  the  trap  center  with  very 
small  velocity  amplitudes  In  this  situation  , the  temperature  and  density  of  atomic  cloud 
are  determined  by  f*^ 

B Contribution  of  Zeeman  effect  and  Doppler  effect 


In  MOT  the  origin  of  f mMa  is  due  to  the  different  relative  detuning  for  a'  and  a 
photons  This  imbalance  between  the  absorbed  photons  from  opposite  directions  results  in 
the  net  scattering  force  But  an  atom  in  the  MQT  can  not  tell  whether  the  relative 
detuning  is  caused  by  the  Zeeman  effect  or  by  the  Doppler  effect , because  there  is  certain 
equivalence  between  these  two  effects  on  their  contribution  to  the  net  force  When 
Zeeman  splitting  between  Am  = 2 sublevels  of  a Cs  atom  excited  state  in  compensated 
by  Doppler  shift  , i e 


. dB 

77x  = kV 


(12) 
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then  the  relative  detuning  for  a light  is  the  same  as  that  for  a , Therefore  the  scattering 
rate  of  photons  is  equal  in  both  directions  , undo*  which  circumstance  the  atom 
experiences  no  force , 

f = 0 (13) 

By  substituting  (12),  (13)  into  (10) , we  obtain 

K = ge /**(**)  « (14) 

which  indicates  the  equivalence  between  the  Zeeman  effect  and  the  Doppler  effect , i.e.  K 
is  proportional  to  a It  also  shows  that  they  both  are  dependent  on  the  parameters  of  the 
laser  field  (detuning  and  intensity  ) However  they  are  different  in  that  K is  proportional 
to  dB/dx  whereas  a is  independent  of  dB/dx  , which  indicates  that  the  scattering  force 
originates  in  the  inhomogeneous  magnetic  field  Under  the  condition  of  small  V and  X the 
calculation  is  simplified  and  we  have  obtained  the  approximate  formula  for  a and  K (see 
appendix  for  detail ) 


a » -0.9644 


hk2SS0 r 

(1+  S0)(62  + rJ  l A) 


(15) 


K * -0.9644 


g,fJBkSSor 
(i  + s0)(s2  + rJ  /4) 


dB 

dx 


(16) 


C The  relation  of  the  force  on  the  parameters  of  MOT 

We  will  concentrate  our  discussion  on  the  effect  of  the  laser  intensity  I , the  frequency 
detuning  A , the  radius  r of  the  laser  beam  and  the  gradient  of  the  magnetic  field  dB/dx  on 
the  scattering  force  in  MOT 

From  Fig  3(a)  we  know  that  for  small  intensities  the  force  increases  sharply  with  the 
laser  intensity  When  / > l0S2T  2 = 4.4m  W / cm2  ( i e So  = 1 The  saturated  intensity 
for  the  cycling  transition  Ff  = 4,mg  = 4 — » Fe  = 5,mf  = 5 is  f0  = 1.1  mW  / cm1  ) , the 
intensity  has  only  a small  influence  on  the  force  Sm  increases  with  the  laser  intensity 
but  the  population  difference  p 'J  - p^t!,  will  become  small  due  to  the  saturation  effect 
Therefore  the  influence  of  laser  intensity  is  diminished  due  to  the  compensation  of  these 
two  effects  with  each  other  Fig  3(b)  shows  that  the  capture  range  of  velocity  increases 
with  laser  detuning  Since  the  volume  of  the  MOT-  is  determined  by  the  radius  r of  the 
laser  beam  . increasing  r may  increase  the  volume  efficiently  , Fig  3(c)  shows  the  effect  of 
the  magnetic  field  gradient  At  a point  far  from  the  trap  center , atoms  will  be  cooled  to 
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non-zero  velocity  The  curve  of  the  force  is  asymmetric  about  its  zero  point  , which  is 
caused  by  the  difference  of  g-factor  between  the  upper  ami  the  lower  state  ( Upper  state 
6 PV2,F  - 5,gr  = 0.4  , lower  state  6SyJ,F  = 4 ,gg  = 0.25  ) . From  Fig.3(c)  we  know  that 

increasing  the  gradient  dB/dx  tends  to  decrease  the  damping  force,  whereas  the  string 
constant  K increases  with  dB/dx(See  [16])  This  situation  sets  a certain  limit  on  the  value 
of  dB/dx 

D Several  measures  to  increase  the  number  of  trapped  atoms 

We  have  known  that  increasing  light  intensity  will  not  increase  the  number  of  trapped 
atoms  if  I>I©  82  T 2 Under  the  condition  of  I * I®  82  T 2 , enlarging  r (the  radius  of  the 
laser  beam)  may  increase  the  volume  of  MOT  and  increasing  6 ( laser  detuning  ) may 
increase  the  velocity  capture  range.  After  r and  8 being  determined,  we  use  the  condition 
5-—.  < 0 as  tne  limit  on  the  value  of  dB/dx  Among  all  the  relative  detunings  , 8 -*,.j(V  - 
0,X  = r)  = 8 + h‘l  rpB  dB/dx  is  the  biggest  one  If  it  is  negative,  i e .,  (note  that  8 < 0)  , 
the  condition  will  be  satisfied 

All  in  ail,  we  think  that  the  following  methods  may  increase  the  number  of  trapped 
atoms:  (1)  increasing  the  detuning,  (2)  enlarging  the  radius  of  the  laser  beam  as  possible  as 
to  keep  I * Io  82  T 2 , (3)  dB/dx  = -ft  8(pe  0"'  when  r and  6 are  determined 

4.  CONCLUSION 

The  properties  of  MOT  have  been  studied  profoundly  for  years  On  the  basis  of  these 
studies,  we  used  a simple  method  to  calculate  the  force  and  motion  of  Cs  atoms  in  1D- 
MOT  The  approximate  formulas  for  a and  K are  given  in  the  case  of  small  velocity  and 
volume  and  the  characteristics  of  the  force  and  the  contribution  of  Zeeman  effect  and 
Doppler  effect  are  also  discussed  The  condition  to  increase  Vc  and  Ve  upon  which  we 
may  build  an  efficient  MOT  are  given 

However  in  this  paper  we  don’t  discuss  the  problems  about  the  atomic  density  and 
equilibrium  temperature  in  MOT,  because  the  approximate  method  we  used  does  not 
include  f ^ and  atomic  momentum  diffusion  Thus  it  cannot  be  applied  to  calculate  the 
atomic  density  and  temperature  Furthermore  the  theory  of  density  and  temperature  in 
MOT  is  quite  complicated  because  it  requires  the  consideration  of  various  effects,  which 
are  not  easy  to  evaluate  Anyway  the  related  work  is  in  proceeding 

The  authors  are  gratefully  indebt  to  Prof  Wu  Jike  of  Department  of  Mechanics, 
Peking  University  and  Dr  Zhang  Wenqing  of  Institute  of  Physics,  Academia  Science 
Sinica  for  their  instruction  and  help  with  the  computer  program 


APPENDIX 

At  first,  we  give  the  cited  definition  of  the  saturation  factor 
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9 - n*  il 

0 s1  + r2  /4 


(a  1) 


and  the  relative  detuning  when  X is  small  can  be  rewritten  as  follows 


S „ 


= S T kV 


(*  2) 


Finally  the  approximate  population  difference  between  the  upper  and  the  lower  state  is 


P IV  ~ P-V*i  * 


1 


1 + .V0 


7 —P  - 


(a  3) 


where  p™  is  the  population  of  sublevels  of  the  ground  state  in  the  case  of  very  weak  light 
intensity  under  o ' -o ' configuration  and  the  calculated  results  are  presented  below 


p\ i0)  = p(\}  = 0 3 864 


pT  = P,0;  = o 03  3 6 , 


p{00)  = 0 01  72 


p\0)  = = 0 0498 

p<°»  = p<0/  =0  0188 


After  combining  (3),  (a  2)  and  (a  3),  we  have 


f 


hk  r 


2(1  + -v0)  '(6  - kV) 


O ! 2 v'  i o , . r m,  - i . 

- + p I / 4 2*  P <*,  l ) 


Q * / 2 

+ kvy  ♦ r:  /4  “ "* 


(<s 


)JI 


(a  4) 


By  substituting  the  values  of  ’ and  corresponding  C-G  coefficients 

I pi°t'(c:;‘  >*'  = x ’>*  = 0 4 8 2 2 <a5> 


and  using  the  approximate  condition  6-kV  * 6+kV  « 8 for  very  small  V as  well  as  formula 
(a  1 ) , finally  we  obtain 


f ic  a lie  ’ ~~ 


0 96  4 4 hk  2SSor 
(I  + S0)(S  2 + r : / 4) 


V 


(a  6) 
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a * -0  9644 


hk  *6S0 r 

(l  + S0)(£l  + r1  /4) 


(a7) 
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Abstract 

Starting  from  the  C.T.Lee's  criterion  on  non-classical  effects  in  two-mode  fields, the  author 
of  this  paper  have  studied  the  system  of  two-mode  fields  interacting  with  atom  by  means  of 
multiphotons,  discussed  the  non-classical  statistic  quality  of  two-mode  fields  with  interaction. 
Through  mathematical  calculation,  we've  come  to  realize  some  new  rules  of  non-classical 
effects  of  two-mode  fields  which  evolue  with  time. 


1 Introduction 

The  non-classical  effects  of  field  is  very  interesting  topic  in  quantum  optics  ,and  for  a long  time  the 
interaction  of  atom  with  field, and  its  quantum  statistic  quality  have  been  paid  extensive  attention 
to.Since  E.T.Jaynes  and  F.W.Cummings  put  forward  an  ideal  model  of  interaction  of  two-level 
atom  and  one-mode  field'1 1 strictly  resolved  by  pure  quantum  methods,  people  have  done  lots  of 
research  on  J-C  Model  in  quantum  optics  these  years,  for  example, interactions  of  two-level  atom 
with  one  photon'^.two-  photons'3'  and  multiphotons'4-8*, etc.  Because  one  atom  may  often  have 
multiple  levels, and  plenty  of  experiments  require  the  consideration  of  a third  level,  people  have 
naturally  proceeded  the  J-C  Model  to  the  third  level  and  discussed  the  interaction  of  three-level 
atom  with  one  field. (These  are  called  broad  J-C  Model), one  photon  process  and  multiphoton 
process, and  as  a result  discovered  many  non-classical  phenomena  with  different  quantities, for  in- 
stance,those  of  revival-collapse  as  well  as  squeezing  of  field  and  antibunching, etc.*9-11' 

The  significance  of  studying  J-C  Model  and  broad  J-C  Model  exist  in  the  realization  of  the  respec- 
tive quantum  dynamics  qualities  of  atom  and  field  when  they  interact.  Though  people  have  done  a 
great  deal  of  research  on  J-C  Model,  their  research  is  restricted  to  the  resonance  and  non-resonance 
of  one  or  two-photon,  not  covering  the  function  of  K(>  2)  photons.  We  have  already  discussed 
the  quantum  statistic  quality  of  multiphoton  process'12'. By  adopting  the  broad  J-C  Model  and 
using  density  operator,  we  have  obtained  the  mean-photon  number  value  in  this  paper,and  then 
discussed  the  quantum  statistic  quality  of  interaction  of  three-level  atom  with  two-mode  fields 
according  to  the  criterion  on  non-classical  eiTe.  .s  put  forward  by  C.T.Lee  and  consequent  found 
some  new  evolution  rules. 
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2 Theoretical  model 


Let’s  think  about  the  system  of  the  interaction  of  UA”  atom  with  two-mode  fields,|  a > is  given  as 
common  upper  level,)  b > and  | c > are  given  as  lower  levels,  the  state  vector  of  atom  are  taken 


| a > and  | b >,  | a > and  | c > is  related  with  mode  1 and  mode  2,  between  the  | b > and 
| c > is  forbiddenness  of  a transition.  On  condition  of  resonance  (u/e  - us*  = fciOi,  w®  ~u)c  — k2U2) 
and  RWA,  the  Hamiltonian  of  the  system  is  expressed  as 


the  free  part  of  which  is 


H = h(H0  + //«,) 


(1) 


2 

Hq  = UJaS\\  + UfyS  22  + 0/c533  + JZ  HiOj’  Oi 

t»l 


and  the  interacting  part  is 


(2) 


Hmt  = Y,  Ai(sM+, of*)  + h.c  (3) 

i=i 

where, si,j+i  are  the  transition  operators  of  atom,5u  (i= 1,2,3)  is  the  level  projection  oprators 
of  atom, Oj, of  and  n*(i=l,2)  are  the  annihilation  and  creation  operators,  and  angle  frequencies  of 
the  mode  i field,  A,  is  the  coupling  constant  of  atom  and  field, and  u>c  are  the  correspondence 
frequencies  of  | a >,  | 6 > and  j c > ,fci  and  k2  are  the  photon  number  of  absorption  or  emission 
in  transition  process  of  atom  between  j a > and  | b >,  | a > and  | c >. 

Because  H0  and  Hmt  are  the  motion  constant,  then 


[Ho,Htnt)  = [Ho,H\  = [Hmi,H\  = 0 
so, in  the  interacting  picture,  there  exists 


(4) 


HL  = eiHotHMe-iHot  = Hint 


evolution  operator  of  time  in  interacting  picture  is 


(5) 


U(t)  = expi-iHU) 


(6) 
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where  the  factors  of  density  matrix  p(0)  of  the  initial  system  of  atom  and  field  is  given,  the 
average  value  of  physical  quantities  of  the  system  can  be  obtained  from 

< Q >=  Tr[p(t)Q)  = Tr\U(t)p(Q)U+m\  (7) 

If  t=0,the  atom  is  in  the  common  upper  state  J a >,  the  two-mode  fields  are  in  coherent  states 
| a,  > and  | a2  >,  and  possese  their  respective  mean  photon  numbers  rFT  =j  a,  j2  and  Rj  =(  a2  |2, 
the  initial  density  matrix  of  atom  and  fields  of  the  system  can  be  shown  as 


P/( 0)  0 0 

p(0)  =|  0 0 0 

0 0 0 


(8) 


where  the  initial  density  operator  of  field 


t / 

a»rna«»aami 

P/(°)  = 53  r~  i.^  ni/2eyPl~^»  ” ^1  i ™i>™2  ><  | 


tnxrm^ 


, (mi!m2!m,l!?T4!)1/2 


the  mean  photon  numbers  of  two-mode  fields  can  be  gained  from(6)-(9) 


< nj  >=  ni  -f  53  ^ f - *g— p(W| , n2) 


ni.m 


n!» 


u* 


.2,  (n2  + fc2)l sin2ut  . . 

< n2  >=  n2  + X,  Kk2 — ^ ^2~p(ni,n2) 


ni,«2 


and 


< n 2 >=  n,(n,  M)  + 53  A2(2n,  + fc,)fc,- 


n l.nj 


77,! 


< n\  >-  niin?  + 1)  + 53  A2(2n2  + k?)k2 - - 

n2- 


Hi.nj 


U * 


< n,n2  >=  n, 7i2  + 53 


nt.nj 


A2t,7l2 


(ni+M? 


7l|! 


+ A2fc27li 


(ti2  + fc2)! 


r2! 


where 


(9) 


(10) 

(11) 


-p(n,,n2) 

(12) 

-p(n,,n2) 

(13) 

sin2ut  , . 

(14) 

,2  P(n),«2) 

tr 

t<  = 


xAh  i 1 k\)'  , ■*  l.J! 

A‘  rT," 


+ A: 


2 7)2! 


1/2 


453 


p(ni,na)  = 


njln2! 


exp(-fl i - R2) 


3 The  Statistic  quality  of  field 

In  general  .the  non-classical  effects  o!  field  include  squeezing  state,antibundiing  and  sub-Poisson 
distribution , whi ch  have  been  experimented.  In  1990,C.T.Lee  put  forward  the  definition  of  second- 
order  correlation  function  at  zero  time  in  identical  and  different  modes  in  the  two-mode  field 
theory. The  definition  goes  as: 


c[2)(0)  =<  ni2)  > - < Hi  >9  (i  = 1,2) 

(15) 

c(,2)(0)  =<  niri2  > - <n  1 ><  ri2  > 

(16) 

where  < n*2)  > is  the  second  factorial  moment  of  the  photon  number. Therefore  we  have  C^2*(0)  — 0 
for  a coherent  radiation,  since  it  has  a Poisson  distribution  of  photon  numbers,  when  CP(0)  > 0, 
we  call  it  intramode  photon  bunching,  which  is  always  true  for  classical  radiation;  and,  in  con- 
trast^ have  intramode  photon  antibunching  when  C^(0)  < 0, which  is  possible  only  for  non- 

/n\ 

classical  fields. In  analogy  to  Epn.(15),  we  call  it  intermode  photon  bunching,  if  we  have  C\1  > 0,or 
intermode  photon  antibunching  if  (0)  < 0.  C.T.Lee  also  put  forward  the  criterion  of  second 
order  non-classical  effects  about  two-mode  radiation  fields, the  criterion  is: 

=<  n,2)  > + < n22)  > -2  < njn2  ><  0 (17) 

the  smaller  the  D$ , the  deeper  the  non-classical  degree  of  two-mode  radiation  fields. 

Now  let’s  discuss  the  evolution  rules  of  C j2^  (0) , Cj2*(0) , Cj2*  (0)  and  D$  in  case  of  given  initial  mean 
photon  numbers  Ri  and  transition  photon  numbers  k\  and  fc2.  Let  Aj  = A2  = A,  <pi  = y?2  = 0,we 
can  see: 

(a)  When  initial  strength  of  two-mode  fields  is  weak.ffj  = fl2  = l.the  transition  photon  number 

Id  — A:2  = 1 or  10,  the  evolution  curves  of  Cj2)(0)  and  C22>(0)  are  the  same.  In  k\  = = 1 process, 

there  is  cyclic  fluctuation  of  intramode  photon  antibunching  and  bunching,  and  there  is  always 
intermode  photon  antibunching,  and  begin  > 0,  then  there  are  non-classical  effects,  which 
become  deeper  and  deeper  as  time  increases, whth  fluctuation  being  weak,  getting  close  to  oblique 
line  to  the  right  below.  In  kx  - k2  = 10  process,  there  is  not  intramode  photon  antibunching,  but 
there  is  intermode  photon  antibunching  for  Cj;  (0),  and  there  is  D(,2)  < 0 from  beginning  to  end, 
the  evolution  curves  are  irregular 

(b)  When  initial  strength  of  the  field  increases, = n2  = 10,  and  ki  = fc2  = 1,  there  are  alway 

intramode  photon  antibunching,  the  revival-  collapse  phenomena  of  the  evolution  curves  are  ob- 
vious, there  is  intermode  photon  antibunching  for  (0),and  < 0,the  evolution  curves  are 

steeper  compared  with(a).  When  hi  = fc2  = 10,cj2)(0)  and  C22,( 0)  are  both  bigger  than  zero, but 
there  is  intermode  photon  antibunching  for  Cj2}(0),and  < 0,  the  evolution  curves  fluctuate 
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faster,  compared  with  the  above. 

(c)When  initial  strength  of  the  field  Ti\  and  ft2  are  constant,  and  the  transition  photon  numbers 
is  changed.  If  fit  = n2  = 1,  fcj  = 1,A:2  = 10,  there  is  alway  intramode  photon  antibunching  for 
C{2)(0),  but  not  for  C22)(0),  there  is  alway  intermode  photon  antibunching  for  Ci25(0),  there  is 
< 0 from  start  to  finish,  all  amplitudes  of  evolution  curves  increase.  If  fcj  = 10, fc2  = l,the 
evolution  curves  of  C|2)(0)  are  pictured  as  Cj2)(0),  curves  of  (^(O)  as  Cj2)(0),  curves  ofCg>(0) 
and  Du?  are  as  the  above.  When  the  transition  photon  number  is  given,  the  initial  strength  of 
the  field  is  changed,  if  fcj  = fc2  = l,nj  = 0.1, W2  = 1,  the  evolution  curves  of  C{2) (0)  are  pictured 
as  C|2)(0)  in  (a)(TTi  = TI2  = ki  = fc2  = l),but  the  wavy  curves  are  parallelly  shifted  down,  and 
the  amplitudes  increase  a little,  and  C22)(0)  are  pictured  as  C^2)(0)  in  (a).  If  Ri  = l,ft2  = 0.1, the 
evolution  curves  of  C{2)(0)  and  C22,(0)  are  reversed  compared  with  the  above.  There  are  anti- 
bunching for  C<2)  (0)  and  non-classical  effects  for  D^- 


4 conclusion 

The  result  of  the  paper  continues  to  show  that  the  non-classical  effects  of  two-mode  fields  inter- 
acting with  “A”  atom  by  means  of  multiphotons  are  not  only  related  to  the  initial  strength  of 
two-mode  fields, but  also  absorption  or  emission  the  number  of  photons  in  the  transition  process  be- 
tween atomic  levels.In  the  same  time  an  interesting  phenomenon  of  mode-competition  exists, under 
identical  conditions,  two  modes  have  identical  status  in  the  mode-competition,  and  Cj2*(0)  and 
Ci2)(0)  reveal  identical  evolution  rules.  Different  conditions  .namely  identical  number  of  photons 
transiUv  between  atomic  levels  but  different  initial  strengths  of  twomode  fields, or  different  num- 
ber of  phe  ns  transition  between  atomic  levels  but  identical  initial  strength  of  twomode  fields 
will  all  lead  zo  the  generation  of  the  phenomenon  of  mode-  competition.  On  the  other  hand,  the 
more  the  transition  photons,  the  more  disadvantageous  they  are  to  register  where  fields  enter 
non-classical  effects. 
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Abstract 

We  present  a quantum  nonlinear  model  of  two-wave  mixing  in  a lossless  photorefrartive 
mcd.um  A set  of  equations  describing  the  quantum  nonlinear  coupling  for  the  field  operators 
is  obtained  It  is  found  that,  to  the  second  power  term,  the  commutation  relationship 
is  maintained  The  expectation  values  for  the  photon  number  concur  with  those  of  the 
classical  electromagnetic  theory  when  the  initial  intensities  of  the  two  beams  are  strong 
We  also  calculate  the  quantum  fluctuations  of  the  two  beams  initially  m the  coherent  state 
With  an  appropriate  choice  of  phase,  quadrature  squzzmg  or  number  state  squeezing  can  be 
produced. 

PAcS  numbers  42  654  Hw,  42  50  Dv,  42.50  Lc 


1 Introduction 

The  phctorefractive  effect  in  electro-optic  crystals,  a phenomenon  in  which  the  local  index  of 
refraction  is  changed  by  the  spatial  variation  of  light  intensity  [1],  has  been  studied  extensively  for 
its  potential  in  many  applications.  The  fundamental  process  may  be  described  as  follows.  When 
the  crystal  is  illuminated  w fh  a spatially  modulated  intensity  pattern,  free  carriers  (for  example, 
electrons)  are  nonunifromly  generated  due  to  the  photoionization  of  impurities  (generally,  which 
may  be  doped).  The  impurities  that  can  be  ionized  and  provide  free  carriers  are  called  donors. 
Once  these  denors  are  ionized  they  can  serve  as  trap  sites  which  capture  electrons.  The  electrons 
can  be  transported  by  diffusion  or  drift  and  become  trapped  at  these  sites.  The  trapped  electrons 
can  then  be  re-excited  except  for  those  in  the  dark  region.  Thus  a space-charge  separation  is 
created,  which  leads  to  a space-charge  field.  Such  a field  induces  a change  in  index  of  refraction 
via  the  Pockels  effect  (linear  electro-optic  effect),  creating  an  index  grating.  The  presence  of 
such  an  index  grating  will  in  turen  affect  the  propagation  of  these  beams.  Crystals  such  as 
L1.V6O3.  BaTiOj.  BSO,  GaAs  and  InP,  are  efficient  media  for  the  generation  of  the 

photorefrartive  effect  with  relatively  low  intensity  level  (eg.,  1 W/crn2). 

Many  different  nonlinear  optical  phenomena  in  photorefractive  media  have  been  studied. 
These  include  wave  mixing,  phase  conjugation,  self-oscillation,  photorefractive  resonance,  etc. 
The  fundamental  photorefractive  process  is  two-wave  mixing  (TWM).  in  which  two  beams  in- 
tersect inside  a photorefractive  midia.  A staticm*ry  index  grating  is  formed  which  is  sptaially 
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shifted  *72  relative  to  the  intensity  pattern.  Such  a spatial  phase  shift  leads  to  nonrectpro- 
ral  energy  transfer  when  these  two  beams  propagate  through  the  medium.  The  basic  classical 
electromagnetic  theory  explaining  the  nonlinear  interaction  involved  is  already  well  established. 
Much  attention  has  been  focused  on  its  applications  including  photorefractive  resonatore,  non- 
reciprocal transmission  windows,  self-pumped  phase  conjugators,  laser  beam  clean-up,  optical 
interconnection,  etc.  Although  a number  oi  cases  of  TWM  have  been  analysed,  a quantum 
theory  is  not  available  and  photorefractive  non-classical  effects  have  not  been  discussed.  In  this 
paper  we  present,  to  our  knowledge  for  the  first  time,  a quantum  treatment  of  two-wave  coupling 
in  a lossless  photorefractive  medium. 


2 Quantum  model  of  photorefractive  TWM 


A typical  geometry  for  studying  two-wave  mixing  is  shown  in  Fig.l.  Under  certain  circum- 
stances, two  beams  of  light  can  interact  in  a photorefractive  crystal  in  such  a manner  that 
energy  is  transferred  from  one  beam  to  the  other.  This  process  is  also  known  as  two-beam 
coupling.  The  signal  and  pump  waves,  of  amplitudes  A , and  A,  respectively,  interfere  to  form 
a nonuniform  intensity  distribution  within  the  crystal.  Due  to  the  nonlinear  response  of  the 
crystal,  this  nonuniform  intensity  dstributkm  produces  a refractive  index  grating  within  the 
material.  However,  this  grating  is  displaced  from  the  intensity  distribution  in  the  direction  of 
the  positive  (or  effective  electrooptic  coefficient)  crystalline  c axis.  As  a result  of  this  phase 
shift,  the  light  scattered  from  Av  into  A,  interferes  constructively  with  A,,  whereas  the  light 
scattered  from  A , into  A,  interferes  destructively  with  Ap,  and  consequently  the  signal  wave  is 
amplified  whereas  the  pump  wave  is  attenuated. 


♦ 


attenuated 


amplified 


Fig.l.  Typical  geometry  for  study- 
ing two- beam  coupling  in  a photore- 
fractive crystal 


An  ideal  quantum  model  for  degenerate  two-wave  mixing  may  be  constructed  as  follows. 
Consider  the  effective  interaction  Hamiltonian 


Ht/f  = + B^A)B  + he. 


(1) 


where  x*  is  the  effective  interaction  coefficient  for  the  nonlinear  process,  A and  B are  the  Boson 
operators  for  two  modes  with  frequency  Factor  {A* B+B*  A)  represents  the  interference 

of  two  modes  [2].  The  TWM  can  be  understood  from  the  following  physical  picture.  Mode  A is 
generated  accompanied  by  the  annihilation  of  mode  B,  due  to  scattering  from  the  grating  induced 
by  the  interference.  In  other  words,  mode  B is  “scattered”  by  the  grating  in  the  direction  of  beam 
A,  to  yield  mode  A,  which  is  responsible  for  the  energy  coupling.  The  Heisengerg  equations 
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of  motion  for  the  field  operators  A and  B may  be  easilly  obtained  from  //*//•  Making  the 
conversion  z - vt  for  propagation  along  the  2-axis  at  a velocity  v,  we  can  write  the  equations 
as 

~ = -2**y|t£J  - i(x  + x)AB^B  (2) 

az 

= -2ixB*A2  - i(X  + X)BA'A  (3) 

az 

where  x - x'/v-  We  find  the  field  operators  satisfy  the  Boson  commutation  rules.  From  the 
equations  of  motion  for  the  photon  number  operatore  Na  and  JV* 

= -2  ixA^B2  + 2ix'AiB^2  (4) 

az 

— = 2t XAUB2  - 2iXM2fiti  (5) 

az 

we  can  show  that  the  total  photon  number  is  constant  throught  the  process.  In  the  short  path 
approximation,  the  solutions  of  Eqs.(2)  and  (3)  for  the  field  operators  with  expansion  up  to  the 
quadratic  (xz)2  term  is 

A[z)  = a - 2i(xz)a^b2  - iz(x  x')aJ^b 

- | xz  !2  ((4a^a2  + a)b^b  - (2a  ^ — a)b^2b7  + (at262  -t-  6 2a2)o  + 2a^a2]  (6) 

-22[X2(at2a62  f b^b3a/2  + bha/2)  + x’2(as6*2  + abUb2/ 2 r 06*6/2)1 

B{z)  — 6 - 2t(x’z)6*a2  - iz[x  + X‘)bata 

- I x«  i2  [(46*62  + 6)a*a  - (2 ftt  _ 6)a*2a2  + (b^a*  + a*262)6  + 26^6*]  (7) 

-z2!x*2(6*26a2  + a*:a26/2  + a*a6/2)  + x2(&3<**2  + 6a*2a2/ 2 + 6a*a/2)j 

where  a and  b are  the  input  field  operators,  respectively.  It  may  be  seen  that,  to  the  quadratic 
term,  the  field  operators  still  satisfy  the  commutation  relation 

iit(*),i|t(»)|  = l,  = 1 (8) 

In  order  to  test  our  quantum  mode!  for  photorefractive  TWM,  we  may  derive  the  expectation 
values  for  the  photon  number  in  each  beam  and  verify  if  the  result  of  the  quantum  calculation 
concur  with  those  of  the  classical  electromagnetic  theory.  When  the  two  beams  are  initially  in 
the  coherent  state  j a)  and  j 0)  with 


a =j  a j exp(t6a/2) 

0 =1  0 | exp{i6t/ 2) 

X =|  X | exp(i<l>) 

we  obtain 

(A'a)  = I a I2  +-4«n(*  + 6»  - 6a)  \ Xz  |i  |2  +4  j Xz  2 {\  P \*  ~ \ * |4) 
+8  t Xz  i2|  a0  j2  (I  0 |2  - j a )2){l  + cos<t>cos(<j>  + 6b  - 6a)] 


(9) 

(10) 

(11) 

(12) 
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<N*>=  M*  + I/JI*  -W  (13) 

where  <j>,  St  and  6a  are  phase  angles,  depending  on  the-  initial  condition.  We  take  6b  - Sa  ~ n 
and  write  Ia  ~\  a \2,  It  - \ P \2,  then  obtain 

(A'„)  = Ia  ~ 4sin<f>  j \z  j IJt  + 4 | Xz  iJ  (7»J  - A,2)  (14) 


(Nt)  = Ia  + h-  (AT.) 


(15) 


According  to  the  classical  electromagnetic  theory,  the  coupled  equations  for  photorefractive 
TWM  can  be  written  as  [3j 

= -Tt— r (!®J 


dz 

dl2 


7,  + /* 

7,7, 


dz  1/,  + 7, 


(17) 


where  /|  and  I2  are  the  intensities  of  beams  1 and  2,  respectively,  and  7 is  the  coupling  constant 
with 

2xnt  . , 

1 = ww  (18) 

Here  n,  is  the  depth  of  index  modulation  related  to  the  electro-optic  coefficient,  20  is  the  angle 
between  the  two  beams  inside  the  medium  and  <f>  is  the  phase  that  indicates  the  degree  to  which 
the  index  grating  is  shifted  spatially  with  respect  to  the  light  interference  pattern. 

By  examining  the  coupled  equations,  we  note  that  72  is  an  increasing  function  of  a,  provided 
7 is  positive.  This  indicates  that  the  energy  is  flowing  from  beam  1 to  beam  2.  The  direction 
of  energy  flow  is  determined  by  the  sign  of  7,  which  depends  on  the  orientation  of  the  crystal 
axis.  The  solution  for  the  intensities  Ii(z)  and  /2(a)  are 


/»(*)  = Mo) 


7,(0)  + /2(0)exp(7z) 


(19) 


I2(z)  = /2(0)exp(7a) 


7i(0)  + 72(0)exp(7z) 
7o 


(20) 


where  /j  (0)  and  /2(G)  are  the  input  intensities  of  beam  1 and  beam  2,  respectively,  and  70  is  the 
sum  intensity  with  7o  = 7j(0)  4-  72(0).  In  the  short  path  approximation,  the  solutions  can  be 
expanded  to  the  quadratic  (7a)2  term  as 


AW  = A(0)  - v/,(°*A(0)  * M.f'y;/,(0)  - A(o) 

10  zl0 


(21) 


72(z)  — 70  - 7i(z)  (22) 

Comparing  Eqs.(14)  and  (15)  with  Eqs.(21)  and  (22).  we  find  that  the  results  of  the  quan- 
tum theory  are  consistent  with  those  of  the  classical  theory,  so  long  as  7,(0)  — 72(0)  = 

It,  1 - 4 ; x I •s?n07o  and  /,,  >>  1,  7,  >>  1.  When  the  input  intensities  of  the  two 
beams  are  strong,  the  effective  Hamiltonian  Htjj  can  give  and  accural*-  des<  ription  of  the  en- 
ergy exchange  phenomenon  in  photorefractive  two-wave  mixing,  as  shown  in  Fig. 2.  We  can 
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thus  conclude  that  our  quantum  model  for  photorefractive  TWM  is  reasonable  and  successful. 


/, 

10000  1 
7750 
5500 
3250 

1000  — 


0.4 


JV4,/2(xlOO) 
10100  “ 

10075 

10050 

10025 

—*>  1*  10000  l' 

0.8 


0.4 


— 12 
0.8 


(«)  (6) 

Fig. 2.  The  intensities  of  two  beams  versus  the  effective  interaction  length  (7 z) 
Dashed  curve  the  intensities  of  the  classical  electromagnetic  theory  I\  and  /j,  from 
Eqs.(19)  and  (20).  Solid  curve:  the  quantum  average  photon  number  Na  and  Nb. 
The  initial  intensities  /)  = 104,  /j  - 106.  respectively. 


3 Quantum  statistic  of  photorefractive  TWM 


To  discuss  the  photon  number  fluctuations  of  the  quantized  field  we  consider  the  variance 
(AA',2^)}  or  the  Fano  factor 


(aa r,2(z)) 

(ANy(a)) 


(23) 


where  (A,V,2(2))  — {ATj2(z))  — (N}(z))2  and  j = a,  b.  To  obtain  the  above  expression  we  need 
to  find  the  expectation  values  for  (AJVa2(z)}  and  (AN»2(z)).  When  the  input  fields  are  in  the 
coherent  state  a)  and  | (3),  after  some  tedious  calculation  we  may  obtain  the  expectation  values 


' A Aa2(z))  = la  — 8stn#  j \2  | /„/*  + 8 j xz  j2  Ia[2Ia2  Ibcos(2#)  +2laIb2(l  - sin2#)  - Ib2  - Ia2\  (24) 

;AAr62(z))  = Ib  + 8sin#  ( x2  I /a/»  + 8 ! X 2 j2  Ib2l2  Ibcos(2#)  + 2/t/a2(l  - sin2#)  - I2  - /62j  (25) 

where  we  have  taken  ^ - Sa  = k.  Here  # = ±~  corresponds  to  the  maximum  energy  coupling 
between  the  two  beams.  Eqs.(14)  and  (15)  show  that  the  energy  flows  from  beam  A to  beam 
B when  # € [0,  n\.  This  indicates  that  A is  the  pump  beam  and  B the  signal  beam.  Let  # = 
we  rewrite  Eqs.(24)  and  (25)  as 

(A Na2(z))  = /„  - 8 | x*  I Iah  + 8 j x*  i2  Ia\~2l2h  + 4/aA2  - h2  - I2\  (26) 

(A %2(z))  = /*  + 8 | X*  | /.A  + 8 | x*  I2  h\~2h2h  + Ahh2  - l2  - h2 j (27) 

The  Fano  factor  plotted  against  the  effective  interaction  length  -yz  is  shown  in  Fig.3,  where 
7 = 4 j x i stn#I0.  We  see  that  the  pump  mode  A can  be  in  a squeezed  number  state,  whereas 
the  signal  mode  B becomes  super-Poissonion  at  the  some  time. 
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Fa,F. 


Fig. 3.  Fano  factors  of  beams  A and  B versus 
effective  interaction  length  -jr  for  coherent  state 
inputs.  Dashed  curve.  F*.  solid  curve:  F».  The 
initial  intensity  ratio  m = Fa  shows 

the  sub-Poissoinan  statistical  feature 


Moreover,  the  signal  mode  can  never  becomes  squeezed(at  least  for  our  solution  expanded  to 
the  second  order).  The  degree  of  squeezing  in  the  pump  mode  depends  on  the  initial  intensity 
ratio  m (here  we  define  m = £|£j).  If  m is  large  (for  example,  100),  then  the  degree  of  squeezing 
will  be  very  small  (in  the  short  path  approximation).  This  is  reasonable  as  the  energy  coupling 
has  little  effect  on  the  intensity  of  the  pump  modes,  so  the  quantum  fluctuations  will  not  be 
reduced  greatly. 

The  quadrature  phase  amplitudes  of  the  two  beams  are  defined  as 

v y _ (28) 

2 '*  Ji 

Xt  - Yh  ~ (29) 

When  the  input  field  are  in  the  coherent  state,  the  field  variances  may  be  determined  explicitly 
to  be 


(AAT„2(z))  = i X*  ! Ibsin{<t>  -f  ^6)  -f  2 I xz  |2  /*{/*  + Iacos2<i>  - Iacos6a{l  + cos 2<f>)  , , 

— (2 7„  + Ib)cOS<j>COs[<i>  + 6t)j 

(A Ya2(z))  = | Xz  ! hstn(<j>  -*-6b)  + 2\xz  |*  7t[7t  + 7acosV  + 7acos6a(l  4-  cos2<t>) 

+ (27„  + Ib)cos<f>cos{4>  -r  £t)j  2 

(AX62(z))  = j+  | *z  I Iasin(6a  - <p)  + 2 | xz  |2  7„{7a  + Ihcos2<f>  - Ibcos6b{l  + cos2<f>)  . . 

~(2Ib  + Ia)cos4>cos(6a  - <£)]  ' 

<AK»2(z))  = }-  | x*  | 7asin(6a  ~<P)  + 2 | X*  I2  h\h  + 7 bcos2<f>  + Ibcos6b{l  + cos24>)  f . 

+ (27»  + Ia)cos<j>cos(6a  - <£)]  * 


With  an  appropriate  choice  of  phase,  both  modes  can  produce  quadrature  squeezing.  For  exam- 
ple, when0  = n/2,  6b  = ir  and  6a  = 0,  it  is  obvious  that  {AATq2(z))  and  vAX»l(z))  may  be  less 
than  £ in  the  short  path  approximation.  The  variances  plotted  against  the  effective  interaction 
Tf z are  shown  in  Fig.4.  We  see  that  both  modes  can  be  in  the  squeezed  state.  Furthermore,  there 
is  strong  dependence  on  which  of  the  input  modes  is  strong.  The  degree  of  squeezing  in  the  pump 
mode  is  great  when  the  initial  intensity  ratio  m is  small,  as  shown  in  Fig.4.  In  the  reverse  case, 
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if  the  pump  mode  A is  strong,  then  the  degree  of  squeezing  in  the  signal  mode  B will  be  great. 
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Fig  4 The  variances  {AXa2),  (Al*2'’.  (AXi2;,  and  (A V*2)  when  both  input  field 
are  initially  in  the  coherent  state,  with  m = jgg.  Dashed  curves  the  variances  of 
A'  component,  which  show  quadrature  squeezing.  Solid  curves  the  variances  of  V' 
component 


4 Conclusion 

In  conclusion,  we  have  presented  a quantum  model  of  photorefractive  TWM,  which  can  well 
describe  the  energy  exchange  phenomenon  in  TWM.  A set  of  coupled  mode  equations  is  obtained 
and  solved  in  the  short  path  approximation  We  have  also  calculated  the  quantum  fluctuations  of 
the  two  modes  and  find  that  when  both  modes  are  initially  in  the  coherent  state,  the  pump  beam 
can  become  sup-Poissonian,  due  to  the  photon  flux  in  the  energy  transfer.  The  same  qualitative 
result  was  also  obtained  in  our  previous  approach  from  a set  of  simplified  field  equations  {4]. 
With  an  appropriate  choice  of  phase  relationship,  quadrature  squeezing  can  be  produced. 
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The  micromaser  has  been  extensively  studied  as  a source  of 
radiation  fields  having  various  neoclassical  properties.  One  such 
propety  is  the  sub-  Poissonian  nature  of  the  radiation  field 
which  has  been  experimentally  demonstrated  in  this  dynamics 
ClLThis  device  involves  a microwave  cavity  of  high  quality 
factor  Q and  cooled  down  to  sub-Kelvin  temperature.  In  the 
conventional  micromaser,  two-level  Rydberg  atoms  in  their  upper 
states  are  pumped  into  the  cavity  at  such  a rate  that  at  most  one 
atom  at  a time  is  allowed  to  interact  with  the  cavity  field.  The 
very  first  atom  encounters  the  field  at  thermal  equilibrium. 
After  the  interaction,  the  field  evolves  under  the  influence  of 
its  own  reservoir  until  the  next  atom  enters  the  cavity.  The 
process  repeats  Itself  with  a repeatation  time  t ■ r + t 

c cav 

where  t is  the  atom-field  interaction  time  and  t is  the 

cav 

duration  between  successive  atoms,  r is  fixed  whereas  t is 

cav 

random  following  a Poissonian  pump  with  an  average  t ■ 1/R  where 

c 

R is  the  number  of  atoms  entering  the  cavity  per  second.  Ve  find 
that  the  cavity  field  is  coupled  to  the  atom  during  t only 
whereas  it  is  coupled  to  its  reservoir  during  the  entire  duration 
t . Hence,  the  nonclassical  nature  of  the  field  would  be  very 

C 

sensitive  to  the  cavity  field  damping. 

The  theory  of  micromaser  proposed  in  Ref .121  is  capable  of 
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including  the  effect  of  reservoir-induced  Interactions  even 
during  the  short  duration  r on  the  evolution  of  the  cavity  field. 
Its  influence  on  th«  normalized  variance  v ■ [ < <n2>-  <n>*  >/"<n>]1/2 
( v < 1 for  sub-Poissonian  fields  ) Is  clearly  evident  in  the 
Fig.(l).  The  spontaneous  emission  constant  between  the  two  masing 
levels  y*-4400  Hz  (dotted),  4.4  Hz  (dashed),  and  0.0  (full).  The 
dash-dot-dot  curve  represents  the  results  for  the  ideal  situation 
during  r Le  no  damping  whatsever. 


Fig.l.  Variation  of  v with  N,  the  number  of  atoms 
streamed  through  the  cavity  during  photon  lifetime 
for  the  experimental  setup  in  Refill.  r«35  /nsec., 
and  cavity  temperature  T»0.5  K. 


The  above  description  is  for  the  atoms  being  in  their  upper 
states  at  the  time  of  entering  the  cavity.  In  stead,  if  the  atoms 
are  in  a coherent  superposition  of  two  masing  levels  at  the 
beginning  of  interaction,  It  can  induce  a phase  information  to 
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the  cavity  field.  This  may  result  in  the  squeezing  of  a 

quadrature  of  the  radiation  field. 

The  two-level  Rydberg  atoms,  at  the  time  of  entering  the 

cavity,  are  in  a coherent  superposition 

|y  > ■ a|a>  ♦ 0|b>  (1> 

of  their  upper  ( |a>  ) and  lower  ( |b>  > states.  Ve  assume 

through  out  this  paper  that  o and  ft  are  real.  The  transition 

frequency  between  the  levels  is  in  resonance  with  the  single 

eigenmode  of  the  cavity  at  frequency  «.  Ve  represent  the  atom  by 
the  Pauli  pseudo-spin  operators  obeying  the  commutation  relation 
[s+,s"l  * 2s*.  The  cavity  field  is  represnted  by  the  annihilation 

C creation  > operator  a < a*  > which  satisfy  the  commutation 

ralation  [a^]  » 1.  The  atom-field  iteraction  is  then  given  by 

the  well-known  Jaynes- Cummings  Hamiltonian  C3J 

H ■ g<s*a  + s"at)  <2> 

where  g is  is  the  coupling  constant. 

In  a frame  rotating  at  u the  equation  of  motion  for  the 
composite  atom-field  system  can  be  taken  to  be 

p ■ -iCH,p]  - x«l+n  . >Ca^ap-2apa*+pa^a> 

tn 

+ n , (aa*p-  2a^pa+paa^» . <3> 

th 

The  effect  of  the  heat-bath  at  the  temperature  T > 0 is 
introduced  through  the  terms  in  the  Planck  function  n . x ■ w/2Q 

In 

is  half  the  bandwidth  of  the  eigenmode.  The  effect  of  atomic 

reservoir  is  not  included  here  as  it  has  been  seen  in  Ref.(2b> 

that  the  significant  influence  comes  from  the  cavity  damping. 

Ve  follow  the  procedure  in  Ref.C7>  to  get  an  expression  r or 

time  derivative  of  the  density  operator  for  the  field  only  in 

photon  number  representation  i.e.  p s<n|plm>.  The  resulting 

n,m  • ■ 

expression  gives,  in  the  steady-state,  the  continued  fractions 
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for  W -p  /p  for  oil  n and  m which  is 

r»,«  n,m 

W • Z AZ  *Z*  W , 1 <4> 

+ n,m  n,m  n,m  n,n>  n*i#m+i 

where  z,  z“  are  all  functions  of  system  parameters.  Ve  need  p > 

fi#n 

0 ord  p to  obtain  variances  X and  Y in  the  two 
n.rvfi  n,n+* 

quadratures  defined  by  ax«Ca*aT>/ 2 and  ay»<a-ar>/2i  respectively. 
X or  Y <0  indicates  squeezing  in  that  quadrature. 

Our  numerical  study  of  X and  Y as  a function  of  gT,  pump 
rate  N and  other  parameters  reveals  Interesting  results  for  gT»rr 
which  we  display  in  Pig.  C2>  for  a cavity  with  */g*0.81xl<r®.  The 
experiment  in  Ref.  £11  had  the  same  value  of  x/g  but  the  cavity 


Fig-2.  Squeezing  Yap  a function  of  dimensionless  pump 
rate  N«R/2*.  The  curves  are  for  the  atom- field  inter- 
action set  by  gT*n. 
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temperature  was  at  T*0.5  K.  Figure  2 indicates  that  T needs  to  be 
further  reduced  to  observe  squeeziiq;  in  the  cavity  field.The 

curves  a,  b and  c in  the  Fig.  (2)  are  for  T"0.22*'  ”,  0.15  K and 
0.11  K respectively.  The  corresponding  thermal  r-otons  at  the 
cavity  mode  frequency  [11  are  n ■0.01,  0.001  and  0.0001.  Fig. 

th 

<2>  shows  that  the  squeezing  in  ay  quadrature  persists  higher 
pump  rate  N for  lower  temperature. 

The  photon  distribution  of  the  cavity  field  is,  in  general, 

peaked  at  various  n at  temperatures  such  as  in  Fig.  <2>.  These 
states  |n>,  are  known  as  trapped  states  Ml.These  can  be  easily 
analysed  for  an  ideal  cavity  < Q"k»  > which  reveal  that4n  the 
case  of  polarized  atoms,  a trapped  vacuum  state  |0>  of  the  cavity 
field  results  for  gT«n  ai.d  for  T as  0.1  K.  With  cavity  dissipation 
included,  it  is  difficult  to  notice  directly  the  trapped  states 

of  the  cavity  field  in  Eq.  <4>.  However,  from  our  numerical 

study,  we  notice  in  the  case  of  Fig.C2e>,  for  lower  p mp  rate  N, 
the  cavity  field  is  almost  in  the  trapped  vacuu  t state  and  the 
uncertainty  product  of  its  two  quadratures  and  a^  is  close  to 
that  for  a minimum  uncertainly  state. 

In  conclusion,  we  have  shown  that  the  radiation  field  in  the 


micromaser  cavity  presently  in  operation  [11  may  be  sq^ieezed  If 
pumped  with  polarized  atoms.  With  both  a and  ft  considered  real, 
we  show  squeezing  in  the  a^  quadrature.  In  Refs.  '1?J,  the  a^ 
quadrature  has  been  shown  squeezed  as  a and  ft  are  out  of  phase  by 
rr/2 .However,  It  is  difficult  to  make  a quantitative  comparison 
with  the  resuits  in  Ref.  [51  as  the  squeezing  there  has  been 
studied  in  various  types  of  fields  which  are  assumed  to  be 
present  in  an  ideal  cavity,  that  is  Q«oo  during  the  entire 


repeat atlon  time  t . In  the  present  paper,  the  squeezing  is  in 

C 

the  steady-state  field  evolved  from  the  action,  same  as  in 
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conventional  ndcromaser,  with  the  effect  of  cavity  dissipation 
included  during  the  entire  t ar+t  . The  atoms  at  the  time  of 

c cav 

entering  the  cavity  is  prepared,  instead  of  being  in  the  upper 
state,  in  a polarized  state  such  that  ft  « a. 
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Abstract 

For  small  photon  numbers,  trapping  states  are  difficult  to  detect 
due  to  the  influence  of  the  collective  effects.  We  find  that  if  the  atoms 
are  injected  with  atomic  polarization,  the  micromaser  becomes  more 
insensitive  to  these  effects.  In  particular,  the  squeezing  properties  of 
the  cotangent  states  are  basically  unchanged. 


Recent  work  studied  the  effects  of  having  two  simultaneous  and  fully  inverted 
atoms  in  the  one  photon  micromaser  cavity,  and  found  that  the  trapping 
states  were  strongly  disrupted  by  these  effects  for  a low  photon  number[2,  3). 

Here  we  will  describe  the  cooperative  effects  of  polarized  atoms  on  the  trap- 
ping states  and  squeezing  properties  of  the  cotangent  states(*t)(l]. 

The  Hamiltonian  of  the  two  atom  field  system,  in  the  Dipole  and  Rotating 
wave  approximations  is: 


V'/  = hg  {(ao-!  + aV i)  0 12  + + 0^2)  0 1 » } . (1) 

where  g is  the  one  atom-  field  coupling  constant  and  <T|  and  <r2  the  atomic 
Pauli  spin  operators  for  atom  one  and  two  respectively.  Here  we  assume 
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exact  resonance  between  the  field  and  the  atoms. 


Let  us  denote  by  |e)i  and  \g)„  » = 1,2  the  excited  and  ground  state  of  the 
i-th  atom. 


The  system  can  be  described  by  the  basis: 


{ |e)i|«,>2.  !«>i  Is)*,  \g)\ IO2.  k)i  1^)2} 


The  time  evolution  operator  of  the  systrm  c?n  be  calculated  in  a simple  way. 
It  is: 


tMA  r)  = 


A —iaS  —iaS  B > 

— iSa * D E —iSa 

— i5af  E D —iSa 

B*  —ia^S  -ia*S  A j 


(2) 


where 


a_,+«G^>K  B.lrrJb. 

A \ 

E = — -(1  — C)  C — cos(*/2^Arv/2n  -+  \ ) 


D=]-(  1 +C) 

A = 2n  + 1 


(3) 

(4) 


5 = sin(\/2<7Arv/2n  + I )/\/4n  4-  2.  j4  = 1 4o*(C- l)o/A,  (5) 

where  Ar  is  the  interaction  time  during  which  the  2 atoms  are  present  in  the 
cavity. 
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We  assume  that  at  t — 0 a first  atom  enters  the  cavity  and  a second  one  At 
seconds  later. 

The  state  of  the  system  at  the  instant  just  before  the  first  atom  leaves  the 
cavity  is  given  by: 


p(At  + At)  = U2(AT)Paf(At)U*(At) 


(6) 


p.f(At)  = b\(At)Pf(Q)  ®pa(0)Ul(At) 


where  (■',(  At ) is  the  time  evolution  operator  of  the  Jaynes-Cummings  Model 
and  pa  is  given  by: 


Pa 


( M2  o-d  \ 

\ I 3 |2  )' 


(7) 


that  describes  the  initial  state  of  the  atom.  Next,  we  trace  over  the  first 
atom  and  get  the  atom  2 -field  density  matrix.  The  evolution  of  the  present 
system  is  governed  by  the  Jaynes-Cummings  model.  Two  possibilities  arise. 
One  is  that  the  atom  2 leaves  before  a new  atom  enters  the  cavity  or  a new 
atom  enters  before  atom  2 leaves. 

We  may  define  various  sequences  as  described  by  Figure  1 . Sequence  (a)  (010) 
corresponds  to  no  atom-one  atom-no  atom  sequence.  Similarly,  we  may  have 
a sequence  (01210)  (Figure  1-b)  or  (0121210)  corresponding  to  Figure  1-c. 
We  discard  events  containing  three  or  more  simultaneous  atoms. 
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Figure  1 .Poissonian  inject  ion  of  atoms.  The  arrow  pointing  upwards  indicates 
an  atom  entering  the  cavity  and  a downwards  arrow  means  that  it  leaves, 
(a)  At,  y rcand  we  have  either  zero  or  one  atom  inside  the  cavity.  (b)At,  -<  rc 
and  At,+i  >-  rc.(c)At,  -<  rc,  At,+i  -<  r^nd At, +2  >■  tc. 


For  each  of  these  sequences,  it  is  possible,  through  a tedious  but  straightfor- 
ward procedure,  to  write  the  field  density  matrix  elements  in  terms  of  the 
relevant  parameters  of  this  system. 

In  order  to  numerically  simulate  the  process  described  above  in  a realistic 
fashion, we  consider  that  the  atomic  arrival  obeys  a Poisson  distribution.  We 
characteriz-'  the  atomic  flux  by  a parameter  p = (Ar)/rc,  where  (At)  is 
the  average  time  between  consecutive  atoms  and  rc  the  atomic  flight  time 
through  the  cavity.  We  also  define  the  usual  one  photon  trapping  condition 
v VlV u + 1 gTe  = g*.  q being  an  integer  number. 

Next,  we  describe  some  numerical  results.  The  parameters  used  are  p = 
15.6.  ss  10,  |oj2  = 0.9. 

In  Figure  2-a  we  show  the  field  density  matrix  elements  after  1000  atoms 
crossed  the  cavity,  and  one  can  already  see  a small  hill  between  n=  12  and 
18,  clearly  indicating  that  a the  trap  had  already  •.  small  leak.  This  effect 
is  of  course  more  dramatic,  as  one  increases  the  atomic  numbers  to  2500 
(Figure  2-b)  and  Natom  = o000  (Figure  2-c).  This  set  of  three  Figures  clearly 
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Fig.  2.  Reduced  field  density  matrix  for  p = 15.G,  .V„  = 4 and  }o|^  = 9 (a) 
= 1000.  (b)  i\Mom  = 2500.  (c)  ,VMom  = 5000. 
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display  the  probability  diffusion  in  phase  space. 

The  most  important  result  in  this  work  is  shown  in  Figure3,  where  the  Y- 
quadrature  variance  is  shown  versus  atomic  Number.  The  dotted  line  cor- 
responds to  the  squeezing  of  the  cotangent  states [4],  and  the  full  line  to 
the  present  case.  We  observe  that  even  for  a relatively  large  atomic  flux 
(p  = 15.6),  the  squeezing  property  of  the  cotangent  states  are  extremely  ro- 
bust to  the  cooperative  effects,  that  otherwise  seem  to  be  very  destructive. 

In  a future  work,  we  would  like  to  explore  how  the  atomic  measurement  at 
the  outside  of  the  cavity  affects  all  the  properties  of  the  field  discussed  here. 
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Figure3.  Variance  of  the  field  quadrature  Y versus  the  number  of  atoms  of  the 
cotangent  state( dotted  line)  and  the  present  caseffull  line).  The  parameters 
are  the  same  as  in  Figure  2,  except  Nu=10. 
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Abstract 

When  an  /V- photon  state  enters  a lossless  symmetric  beamsplitter  from  one  input  port, 
the  photon  distribution  for  the  two  output  ports  has  the  form  of  Bernouli  Binormial,  with 
highest  probability  at  equal  partition  [N / 2 at  one  outport  and  N / 2 at  the  other).  However, 
injection  of  a single  photon  state  at  the  other  input  port  can  dramatically  change  the  photon 
distribution  at  the  outputs,  resulting  in  zero  probability  at  equal  partition.  Such  a strong 
deviation  from  classical  particle  theory  steins  from  quantum  probability  amplitude  cancella- 
tion. The  effect  persists  even  if  the  N -photon  state  is  replaced  by  an  arbitrary  state  of  light. 
A special  case  is  the  coherent  state  which  corresponds  to  homodyne  detection  of  a single 
photon  state  and  can  lead  to  the  measurement  of  the  wave  function  of  a single  photon  state. 


1 Introduction 

Interference  effect  of  light  has  played  an  important  role  in  the  conceptual  development  of  quantum 
theory.  Richard  Feynmann  once  wrote1  that  the  Young’s  double  slit  experiment  “has  in  it  the  heart 
of  quantum  mechanics”.  But  the  phenomena  of  interference  do  not  simply  stop  at  Young’s  double 
slit  experiment  and  its  variations.  Much  richer  phenomena  occur  in  higher-order  interference2-6 
when  there  are  more  than  one  particle  involved  in  the  process.  For  example,  Greenberger  et  al.7 
recently  proposed  new  demonstration  of  locality  violation  by  quantum  theory  with  superposition 
state  of  three  or  more  particles. 

In  the  meantime,  along  a quite  different  line,  Ou  and  Mandel8  have  investigated  a startling 
quantum  interference  effect  where  a strong  field  interferes  with  a considerably  weak  field.  It  was 
shown3  and  demonstrated8  that  for  certain  nonclaasical  fields,  the  interference  fringe  visibility  does 
not  change  even  though  the  ratio  of  the  intensities  of  the  two  interfering  fields  is  much  greater 
than  1,  in  conflict  with  the  intuitive  picture  from  classical  wave  theory  for  interference.  In  this 
case,  the  seemingly  insign ahcant  weak  field  plays  an  essential  role  for  the  interference  effect  even 
though  its  intensity  is  negligibly  small.  Therefore,  the  presence  of  the  weak  field  can  dramatically 
change  tie  outcome  of  the  result. 

In  this  paper,  we  will  present  another  example  of  how  existence  of  a weak  field  can  make 
a significant  difference.  It  deals  with  N + 1 photons  with  N being  a positive  integer.  We  will 
consider  a situation  when  an  iV-photon  state  interferes  with  a single  photon  state  with  the  help 
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of  a symmetric  lossless  beamsplitter  (see  Fig.l).  A special  case  of  N = 1 has  been  experimentally 
investigated  as  an  example  of  fourth-order  interference.9  However,  quite  different  from  the  two- 
photon  coincidence  measurement  technique  used  in  fourth-order  interference,  we  will  exam  photon 
probability  distribution  at  two  output  ports  of  the  beamsplitter.  Although  no  interference  pattern 
exists,  the  phenomenon  discussed  here  attributes  to  quantum  interference  of  multi-particle  (N  + 1 
particles).  We  will  also  extend  the  discussion  to  an  arbitrary  state  input  in  replacement  of  the 
A' -photon  state. 


|N> 


FIG.  1.  Layout  for  the  :nterference  between  N -photon  state  and  a single  photon 
state  via  a beamsplitter. 

2 Photon  Probability  Distribution  for  a Symmetric  Loss- 
less Beamsplitter 

It  is  well-known  that  when  a number  of  particles,  say  N,  enter  a 50:50  lossless  beamsplitter  from 
one  input  port,  the  particles  are  randomly  sent  to  the  two  output  ports  with  equal  probability, 
resulting  in  the  simple  Bernoulli  binormial  distribution  as 

N\ 

Po{Nu  Ni)  = 2 n 

Ni  is  the  number  of  particles  exiting  from  output  port  1 while  Af2  is  for  port  2.  In  the  case 
of  photon,  the  above  result  suggests  that  each  photon  acts  independently  as  a classical  particle. 
The  wave  behavior  of  light  does  not  show  up  here  because  of  the  absence  of  superposition.  This 
distribution  has  its  maximum  when  Nx  = N2  = N/2  (equal  partition).  So  it  is  most  likely  to  find 
equal  number  of  photons  on  each  side  oi  the  beamsplitter.  For  large  N and  | AT2  - jV2|  <<  N . 
Eq.(l)  becomes 

P0(/V„W,)=-?|=  e-(N.-«.)’/’V  {|Vi+WjA  (2) 

which  is  a Gaussian.  The  extra  factor  of  2 is  because  Pq{Ni,  /V2)  = 0 for  ever,  other  value  of 

Nx-N2. 

Next,  we  let  a single  photon  state  enter  the  ;nput  port  i of  the  beamsplitter.  We  will  look 
for  the  probability  Pi(Ni,  N2)  that  N\  photons  exit  at  output  port  1 while  the  other  jV2  photons 
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at  port  2 with  A'|  + iV2  = /V  -j-  1.  Le*  us  for  a brief  moment  consider  the  outcome  from  classical 
particle  theory.  As  a classical  particle,  the  input  single  photon  will  have  50%  of  probability  going 
out  at  either  ports.  Because  the  single  photon  is  independent  of  the  other  N photons,  we  simply 
add  the  probabilities  to  obtain  the  final  result: 


1 N\  1 N\  (/V  +1)! 

22N(Ni  - 1)!/V2!  + 22N(N2  - 1)!A,!  " 2A'+»  A’,!A2!’ 


(3) 


which  is  in  the  exactly  same  form  as  that  in  Eq.(l).  Therefore  the  existence  of  the  single  photon 
at  the  other  port  does  not  influence  the  photon  probability  distribution  at  all.  The  single  photon 
from  port  1 acts  as  if  it  'e  part  of  the  N photons  from  the  port  1.  This  is  because  classical 
particles  are  independent  each  other  and  it  doesn’t  matter  which  port  it  enters. 

On  the  other  hand,  the  outcome  is  totally  diffeient  if  we  treat  the  photons  as  quantum  particles. 
We  cannot  simply  add  the  probabilities.  The  principle  of  quantum  mechanics  requires  that  the 
probability  amplitudes  be  added.  For  simplicity,  let  us  first  consider  the  case  when  A’  is  an  odd 
integer  and  A’,  — A2  = ( A + l)/2.  The  probability  amplitude  has  two  contributions  as  shown  in 
Fig.2:  (a)  the  single  photon  input  at  port  2 goes  directly  to  output  port  2 while  — 1 = (N  - l)/2 
of  the  N photons  input  at  port  1 are  reflected  and  go  to  output  port  2 and  N2  = ( A + 1 )/2  photons 
to  port  1,  or  (b)  the  single  photon  is  reflected  and  goes  to  output  port  1 while  A’2  - 1 = (A  - l)/2 
photons  bo  to  output  port  1 and  A2  = (Ar  + l)/2  photons  are  reflected  to  port  2.  From  Eq.(l), 
we  find  that  these  two  possibilities  have  equal  probability  thus  their  probability  amplitudes  have 
equal  absolute  value.  For  their  phases,  however,  because  there  is  a zf  2 phase  shift  for  the  reflected 
field  and  no  phase  shift  for  the  transmitted  one  at  a symmetric  beam  splitter,  the  total  phase  shift 
' . the  A;  + 1 photons  at  the  output  ports  will  be  different  for  the  two  possibilities.  Referring 
to  Fig.l,  we  find  that  the  total  phase  shift  for  the  first  possibility  mentioned  above  is  ipa  ~ 
(A'.  - l)r/2  = ( A - l )7r/4  while  for  the  second  possibility,  = x/2  + A2;r/2  = (A  + 3)?r/4.  The 
phase  diffeience  between  the  two  possibilities  is  thus  *^6  — <+>a  ~ * ■ Therefore,  the  two  probability 
amplitudes  will  cancel  each  other,  resulting  zero  probability  for  l\\  — A2  = (A  4-  1 )/2.  This 
result  is  completely  different  from  that  of  a classical  particle  theory  in  Fq.(3).  As  seen  above,  the 
probability  cancellation  at  ,V1  --  V2  results  from  the  quantum  interference  of  A'  + l particles. 


iD 


IN) 


N+l 


Nrl  + i = N±l 

2 2 


|i> 


2 2 


N+l 

2 


(a) 


(b) 


FIG.  2.  Two  contributions  to  the  output  photon  distribution. 
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For  the  other  cases  when  i\\  ^ .\2,  w . cannot  use  the  simple  argument  as  above.  But  we  may 
derive  the  ou  put  state  along  the  line  of  Rei.10  and  find  the  probability  distribution  Pi(Nt,S2). 
Or  we  caii  use  the  formula 


..MM,)*  .jcMMi)* 

' A,!  A2!  ' 


(4) 


where 

4|  — («i  + i o2)j\/2,  ^2  = (<*2  + * )j \/2 


are  the  annihilation  operators  for  the  output  modes  for  a symmetric  lossless  beamsplitter.  The  in- 
put inodes  represented  by  d,,d2  are  in  the  state  of  = | A)||1)2.  After  some  lengthy  calculation, 
we  have 


yv» 

PlWl.K)  = 2N~N-^  W ~ (5) 

The  above  expression  can  also  be  derived  from  the  general  formula  given  by  Campos,  Saleh  and 
Teich  in  Ref.ll  for  arbitrary  numbers  {«i.n2}  of  input  photons  at  the  two  >npul  ports,  with  the 
setting  of  r = 1/2, nI  = A\n2  = l.  When  A,  A'j,A2  >>  I,  Eq.(5)  can  be  approximated  by 

(A,-A2)J  2 


Pl(A„Af2)* 


N 


n/5a7 


€-{Ni-K7)t/2N6 


N,+W*./V+l- 


(6) 


Notice  that  when  Ar  is  an  odd  integer,  Pi(Aj,A2)  = 0 for  /V,  = S2  = ( N + l)/2,  exactly  as 
predicted  from  the  simple  argument  of  probability  superposition  given  in  the  previous  paragraph. 
When  S is  an  even  integer,  Pi(A/2  + l,  S/2)  — N\/2N*l{Nf2  + 1 )!( /V/2)!  ^ 0,  but  because 
Pi(S/2  + 1.  A/2)/P0(A/2  + l,A'/2)  = l/(/V  + 1)  <<  1 for  A » 1,  cr  the  probability  with 
a single  photon  input  is  much  smaller  than  that  with  vacuum  state  input,  the  probabilities  for 
Si  ~ S2  are  quite  different  in  the  two  cases  with  or  without  the  single  photon  state  at  port  2. 
Actually,  the  whole  probability  distribution  in  Eq.(5)  is  different  from  the  probability  distribution 
in  Eq.(l),  as  seen  in  Fig.3.  The  maximum  probability  for  Pt(Alt  N2)  occurs  at  |Aj  - A2|  « s/N 
or  Aj  as  ( A ± y/S)/2  while  for  P0(  A,,  N2)  it  occurs  at  = S2  = N/2.  The  existence  of  a single 
photon  dramatically  changes  the  pattern  of  the  output  photon  distribution. 


N, 


FIG ■ 3.  Output  photon  distribution  for  N-photon  state  input  at  port  / with  (a) 
vacuum  state  or  (b)  single  photon  state  at  port  2 (S-19). 
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3 Interference  of  a Single-Photon  State  with  Arbitrary 
State 


The  above  quantum  probability  cancellation  effect  due  to  a single  photon  state  is  not  stricted  to 
/V-photon  state  as  input  state.  Let  us  consider  an  arbitrary  state  of  light  input  at  port  1.  Its 
state  is  generally  described  by  the  Glauber  P distribution  P,„(a).  But  before  going  into  lengthy 
calculation,  we  may  take  a guess  about  the  photon  distribution  of  the  output  fields  by  the  following 
argument:  since  the  vacuum  state  and  the  single  photon  state  are  completely  incoherent  in  the 
sense  that  they  have  a totally  random  phase  distribution,  the  output  fields  due  to  interference 
of  one  of  these  states  with  any  other  state  will  not  have  any  coherence  information  of  the  input 
state.  Therefore,  the  output  photon  distribution  of  the  beamsplitter  will  lose  all  the  coherence 
informa* ;on  of  the  input  state  and  will  depend  simply  on  the  photon  statistics  P"  of  the  input 
state  at  **ort  1.  So  combining  this  fact  with  Eqs.(l,5),  we  come  up  with  the  output  photon 
distribu  :^ns  in  the  form  of 


Pq(Ni,  ft 2)  — 


(*1  + ^2)!  pm 
2 V|  +*2  ,V,  | jV2! rNl+Ni 


(7a) 


for  vacuum  input  at  port  2 and 


P,(  Af„Ar2) 


(ft\  + ft'2  ~ 1)? 
2*  +N*Nt\N2\ 


(/V,  - ^)2P^+Nj_, 


(76) 


for  single  photon  state  input  at  port  2.  Of  course,  we  may  rigorously  derive  the  output  photon 
distribution  by  following  the  procedure  described  in  Ref.  10  to  first  find  the  state  of  the  output 
fields  of  the  beamsplitter  in  terms  of  the  P-distribution.  The  photon  distribution  for  the  output 
fields  can  then  be  calculated  through  Eq.(4).  It  can  be  shown  that  Eq.(7)  is  indeed  the  correct 
form  for  the  output  photon  distribution. 

By  comparing  Eqs.{7a)  and  (7b),  we  easily  find  that  Pj(Afj  = ft 2)  — 0 for  single  photon  state 
input  at  port  2 while 

PiS  - /VI-  f J2M)!_ 

Po(Ai  - ft 2)  - l^2Wt{Nil)2l2Nl  *0 

for  vacuum  input.  Therefore,  the  existence  of  the  single  photon  state  at  port  2 does  make  a 
difference  in  the  output  photon  distribution  even  for  arbitrary  input  state  at  port  1,  and  the 
probability  for  Ni  = N2  is  exactly  equal  to  zero.  The  cancellation  of  the  probability  for  ft\  = ft2 
is  because  of  the  destructive  interference  between  the  N photons  and  the  single  photon  as  we 
discussed  above. 

In  an  actual  experiment,  however,  it  is  difficult  to  measure  the  complete  distribution  P(Nt,N2), 
but  the  distribution  P(ft\  — ft2  — M)  can  be  measured  by  balanced  homodyne  detection. 12,13  From 
Eqs.(7a,b)  we  find  that 


Po(ft*  - Ni  - M) 


~ (2  ft,  - M)\ 

n^m  22N'-MN\'(Ni  ~ M)\  2N'~M 


P,(yv,  - ft2  = M) 


f (2M-W-D! 
&„VN'-"NXNi-MV 


Pan 


(8) 
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for  M > 0.  For  M < 0,  the  symmetry  between  /V, , N2  in  Eq.(7)  leads  to  P(M)  = P(-M). 

Next,  we  will  evaluate  P0(M),  Pi(M)  for  some  special  states.  For  Af-photon  state  input  with 
N >>  l,  we  have  P™  = £njv,  and  Eq.(8)  gives  results  similar  to  Eqs(l,5): 


Po(M)  = 


m 

2N(N/2+  M/2)\(N/2-  M/2)\ 


y/2 JR 


for  N >>  i 


M2N\ 


(9) 


Pi(M)  - 2^+>(yv/2  + A//2  + l/2)!(yV/2  - M/2  + 1/2)! 


2 A#2 

x/Z/VV  /V 


for  AT  » 1. 


For  coherent  state  input,  — n”e  w/n!  with  n being  the  average  photon  number.  ThereSre,  we 
have 


Po(M) 


“ (2Nt  + M)\  h2N*+Me-*  _ft 

^o2lW>+M/V2!(yV1  + M)!(2yV2  + M)!  e M(n) 


Pi(M) 


~ M2(2!Vl  + M — 1)1  *»*♦*-»*-•  M2  _ft 

a^22'v'+w/V2!(/V,  + M)!  (2JV2  + M - 1)!  “ n * /M(n) ’ 


(10) 


where  /^(n)  is  the  Bessel  function  with  purely  imaginary  argument  and  has  the  form  of 

/M(n)  = f dyHf,MVc08''’  « eft-M2/M  when  n » 1. 

J-*  \/2n-K 


(11) 


Therefore,  for  large  n, 


Po(M) 


P\{M)  * 


^ M2  e_W*/M 
h?r  n 


(12) 


Bq.(12)  has  the  same  form  as  Eq.(9)  for  large  N besides  the  factor  of  2 which  is  explained  earlier 
right  after  Eq.(2).  This  is  not  surprising  if  we  consider  the  fact  that  when  the  photon  number  is 
large,  the  interference  scheme  discussed  above  becomes  homodyne  detection  scheme.  Since  both 
vacuum  state  and  single  photon  state  have  random  phase  distribution,  homodyne  detections  with 
/V- photon  state  (N  » 1)  and  coherent  state  as  local  oscillators  are  equivalent.  As  a matter  of 
fact,  the  output  photon  distributions  will  always  have  the  form  of  Eq.(12)  for  any  state  as  local 
oscillator,  provided  that  the  average  photon  number  is  large  and  photon  number  fluctuation  is 
much  less  than  average  photon  number  [yJ(An2)  <<  n).  We  can  see  this  point  from  Eq.(8):  when 
yJ(An2)  <<  h,  P,"  has  a narrow  peak  around  n and  is  a fast  changing  function  as  compared  with 
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other  terms  in  the  summation,  therefore  the  contribution  to  the  summation  is  only  from  the  few 
terms  around  h , so  that  we  can  pull  all  other  terms  out  of  the  sum,  that  is, 


Po(M) 


2*(n/2  - A/)!(n/2  + M)\  ? P'n/2  % 


when  n >>  1, 


(13a) 


and  similarly 

when  n >>  1.  (136) 

\/2 njr  n 

We  can  also  understand  this  result  from  the  fact  that  any  fluctuation  in  local  oscillator  is  cancelled 
in  balanced  homodyne  detection  scheme.12 

Furthermore,  if  we  set  n — * oo,  we  can  replace  the  discrete  variable  M with  a continuous 
one  defined  by  x = M/y/h  and  the  probability  distributions  in  Eqs.(13a,b)  lead  to  probability 
densities  of  continuous  variable  x as 


aw  = ^ (u) 

which  correspond  to  the  square  of  the  absolute  value  of  the  wavefunction  for  the  ground  state 
and  single  photon  state,  respectively.  Thus  by  measuring  P(M)  in  homodyne  detection,  we  can 
deduce  the  wavefunction  of  the  input  state  at  port  2.  This  is  exactly  the  technique  of  optical 
tomography  used  by  Smithey  et  al.13  But  here  we  applied  it  to  a single  photon  state  (input  at 
port  2)  and  proved  that  the  outcome  does  not  depend  on  the  state  of  the  local  oscillator  (input 
field  at  port  1)  as  long  as  the  average  photon  number  is  large  and  the  fluctuation  is  not  very  large 
for  the  local  oscillator  (i.e.,  the  condition  for  the  approximation  in  Eqs.(l3a,b)). 

However,  there  is  an  exception  to  the  above.  It  is  well-known  that  for  thermal  light,  we  have 


(An2)  = n(n  + 1) 

so  that  yJ(An2)  as  n and  we  cannot  use  the  approximation  in  Eqs.(13a,b).  For  thermal  light, 
P”  = nn/(h  + l)n+l,  so  from  Eq.(8).  we  have 


Po(M)  = £ 


(2N2  + M)\ 


o22'Vj+m(-Y2  + i W)!AV  («  + 1 )***+"♦ 1 


M 


n + 1 


M+l  M 


, — + 1,  A/  + 1;4t  ) 


P(U.  _ .f2y  (2AWM-1)?  n2^M-» 

1 ^o22/V2+M(iV2  + M)!/V2!(n  + 1)2A,J+M 

M xM  A/  + 1 M 

= it-  .-T-A/+  J;4x2) 


(15) 


where  x = n/2(n  + 1 ) and  T(a,  ii.y.z)  is  the  hvpergeometric  function.  With  some  re-arrangement, 
we  can  prove  that  Eq.(15)  have  a simpler  form  as 
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Po(M) 


1 


\/2n  + 1 


M 


.M 


(A#  >0) 


(16) 


Px(M)  = -r- 


n 


with  ^ = 1 + 1/n  — \/2n  + 1/n.  For  large  n,  </M  becomes  e-Af/V^  so  that  Eq.(15)  is  changed  to 


Po{M)  = 


v/2^+1 

Pi(M)  = — e-M/v^. 


,-M/y/*} 2 


(M  > 0) 


(17) 


Therefore,  The  output  photon  distribution  for  thermal  light  input  is  different  from  that  of  coherent 
state  input.  But  the  general  trend  in  the  change  of  the  shape  from  Po(M)  to  Pt(Af)  is  similar  in 
both  states  (Fig.4).  The  quantum  interference  effect  due  to  single  photon  is  the  same. 


P(M) 


FIG.  4-  Probability  distribution  Po  \(M)  for  the  balanced  homodyne  detection  of 
vacuum  state  and  single  photon  state  with  (a)  coherent  state  or  (b)  thermal  state  as 
local  oscillator,  n = 300. 
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It  is  interesting  to  note  that  the  weak  nonclassical  state  (single  photon  state)  plays  an  important 
role  in  the  interference  with  a strong  classical  field  (coherent  state  or  thermal  state)  in  contrast  to 
the  case  discussed  in  Ref.3  where  the  nonclassical  interference  occurs  between  a strong  nonclassical 
field  and  a weak  classical  field.  Even  though  the  nonclassical  field  is  weak  here,  the  result  is  very 
nonclassical  in  the  sense  that  the  probability  of  detecting  equal  intensities  in  the  two  outputs  is 
zero  (P,(M  = fl)  = 0).  It  can  be  proved  that  in  the  similar  situation  (one  field  is  weak  and  the 
other  is  strong),  classical  wave  theory  predicts  that  the  probability  is  largest  for  equal  intensity 
output  at  the  two  ports. 

So  far  we  have  only  discussed  the  single  mode  situations.  In  practice,  we  always  have  wide 
spectrum.  Since  two  different  sources  of  light  are  involved  in  the  interference,  the  observation  of 
the  probability  cancellation  effect  requires  the  overlap  of  both  spatial  and  temporal  mode  structure 
of  the  two  fields  as  well  as  near  unit  quantum  efficiency  of  the  detectors. 
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Abstract 

An  exact  solution  and  numerical  escalation  of  die  reflection  of  two  level  atoms  by 
atomic  mirror  are  presented.  The  curve  of  reflection  coefficient  against  Rabi  frequency 
caculated  shows  some  new  features,  and  the  physical  machanism  underlying  is  anal- 
ysed. 

PACS  number(s):  42.50.  Vk,  32.S0.Pj 

1 INTRODUCTION 

One  of  the  fundamental  problems  in  atomic  optics  is  the  reflection  and  diffraction  of  two 
level  atoms  by  an  evanescent  laser  wave— atomic  mirror*  !~‘L  Via  an  adiabatic  dressed* 
state  approximation  the  problem  was  studied  by  Deutschmann  , Ertmer  and  Wallis1*!  . In 
this  paper  an  exact  solution  is  presented  by  using  the  method  given  in  one  of  the  authors 
previous  paper  ,?I.  The  curve  of  reflection  coefficient  against  the  Rabi  frequency  shows 
some  new  features,  the  physical  machanism  involved  is  analysed- 

•Project  supported  by  the  National  Natural  Science  Foundation  of  China  and  Joint  Laboratory  of 
Quantum  Optico( Shanghai  Institute  of  Optics  and  Fine  Mechanics,  Academia  Sinica/East  China  Normal 
University 
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2 


The  Schrddinger  equation,  Wave  Function,  Nor- 
malization , and  Solution 


A schematic  diagram  for  an  atomic  mirror  is  shown  in  Fig.l.  An  atomic  beam  incident 
upon  the  surface  of  a dielectric  interacting  with  the  evanescent  wave  in  the  x-y  plane.  The 
total  Hamitonian  H reads 


1 


H = Ba  + ^(pj+pj)  -fit 


(1) 


Where  2T«  , depending  on  the  coordinate  <? , is  the  internal  energy,  r—(p*  +p?)  represents 

Zffl 

the  translation  energy  of  atom  as  a whole,  and  —jt  • ? denotes  the  atom-laser  coupling 
energy.  The  Schrodinger  equation  of  the  atom  reads 


“2 --S<5?  + 


(2) 


The  solution  of  Eq.(2)  has  the  form 

R,  4*  Em  u/t  iEt 


A 


+ «#(*.»)*#($)  «p(-*— 2a1 + ‘T  “ JT} 


(3) 


Substituting  Eq.(3)  into  Eq.(l),  we  obtain 
_ . A*  d*  p*  A A 


A s u ; — 


Et-E , 

A 


(4) 


„ . A*  d*  p!  AA,  , / r-rn — r 

E**  = ('2^^+2i;+'r,*'''‘ee  *•■ 

Now  we  introduce  the  Rabi  frequency  fi  = — — , the  normalization  frequency  O0  = 

A 

Wl  m,  and  adopt  the  normalization 


Tt>  = f?  + AA/2-p»/2m 
AOo/2  A flo/2 


T|f  _E  - AA/2  - pj/2m 
AOo/2  " Afio/2 


A*/2m  d*  _ Id*  d^  0^ 

AOo/2  dy*  q*  dy*  dy1’  Oo 


(5) 
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KA~  (A()*/2m  “ Pt^lm 
71  “ 7*  “ K0J2  ’ 

After  nom&liz&tion,  Eq.(4)  assumes  the  forms 

d*  w . 

-T-jU  = -*j/U  + Me  *« 


( = k0n  sin  $ 


Now  we  rewrite  Eq.(6)  in  the  form  of  first  order  differential  Eqs. 


dy 


or  briefly 


^ = -rtF  + iVe-»w  (8) 

dy 

where 

■■(:)■  r-(.  ")■"■(» ) w 

The  Laplace  transformation  of  u?(y)  can  be  written  as 

»(•)  = f e~*w(y)dy  (10) 

J o 

which  leads  to 

«(»)  = + JL- JVw(s  + 1)  s (— ?— 

' ' »+r  * + r v u + r 

(ii) 

+ TTf^e-h  i + r + 77Tn « + r + i N 7TT+2  + ' ) 

When  the  inverse  transformation  of  Eq.(ll)  is  evaluated,  the  solutions  u(y),  v(y)  can  be 
derived  immediately 

r «.  I h It  It  h «.(0)  ' 

«,  A A A A o,(o) 

..  4k  4k  4k  k v in)  1 1 

t,«  d,  dy  dy  dy  l**u' 

,,  4h  4k  4k  4k  „ fo) 

V*  d,  dy  dy  dy 

where  «,(0),  «,(0),  o<(0),  v,(0)  is  the  boundary  values  of  ue(y ),  «#(y),  ve(jr),  o,(y)  at  the 
target  surface  y — 0. 


•)w(0) 


/* 

/. 

A 

A 

A 

A 

4k 

4k 

dir 

ii 

d» 

d, 

d, 

d. 

4k 

dZi. 

4k 

dii 

d, 

dy 

dy 

dy 
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3 The  boundary  conditions  and  the  reflection  coeffi- 
cient for  atomic  wave 

S.l  Spontaneous  emission 

The  spontaneous  transition  of  excited  atoms  to  the  ground  state  for  large  ym  yeilds  the 
condition  for  excited  state  wave  function 

=*  0,  U«(Pm)  a 0 

ym  > 1,  — T|  x ko\fn%sin*0  - 1 

m 

where  1 is  the  thickness  of  evanescent  laser  wave,  T\  is  the  life  time  of  atom  and  p,/m  the 
velocity  departure  from  the  target.  The  typical  datas  are,  A =*  0.5p,  2\  = 10 _8»ec,p,,/m  a* 
0.5m/*ee,  p,f/m  7\  x fc0\/n*  sin*  0-1  & 1.73,  setting  ym  ^ 7,  the  inequality  Eq.(13)  is 
satisfied  well.  Using  Eq.(13)  to  eliminate  u*o,  v*o  in  Eq.(12),  we  obtain 

tt,  = + »,sw,o  (14) 


S.2  Perfect  adsorption  of  the  atoms  transmitted  the  target  sur- 
face, non  recoil 

This  implies  that,  near  the  target  surface,  the  ground  state  atoms  have  the  travelling  wave 
structure  for  small  y 

«f  (?)  = = (costly)  + i sinC^y)  )u,o  (15) 


Comparison  with  the  analytical  solution  ttf  for  small  y 

u,(y)  = cost/hyjttjo  + — 

V'l* 

gives 

»#o  = o 

Substituting  this  relation  (17)  into  Eq.(l2),  we  have 

«,(?)  = («»«(?)  + *y/T»v,»)*fo  = 


P,  ~ Vuf‘  + ^*1*’  9i  ~ 

vt » 


(16) 

(17) 


(19) 


492 


3.3  In  the  region  of  ym  > 1 


The  wave  structure  of  ttf  (y)  may  be  also  considered  as  the  supperposition  of  incoming 
wave  and  the  reflected  wave  i.e. 


«,(*)  = = pABe'^B  = u,0  pte"' 

(19) 

PAB  = x/l^l*  + |F|*  + 2|  AB | COS  2(y^jJf  + p)  = |tt,o|p, 


which  gives  p*Bm«*  = \A\  + |#|  = Kol/W  at  /w  + <p  = nn,  and  pABm,n  - |^|  - |#|  = 
|«»o|Pmm  at  y/iiy  + ip  = (n  + l/2)rr.  Thus,  the  reflection  coefficent  R can  be  written  as 


^ \B\  PABmaj  PABmin  _ Pmai  Pmtn 

1^1  PABmax  "b  PABmin  Pmtj  "b  Pmtn 


(20) 


4 Numerical  calculation  and  discussion 

4.1  Parameters 

Refering  to  Eq.  (5),  the  normalized  parameters  used  in  the  calculation  are 

11.96,  12.6  negative  detuning 

12.6,  1.96  poritive  detuning  (21) 

9m  = 7.0,  fi  = 25.0 

4.2  Reflection  coefficient  caculated  from  Fig.2(a),  (b) 

253.89  - 1.09 

R ss = 0.991  for  positive  detuning 

253.89  + 1.09  v 

5.156  - 0.928 

R = 6.156  + 0.928  = 0 695  ,or 

4.3  Reflection  coefficient  R agaist  Rabi  frequency  fl  Fig.  3 

1.  The  Rabi  frequency  0 very  small,  the  reflection  cofficients  R approaches  to  zero  in  the 
cases  of  either  positive  or  nagative  detuning 

2.  The  reflection  coefficient  R for  positive  detuning  is  much  higher  than  that  for  negative 
detuning. 

3.  The  R curve  for  negative  detuning  displays  some  oscillating  features  with  it's  maxima 
at  fl  12.5, 25, 37.5, 50  • • •,  and  the  interval  between  successive  maxima  is  AO  a*  12.5. 
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4.4  The  physical  machenism 

We  introduce  a relative  phase  shift  6t  between  the  real  and  imaginary  part  of  wave  function 
u,  in  Eq.(i5),  during  the  atoms  are  departing  from  the  target  surface 

*»(»)  = «#o|cos( /ft*  - Si)  + i sin (/w  + 4r)| 


R = 

The  maxima  of  R occur  at  Si  st  (n  + 1/2)jt/2,  n-0,1,  ",  The  interval  between  the 

successive  maxima  Si  is  AS/  st  sr/2.  The  comprison  of  A Si  with  the  observed  interval 
Aft  st  12.5  reminds  us  that  the  phase  shifts  6t  induced  are  proportional  to  the  Rabi 
frequency  ft,  after  St  = jt/4.  In  the  inital  stage,  Aft  = 0 ~ 12.5,  the  phase  shifts  induced, 
A Si  = 0 ~ jt/4,  is  relatively  small  in  comparision  with  AS/  = sr/2  after  6/  — x/4. 

In  conclusion,  the  reflection  coefficient  R of  two  level  atoms  by  evanescent  laser  wave 
is  studied  through  analytical  solution  and  numerical  caculation.  The  curve  R versus  ft 
shows  that  R < 0.1  when  ft  < 2.5  and  R > 0.7  when  ft  > 37.0.  Especially,  i*  the  case  of 
negative  detuning,  an  oscillatory  feature  with  a period  Aft  = 12.5  appears. 


'l  + [sin (26,) | - y/T-  | sin(2dy)| 
^1  + j sin(26()|  + \fl  — |sin(2^)| 
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Figure  Captions 


Flg.l.  Schematic  diagram  for  an  atomic  mirror. 

The  variation  of  pt  versus  y 

(a)  for  positive  detuning,  71  = 12.6, 7*  = 1.96, 9 = 1,0  = 25.0 

(b)  for  negative  detuning,  71  = 1.96,7k  = 12.6, 9 = 1,0  = 25.0 
Flg.3.  The  variation  of  reflection  coefficients  R versos  Rahi  frequency  0 

(a)  for  positive  detuning,  71  = 12.6, 71  = 1.96, 9 = 1 

(b)  for  negative  detailing,  71  = 1.96,7s  = 12.6,9  = 1 
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Abstract 

In  this  paper  we  report  the  first  observation  of  molecular  population  trapping  in  four- 
level  systems.  Constructive  and  destructive  quantum  interferences  between  two  sum-frequncy 
two-photon  transitions  in  Y-  and  rhomb-type  four-level  systems,  respectively,  im  sodium 
molecules  have  been  experimentally  achieved  by  using  only  one  laser  source.  Their  energy- 
level  schemes  are  featured  by  the  extremely  near-rsonant  enhancement  of  the  equal-frequency 
two-photon  transitions,  sharing  both  the  initial  and  the  intermediate  levels  for  the  Y-type, 
and  sharing  both  the  initial  and  the  final  levels  for  the  rhomb-type  systems.  Their  novel 
spectral  effects  are  to  show  seriously  restrained  Doppler-free  UV  peak  at  the  nominal  location 
of  the  induced  two-photon  transition  with  visible  fluorescence  in  rhomb-type  schema,  and  to 
show  a strong  extra  UV  peak  but  null  visible  fluorescence  in  the  middle  between  the  two 
dipole  allowed  two-photon  transitions. 

1 Introduction 

In  last  three  decades  many  physical  phenomena  have  been  discovered  for  a multi-level  quantum 
system  drived  by  coherent  light  field.  Among  them,  coherent  population  trapping  (CPT)  in  a A 
-type  and  V-  type  three-level  system  has  been  an  interesting  topic  in  the  field  of  quantum  optics  for 
many  years  [l]-[8].  The  significance  of  the  topic,  in  addition  to  be  interested  by  basic  research  for 
laser-matter  interactions,  deals  with  the  recently  interested  topics  such  as  laser  without  inversion 
[9]-(12],  quantum  interference  and  new  phenomena  [13]-[14].  However,  so  far  all  of  the  experimental 
demonstrations  for  CPT  are  for  a V-type  three-level  system  in  atomic  samples  [3]-[8j  by  using  two 
sets  of  lasers. 

In  this  paper  we  report  the  first  observation  of  molecular  population  trapping  in  four-level 
systems.  We  use  molecules  as  the  sample  for  taking  the  advantages  of  their  abundant  selectable 
gradual  changing  energy-level  schems.  Constructive  and  destructive  quantum  interferences  be- 
tween two  sum-frequncy  two-photon  transitions  in  Y-  and  rhomb-type  four-level  systems,  respec- 
tively, in  sodium  molecules  have  been  experimentally  achieved  by  using  only  one  laser  source. 
Their  energy-level  schemes  are  featured  by  the  extremely  near-rsonant  enhancement  of  the  equal- 
frequency  two-photon  transitions,  sharing  both  the  initial  and  the  intermediate  levels  for  the 
Y-type,  and  sharing  both  the  initial  and  the  final  levels  for  the  rhomb-type  systems.  Their  novel 
spectral  effects  are  to  show  seriously  restrained  Doppler-free  UV  peak  at  the  nominal  location  of 
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the  induced  two-photon  transition  with  visible  fluorescence  in  rhomb-type  schems,  and  to  show  a 
strong  extra  UV  peak  but  null  viable  fluorescence  in  the  middle  between  the  two  dipole  allowed 
two-photon  transitions. 


2 Theory 

The  schems  available  in  sodium  dimers  for  our  study  is  attributing  to  the  existence  of  the  spin- 
orbital  perturbation  between  the  rotational  levels  with  same  J in  the  singlet  and  triplet  states, 
located  in  available  dye  laser  regions.  Such  a mutual  perturbation  am  farm  a pair  of  levels,  not 
only  close  each  other  but  also  with  their  wavefunctions  sharing.  So  that,  once  they  have  proper 
frequency  location  as  the  final  level  or  as  the  intermediate  levels  for  near-resonantly  enhanced 
two- photon  transition  for  the  so  called  Y-type  or  rhomb-type  four-level  systems,  respectively,  they 
will  show  their  characteristic  quantum  interference  effects  in  their  observable  lineshape  patterns. 
Indeed,  we  have  found  a series  schemes  with  gradually  changing  parameters  in  Na3  for  study  each 
of  the  models. 

In  the  calculation  with  density  matrix  equations,  we  use  the  form  of  the  interacting  Hamil- 
tonian 


0 -HaiE  0 0 

~HtaE  0 iucE  pm E 
0 ~HdbE  0 0 

0 0 0 


for  the  Y-type  four-level  system,  where  c and  d are  the  perturbation  coupled  levels  in  the 
molecular  high-lying  states.  Similarly,  we  use  the  interacting  Hamiltonian  of 


0 -HebE  -HacE  0 

—fibaE  0 0 ~HbdE 

-Hc*E  0 0 -HcdE 

0 — n,a>E  —fidcE  0 


for  the  rhomb-type  four-level  system,  where  b and  c are  the  perturbation  coupled  levels  in  the 
molecular  intermediate  states.  Substituting  these  forms,  instead  of  the  known  form  as 


r o 

~Ha.bE 

0 ' 

’ 0 

—flacE 

0 ■ 

i 

0 

HuE 

+ 

-HcaE 

0 

HodE 

l 0 

0 

a 

0 

~NcE 

0 

for  two  independent  two-photon  transitions  individually  enhanced  by  the  middle  level  b and  c 
in  two  three-level  systems,  or  the  form  as 


' 0 

-HabE 

0 * 

' 0 

-HcbE 

0 * 

—(MmE 

0 

HbcE 

+ 

-HboE 

0 

HbdE 

0 

» 

-HdbE 

0 j 
J 

0 

-HdbE 

0 
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for  two  independent  two-phton  transitions  reaching  separated  upper  levels  in  two  three-level 
systems,  we  get  different  results. 

The  calculation  with  Hy  for  the  steady  state  solution  of  the  density  matrix  equations  reveals 
the  existing  constructive  quantum  interference  as  showing  an  extra  UV  peak,  origin! ng  from  the 
non  zero  and  non  diagonal  element  (fiat  0),  and  predicts  its  maximum  location  right  in  the  middle 

between  the  two  usual  lines,  according  to  H[.  The  dependence  of  the  term  on  the  perturbation 
coupling  coefficients  is  also  obtained. 

The  calculations  with  Hr  for  the  steady  state  solution  of  the  density  matrix  equations  reveals 
that  the  destructive  quantum  interference  can  completely  cancel  each  other  for  their  enhancement 
for  the  two-photon  transition  from  a to  d,  origining  from  the  non  zero  and  non  diagonal  dement 
(p*c  t 0).  The  dependence  of  the  phenomenon  on  the  relative  detimings  and  the  signs  between 
the  two  enhancements  are  obtained. 


3 Experimental  Demonstrations 

The  experiments  are  performed  by  using  an  Argon  ion  laser  pumped  single  mode  scannable  dye 
laser  at  R6G  and  DCM  dye  regions  and  with  a four-arm  stainless  steel  oven  containing  sodium. 
For  study  both  constructive  and  destructive  quantum  interferences  mentioned  above  we  search  to 
find  two  serierses  of  the  coupled  levels  consisting  of  paired  spin-orbital  perturbation  levels  with 
snail  separations  from  tens  MHz  to  few  GHz  [15]-[18]. 

We  observed  the  constructive  quantum  interference  characterized  by  showing  a strong  extra 
fluorescence  peak  with  null  visible  emission  in  the  middle  between  the  dipole  allowed  signals  of 
the  sum-frequency  two-phton  transitions,  as  predicted  by  the  calculations.  The  relative  intensity 
of  the  extra  signal  to  the  dipole  allowed  signals  is  determined  by  the  degree  of  the  wavefunction 
coupling  as  shown  by  the  upper  traces  in  Fig.  1 for  two  distinct  cases  : The  left  trace  is  for  20% 
wavefunction  sharing,  whereas  the  right  for  40%.  The  observed  serious  pressure  influnce  on  the 
signal  intensity  revealed  the  disparity  pressure-shift  among  these  levels. 

The  destructive  quantum  interference  was  characterized  by  showing  varying  location  of  the 
Doppler-free  peak  on  its  Doppler-broadened  peddestal,  accompanied  by  the  varying  reduction 
(until  complete  null  !)  from  the  sharp  UV  peak,  in  a series  of  the  observed  near-resonantly 
enhanced  two-photon  absorption  lines.  The  spectral  patterns  reveal  that  destructive  quantum 
interference  is  dominated  by  the  magnitudes  as  well  as  the  relative  signs  of  the  detunings  of 
the  intermediate  levels  from  two-phton  resonance.  The  lower  traces  in  Fig.l  present  the  degree 
different  of  the  destructive  interference  for  two  distinct  cases  : The  left  trace  is  resulted  by  disparity 
detunings,  whereas  the  right  is  with  comparable  magnitudes  but  opposit  signs  of  the  intermediate 
detunings. 

In  conclusion,  molecular  population  trapping  in  intermidiate  and  in  high-lying  Rydberg  states 
can  be  sufficiently  achieved,  especially  via  the  mechanism  of  quantum  interference  between  ex- 
tremely near-esonantly  enhanced  two-photon  absorptions,  in  comparison  with  that  in  atomic  two- 
photon  transitions. 
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Abstract 

Using  the  twin  beams  generated  from  parametric  amplifier  to  drive 
the  two  port  of  a Mach-Zehnder  interferometer,  it  is  shown  that  the 
minimum  detectable  optical  phase  shift  can  be  largly  reduced  to  the 
Heisenberg  limit(l/n)  which  is  far  below  the  Shot  Noise  Limitfl/y/n) 
in  the  large  gain  limit.  The  dependence  of  the  minimum  detectable 
phase  shift  on  parametric  gain  ami  the  inefficient  photodetectors  has 
been  discussed. 

PACS  numberes:  42.50.Dv,  42.50.Lx,  07.60  ly 

1 Introduction 

As  well  known,  the  output  signal  of  the  Mach-Zehnder  interferometer  is  sensitive  to  the  relative 
phase  shift  between  two  fields  travelling  down  separated  paths.  The  interferometers  can  be  used 
in  the  precision  meesurements  such  as  optical  gravitational  wave  and  gyroscopy  detector}  1 - 2). 
The  sensitivity  of  interferometers  relies  on  the  ability  to  resolve  extremely  small  relative  shifts 
in  the  two  path  lengths.  The  smallest  detectable  phase  shift  in  principle  is  determined  by  the 
quantum  properties  of  the  illuminating  field. 

Usually  the  coherent  state  light  is  injected  into  one  port  of  the  standard  intereferometer 
and  the  other  one  left  unused.  In  this  case  the  vacuum  noise  must  enter  the  interferometer 
and  the  effect  of  zero-poi.,t  fluctuations  in  the  vacuum  is  amplified  by  the  mean  intensity  of 
the  laser(3  - 4],  so  that  the  minimum  detectable  phase  shift  is  limited  by  the  shot  noise  limit, 
i.e.  (Osnl  = 1/y/n)  rad,  here  n is  photon  numbers  of  the  input  coherent  state  during  the 
measurment  interval.  Therefore  increasing  the  strength  of  the  input  laser  light  can  increase 
the  resolution  of  the  interferometer,  which  requires  the  huge  and  expensive  laser  sources  and 
sometimes  it  is  not  available.  One  possible  device  for  enhancing  the  sensitivity  is  to  replace  the 
vac  urn  m state  with  squeezed  light  in  interferometer.  In  the  experiment  with  squeezed  vacua 
performed  by  Min  Xiao  et.  al[5],  an  improvement  in  the  signal-to-noise  ratio  of  3.0dB  ralative 
to  the  SNL  has  been  achieved.  M.J.Holland  and  K.Burnett  show  that  the  Heisenberg  limit  of 
sensitivity  can  be  realized  by  driving  the  interferometer  with  two  Fock  state  lights[6j. 

A research  group  of  Kastler-Brossel  lab  in  France  has  successfully  generated  the  twin  beams 
with  optical  parametric  oscliliator  above  thresheld  and  a perfect  quantum  noise  suppression  on 
the  difference  between  the  intensities  of  the  two  generated  beams  has  been  demonstrated}?}.  We 
suggest  a device  in  which  twin  beams  with  same  polarization  orientation  are  respectively  injecetd 
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into  the  two  ports  of  Maeh-Zhender  interferometer  instead  of  the  usual  coherent  and  vacuum 
states,  therefore  the  sensitivity  of  the  interferometer  is  improved  to  approach  the  Heisenberg 
limit  of  1/n. 


2 Interferometer  with  twin-beams 


The  arrangment  of  the  system  is  illustrated  in  Fig.l,  the  signal  and  idler  mode  of  twin  beams 
are  injected  into  on  the  first  beam  splitter  (Si)  of  M-Z  interferometer  through  the  two  ports. 
A#  is  a phase  shift  medium  set  in  one  of  the  path.  A half-wave  plate  (A/2)  is  used  to  align  the 
polarization.  The  intensities  of  output  fields  are  detected  by  D\  and  D],  at  last  the  fluctuation 
spectrum  of  different  photocurrent  is  analysed  by  spectrum  analyser. 

the  relationship  between  the  input  and  output  field  operators  of  the  interferometer  is: 

c - + I8m(*)a“,|  (I) 

i = ,l«l|coS(!x  + .sin(?)«r“l  <*) 

Where  9 is  the  measured  phase  shift,  sj*1  and  Sj"  are  the  mode  operators  of  twin  beams 
generated  by  the  optical  parametric  amplifer  with  same  polarisation  orientation  . The  output 
operators  of  amplifer  is  ralated  to  the  input  operators  by  the  following  formula: 

«f*  = y/Ga?  + y/G^laf1  (3) 

of‘  = %/Go"1  + n/G  - l<‘n  (4) 

G is  the  power  gain  of  amplifer. 

The  intensity  difference  measured  is  proportional  to: 

/_  = e+c  - d+d 


= cos^a^af'  - - tsinHaJ^ot-1  - ) 

Taking  a\n  = a'2n  = a we  obtain: 


Where 


< /_  >=  2|a|zsind{^/G(G  - l)sin2<£  + (2G—  l)sin<£] 

V < /-  >=<  (/.)*  > - < (/_)  >l 

= 2(cos0)2|a|2  + sindcos0|a|2B  + (sind)*(|a|4C  - |a|4A  + |a|*B  + D\ 

D = 4G(G  - 1) 

B = 4yte(G-  l)sin2^ 

A = 4[yfG{G  - 1)  sin  2<t>  4-  (2G  - 1)  sin  $2 


(5) 

(6) 
(7) 
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C = 2 [G*  + (G  - 1)*  + 3 G(G  - 1)1  - 2 G(G  - l)cos4d 
+4 [Gy/G(G  - 1)  + (G  - lJy/cfG-  1)1  cos*  - 2[G*  + (G  - l^eos^ 
-2[2Gy/G(G  - 1)  + 2 (G  - 1)^G(G  - 1)]  cos  34 

i?  = 8[G^G(G  - 1)  + (G  - 1)^G(G  - l)cosd  + 2[G*  + (G  - 1)*  + 6G(G  - 1)J 
The  Signal-to-Noise  Ratio{SNR)  is  defined  by 

SNR  = <J.~  > > I 

\fvU3 


Therefore 

|a|4A(sin0)z  > 2|a)z(cos8)z  + |a|*£sin0cos0 

+ [ja|4C  - |a|M  + |a|s£  + D](sin  *)'  (9) 


We  get 

\«\'A  > 2|a|’(^|)'  + + flare  - lafA  + |a|*«  + D\  (10) 

We  set  siof  ~ 6, cos 6 — 1 for  the  small  #,  |a|*  is  the  average  photon  numbers  (n)  of  the 
incident  folds  for  parametric  amplifier. 

Then  we  have 

(2n*j4  - «*C  - nE  - D\6*  - n B9  — 2n  > 0 (11) 


Because  of  2nzA  — n2C  - nE  — D > 0,  the  solution  of  equation  is 


^ B + yjB*  + 8{(2A  - C)»  - E - £ 
6 ~ 2(2A  - C)n  ~ E-  % 


(12) 


According  to  the  equation  (12)  the  minimum  detectable  phase  shift  (0^.)  as  a function  of  n 
is  illustrated  in  Fig.2.  The  solid  line  is  the  Heisenberg  limit,  the  dashed  line  and  dot-dashed  line 
illustrate  the  minimum  detectable  phase  shift  calculated  with  G = 2.3  x 107  and  G = 2.0  x 10T. 
We  can  see  that  for  G = 2.3  x 107  mid  small  photon  numbers  n,  the  minimum  detectable  phase 
shift  is  gratually  approach  to  the  Heisenberg  limit.  The  larger  the  G is,  the  smaller  the  minimum 
detectable  phase  shift  is.  Bright  twin  beams  of  wavelength  1.06pm  with  power  of  3mw  has  been 
experimently  obtained.  With  the  twin  beams  of  3mw  the  minimum  detectable  phase  shift  of 
10““rod  can  be  easily  realized  in  the  interferometer  suggested  by  us,  but  if  using  the  coherent 
state  the  incident  power  of  lOOOkw  must  be  demanded. 


3 Inefficient  photodetection 

A detector  with  quantum  efficiency  q is  equivalent  to  a beamsplitter  which  mixes  the  input 
mode(a)  with  a vacuum  mode(v),  then  the  output  mode  from  beamsplitter  is  detected  by  a 
perfectly  efficient  detector[8]. 
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For  brevity,  setting  that  the  quantum  efficiencies  of  the  photodetectors  J> , and  D]  are  equal, 
i.e  «f,  « 93  **  q,  then  the  anihilation  operators  for  detected  modes  by  D%  and  D%  are  given  by: 

j - nif2c  + (1  - n)tft9  (13) 

k = nlf2d  + (1  - y)l/,e  (14) 

J and  k are  the  anihilation  operators  for  the  foeflkient  detector  with  y. 

The  analysed  photocnnent  and  its  variance  are: 


The  SNR  is 


Where 


< j+j  - >=«i  < e+e  - d*d  > 

|A(|*j  - h+h)|*  = n*  < (c*e  - d+d)*  > -9*  < - d^d  >* 

+ f(l  - *)[<  e+e  > + < 4*d  >) 

< i*i  — k*k  > 

SNR  = J r.  , > l 

VlAO’i  - *»*)!* 


(A(j'4J  - k*t)|*  = ,V(C  - X)(ri>*)‘  + 

+29*»(cos#)2  + ysn£(sind)3  4-  i*DitUB§)* 

+ if(l  - y)ttF sin#  + q(l  - q)nM  + 9(1  - 9)# 


F = 2[{2G  - l)smd  + yjG(G-  i}sm2d) 


(15) 

(16) 
(IT) 


(18) 


M = 4[(2Cr  - 1)  + 2yjG{G  - ljcosdi 


H - 4(G  - 1) 

From  eq.  (17)  (18)  we  get  the  ineqaality: 

Af$*  - B*$  - Cl  >0 


(19) 


where  At  = (2 A - C)»  - B - D/n 

Bt  = B + 

Ci  = a + 2 + 

The  adstkn  of  eq.(19)  is: 


9 > 


Br'  + VBt*  + AAiCt 
2 At 


(20) 


Fig.3  shows  the  dependence  of  the  minimntn  detectable  phase  shtft  9min  on  the  power  gain 
respectivdy  for  detector  with  q = 1 and  detects  with  9 = 0.99.  When  the  gain(G)  increase, 
the  #man  decrease,  ia.  the  sensitivity  of  interferometer  is  raised.  The  effect  of  inefficiency  is  very 
The  physical  origin  of  above  results  is  that  the  quantum  correlation  degree  between  the 


twin  beanos  of*  mid  a |**  depends  positively  on  G and  9.  Therefore  the  quantum  correlation 
between  twin  beams  is  the  key  to  realize  high  sensitivity  detection. 
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4 Conclusion 


We  have  shown  that  the  Heisenberg  limit  can  be  met  in  the  detection  of  phase  shift  by  wring 
twin  beams  as  the  input  fields  of  the  interferometer.  The  dependence  of  the  minimum  detectable 
pbi  te  shift  on  the  gain  of  parametric  amplifier  which  produces  the  twin  beams  and  the  quantum 
efficiency  of  detectors  has  been  presented.  The  sensitivity  of  the  suggested  device  is  always  higher 
than  SNL  and  can  tend  to  the  Heisenberg  limit  for  appropriate  parameters. 
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Figure  captions 


Fig.l  The  Agttin  of  interferometer  with  twin  beams 

Fig.2  The  minimum  detectable  phase  shift  vs  Urn  numbers  of  incident  photons 
Solid  line  corresponds  to  Heisenberg  limit 
Dashed  line  for  G = 2.3  x 10T 
Dot-dashed  for  G = 2.0  x 107 

Fig.3  The  minimum  detectable  phase  shift  vs  the  power  gam  of  amplifier  with  » = 2x  10“ 
Solid  line  for  a = 1 
Dotted  fine  for  if  =0.90 
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FSg.2  He  wmmmm  detectable  phase  shift 


Sofid  Kae  corresponds  to  Heisenberg  limit 
Dubed  fine  for  G = 2.3  x 10* 

Dot-dashed  for  <7  — 2.0  x 10r 
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Fig. 3 Hie  minima m detectable  phase  shift  vs  the 
power  gain  of  ampfifer  with  n = 2x  I0W 
Solid  Hue  for  9 = 1 
Dotted  tine  for  ^ = 0.99 
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Transient  Sub-Poissonian  Distribution  for 
Single-Mode  Lasers 
J.Y.  Zhang,  Q ■ Gu,  L.K.Ttan 
(Department  of  Physics » Northwest  University* 

Xian*  710069,  P.R. China) 

Abstract  In  this  paper,  the  transient  photon  statistics  for  single-mode 
lasers  is  investigated  by  making  use  of  the  theory  of  quantum  electrodynamics. 
By  taking  into  account  of  the  transitive  time  x,we  obtain  the  master  equation 
for  Jaynes-Cummings  model.  The  relation  between  the  Mandel  factor  and  the 
time  is  obtained  by  directly  solving  the  master  equation.  The  result  shows  that 
a transient  phenomenon  from  the  transient  super-Poissonian  distribution  to  the 
transient  sub-Poissonian  distribution  occurs  for  single-mode  lasers. 

In  addition,  the  influences  of  the  thermal  light  field  and  the  cavity  loss  on 
the  transient  sub-Poissonian  distribution  are  also  studied. 

Key  words:  single-mode  laser i Jaynes-Cummings  model)  Transient  sub- 
Poissonian  photon  statistics. 

1 Introduction 

As  is  well  known,  sub-Poissonian  light  field  is  a typical  nonclassical  light 
field.  And  it  has  widely  applications  to  the  vftraweak  signal  detection  and  to 
the  optical  communication  etc. w According  to  the  usual  theory,  there  is  no 
sub-Poisonian  distribution  for  single-mode  lasers. 

In  this  paper,  the  transient  photon  statistics  for  single-mode  lasers  is  in- 
vestigated by  making  use  of  the  theory  of  quantum  electrodynamics,  by  taking 
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into  account  of  the  transitive  time  t.  the  master  equation  for  Jaynes-Cummings 
model  and  its  solution  are  obtained. 


2 Master  equation 

First  of  all  * the  interaction  of  one  atom  with  the  light  field  is  taking  into 
account.  According  to  the  theory  of  the  quantum  electrodynamics,  for  the 
Jaynes-Cummings  model  the  Hamiltonion  has  the  following  form (with  r-“ 
1) 

H«<tfa+a+”|o)oOi+u(aa+-fa+o">*  (1) 

where  a and  a+  are  annihilation  and  creation  operators  of  photon  i o+  and  o~  are 
raising  and  lowering  operators  of  the  atom  i o>  and  o>o  are  the  mode  frequency 
and  the  transition  frequency*  respectively)  o*is  the  inversion  papurition  of  the 
atom  i g is  the  coupling  constant  between  the  atom  and  the  field  mode. 

The  eignequation  of  the  expcession  (1)  is  given  by 

H|d>>=E|d>>,  (2) 


where 

E£  — [co(n+|-)±Q„] 

Eg=  — -|«o 
and 

Q.=C<Y)2+g'(n+l)]} 

A*»~bo 


(3) 

(4) 

(5) 

(6) 


The  eignstates  corresponding  to  expressions  (3)  and  (4)  are  given  by 

fcosGJ 


lon±> 

|Og>*=  |0,b> 


sinO„ 

cos0„ 


n,a>± 


sin0. 


|n  + l,b> 


(7) 

(8) 


here 
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(9) 


0„« 


"*  ,g  -s/n-f*lx 

'tanC2-^ ) 

f+Q„ 


where  n denoting  the  photon  number  t a and  b denoting  the  upper  and  lower 


atomic  levels. 

All  nonzero  matrix  elements  of  the  evolving  operator 

U (t)*exp(— iHt)  (10) 

in  the  state  |n«  a>=*  |n>|cC>  (a^a*  b)  are  given  by 

a„==<n-fl»b|U  (t)  |n+l  ,b>=cos20Be-4**’+sin20I1e-1E«t  (11) 

bn==<n+l,b|U  (T)|n,a>!S!=siIl0„cos0o(e”iE•+,— e“ffi*T)  (12) 

Cn=<n»alU  (t)  |n»a>»sin*0ne-IE*+T-fcosz0ne-IE*T  (13) 


and 

B.(t)=|b.(T)|*=  Ag*(n+1)  »in»(./(~)H-g,(ii+l)i).  (14) 

f+gJ(n+l)  ' - 

Assuming  at  the  initial  time  t there  is  no  correlation  between  the  atom  and  the 
fidd*  thus  we  have 

p,(t)=p,(t)®p(t).  (15) 

This  means  that  the  matrix  elements  of  p,(t)  is  the  combination  state  |n»  a 
> and  can  be  written  as 

<n,  a|p,(t)|n' ta'>  — <n  |p(t)  |n'><a|p4(t)  |a'>.  (16) 

After  t,  the  expression  (15)  becomes 

pc(t +t)-U  (t)ft(t)U  -‘(t)  (17) 


and 

p(t-H)  — 2<u|p,(t-ft)  |a>  (18) 

In  the  photon  number  representation*  the  matrix  elements  of  equation 
(18)  may  be  given  by 

Pn,m(t+t)=  2 2<n,  m |G(t)  jk  ,k'Xk  |p(t)  |k'>,  (19) 

k k' 

where 
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<n»  m|G(t)|k,k'>~2  E S<n»  a*|U(x)|k»  aXk't^lU'KOIm, 

a tf  * 

->P„,  (20) 

where  |m>and  |k>  denotes  the  photon-number  states, and 

Pf*<o|p.(t)|of>.  (21) 

For  the  arbitrary  initial  state  of  the  atom  and  the  light  field  • using  expres- 
sions (ID  — (IS),  (20)  and  (21)»  we  obtain 

ft»,«(t  "4x ) P n[taAa  P»,«(t ) 4“b*— |bn—  iPb—  i(m— |(t ) ] 

■^"P*fcCb«a«,  Pn+l.m  (t ) ■fCB-]bB-iP,1>-|(t ) 3 
P*»[>»b,,|),1,fj(t)+bi_iCi-ift,-i^(t)] 

P«,[b.b„  * (t ) +C._iC;_lPll..(t)]  (22) 

Expression  (22)  is  a generol  form.  For  the  laser  system  under  considera- 
tion » we  have 

P*«P*=0  (23) 

By  taking  into  account  equation  (14)  and  the  following  expression 

I a*  |*4*  |b.|*«  |C„|*+  lb.|*«l  (24) 

then  equation  (22)  can  be  deduced  to  the  following  form : 

+7B.-,(T)B..1(t)p>.1J._1(t)}+P11»{7B„(t)B.<t) 

•!>.+.—.<«)+ 7C1  ) ][1  -B..,(t (25) 

U nder  the  coarse  grain  approximation » equation  of  motion  for  the  density 
matrix  elements  are  given  by 

t 

/>.,»( O * *Jdx'P(T')[A..(*  + *)  — Ai,.(l)]  4-  L0,,m(O»  (26) 

o 

whete 

p(t')=Ne-v"  (27) 

denotes  the  distribution  function  of  the  interaction  duration  x between  atom  and 
field  * N is  a normalization  constant j v stands  for  the  atomic  decay  rate. 
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F<fcm  the  norwalization  condition 

fp(*)dt»  - 1 (28) 

o 

we  get 

(») 

where 

T =vr  (30) 

By  substituting  expression  (25)  into  (26)  and  making  use  of  Ref.  [5], we 
finally  obtain 

* 

fi...  - - ».A..(0(1  - V[1  - 

0 

T 

0 

t 

~ V>...«X1  - V[1  - B..,(I<)][1  - «.-,(!*)]} 

0 

t 

+ nA+i„+.<oJiT-P<P> 

0 

— ^s.[(»  + 1 + m + 1 )a,«(<)  - 2 A-1.--|(0] 

+ ^»*[2  >/(*  4*  l)(w  + l)pa+i,„+t(0  — (»  + *»)fl.,«0)]  (31) 

where  nb  is  the  average  photon  number  of  the  thermal  light  field  t C is  the  cavity 
loss* 

Expression  (31)  is  the  master  equation  for  the  single-mode  lasers. 

3 Numerical  calculation 

In  the  case  of  resonance . master  equation  (31)  can  be  reduced  to  the  fol- 
lowing form: 

P»,miO  **  ~ p.[1  — *f  >l^«)]/».,«.(0 
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— — (i4 


— |r**C<*  + 1 + » + 1)a#(0  — 2 7*«a-i^-i(0] 


+ 21I»C2  7(»  + 1)(»  + 1)a+i,»+i(0  — (*  -4  *)a,.(0  (32) 


where 


(3S) 


a*.  - jjrff'Ptt'MVCi  - *.<f)][l  - *.<*)]  * - 2(1  J >-#)  • 

I -I-  W5~+T  ± JZTlymmLAijm  ±Jm±  IffJ  -pofMJ*  4 1 ± ^/Sn>T3> 

i + iA<jm  ± ymp 

In  particulnr*  for  the  diagonal  matrix  elements ^ expression  (32)  may  be 

further  reduced  to  the  following  form  s 

1 , a , (2n-H)n>-j-n 


P.(0)-P.^(a)=-(|+|+ 


R 


-A^— |tA£.i)pk*(o) 


+i~A^+*1^-iriM+q-*At+'~'  ‘y  ' w)to, 

(34) 


(a) 

where 


(n+l)(p>4j), 
R 


A + ’ 


l+e-M^T^smC^T^D-^sC^v^TI]} 

1 y/ZR J2R y/ZR 


2(1— e-T) 


i+C^VmT)1 

y/ZR 


(35) 


here 


Ra,5i 

* C* 

P-T, 

a = »».<* 


and 
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(S7) 


A - 

A . - 

The  photon  statistical  properties  of  the  lingt  field  can  be  expressed  by 
Mandel  factor  Q t 

<S*>— <s>*— <s  > 


<s  > 


's*> 


where 


co 

<*>* 

■«o 

<« *>«  C39) 

During  the  transient  processes*  Mandel  factor  Q>0»  Q=0 or  Q<0 correspond 
to  transient  super-Poissonian  distribution*  Poissonian  distribultion  or  sub- 
Poissonian  distribution*  respectively. 

Time  evolution  of  the  Mandel  factor  may  be  obtained  by  making  use  of  the 
expressions  (34)*  (35)  *(38)  and  (39).  The  numerical  results  are  shown  in 
Figures  1-5. 


Figure  1 shows  that  the  transient  statistical  property  passes  from 

super-Poissonian  distribution  through  Poissonian  distribution  into  sub-Pois- 
soninn  distribution  with  the  increase  of  o. 

Figure  2 shows  that  the  maximum  value  of  the  Q drift  apart  from  the  right 
and  decrease.  At  the  same  time » the  velocity  toward  the  transient  sub-Poisso- 
nian  distribution  is  also  quickened. 

Figure  3 indicates  that  the  influence  of  the  loss  a on  the  Mandel  factor  is 
marked  and  the  transient  sub-Poissonian  distribution  will  disappear  when  the  X 
increase  to  some  certain  value. 

Figure  4 indicates  that  the  thermal  light  photon  number  not  only  deerease 
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sub-Poissonian  distribution  but  also  diminish  the  velocity  for  toward  sub-Pois- 
son iar  distribution. 

4 Brief  discussion 

In  the  present  paper  • we  have  studied  the  transient  sub-Poissonian  distri- 
bution for  single-mode  lasers.  The  result  shows  that  for  single-mode  lasers  the 
sub-Poissonian  distribution  may  occur  not  only  in  the  case  of  stot ionary  state1*3 
but  also  in  the  case  of  transient  state. 

As  b well  known*  transient  sub-Pobsontan  photon  statbtics  b a character 
for  the  quantum  light  field.  And  its  appearance  would  deepen  our  knowledge  of 
the  light  field  essence. 
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Fig.  2. 


Caption  of  Fig.  2.  Time  evolution  of  the  mandel  factor  (or  T»l.  1»  R 
100in=n*=0,(  I )X«9.5»(I  ) X«10.8»(I)  X®12.5 
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Fig.  3. 

Caption  of  Fig.  3.  Time  evolution  of  the  mandel  factor  for  T8®  1. 1*  R 
«*100j  nb^OjX-'CK  I ) p*0.  li  ( I ) m*=0.  5f  (I)p0.l 
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Abstract 

Phase  noise  of  single  mode  laser  diodes,  either  free-running  or  using  line  narrowing  technique  at 
room  temperature,  namely  injection-locking,  has  been  investigated.  It  is  shown  that  free-running 
diodes  exhibit  very  large  excess  phase  noise,  typically  more  than  80  dB  above  shot-noise  at  10 
MHs,  which  can  be  significantly  reduced  by  the  above-  mentionned  technique. 

PACS  numbers:  42.50.Px,  42.50.Dv,  42.62.Fi 


1 Introduction 

Quantum  intensity  noise  reduction  of  laser  diode  based  on  pump  noise  suppression  has  been 
extensively  studied  since  1984  (lj.  Intensity  squeezing  of  constant-current-  driven  laser  diodes  was 
observed  for  the  first  time  by  Machida  et  al  in  1987  [2],  and  further  improved  to  8.3  dB  in  1991 
(3).  This  last  result  was  obtained  at  66  K.  In  1993,  it  was  shown  by  Steel  and  his  group[4]  that 
line  narrowing  techniques  (see  [5]  and  references  therein)  greatly  helped  in  the  noise  reduction. 
Intensity  squeezing  of  1.8  dB  (2.0  dB  corrected)  at  room  temperature  was  obtained  by  injection- 
locking the  laser  [6]  or  by  feedback  from  an  external  grating  [4].  However,  all  the  experiments 
realized  so  far  were  limited  to  measurement  of  intensity  noise.  How  about  the  phase  noise?  In 
fact,  in  the  early  time  in  1980’s,  Yamomoto  et  al  [7]  and  Spano  et  al  [8]  studied  the  phase  noise  in 
laser  diode,  but  they  did  not  measure  the  phase  noise  with  a reference  to  the  standard  quantum 
limit. 

It  is  well  known  that  in  injection  scheme  the  slave  laser  locks  its  frequency,  and  therefore  its 
phase  to  the  master  laser.  To  our  knowledge,  the  effect  of  injection  locking  on  quantum  phase- 
noise  of  laser  diodes  has  not  yet  been  reported  experimentally.  In  reference  [9],  it  is  mentioned 
that  injection-locking  of  a regularly  pumped  slave  laser  could  lock  the  phase  of  the  slave  laser 
to  the  master  laser,  reducing  thereby  the  excess  phase-noise  leading  to  a minimum  uncertainty 
8tate(true  squeezed  state),  if  the  master  laser  has  a shot-noise-  limited  phase  noise. 

In  this  paper,  we  investigated  the  phase  noise  of  laser  diode,  using  injection-locking  with  a 
Ti:Sapphire  laser.  We  have  shown  that  the  large  excess  phase  noise  of  semiconductor  lasers  can 
be  reduced  by  this  technique. 
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2 Experimental  Set-up  and  General  Features 

The  laser  diodes  we  have  used  are  index-guided  quantum  well  GaAlAs  laser  diodes  (model  SDL 
5422-Hl  and  SDL  5411-Gl),  operating  at  850  and  810  nm.  The  rear  facet  reflection  coefficient  is 
95%,  the  front  facet  is  AR  coated  with  a reflection  coefficient  of  about  4%.  The  laser  diodes  are 
temperature  stabilized  and  carefully  electromagnetically  shielded. 

The  free-running  laser  diodes  have  a rather  low  threshold  of  18  mA  and  a differential  quantum 
efficiency  (slope  above  threshold)  of  66%.  The  operating  current  in  the  experiments  described 
below  is  typically  5 to  7 times  larger  than  the  threshold  current. 

The  injection-locking  scheme  is  depicted  in  Fig.  1.  The  master  laser  is  a ThSapphire  laser  which 
is  frequency  stabilized  (linewidth  of  500  kHz)  and  both  intensity  and  phase  are  shot-noise  limited. 
It  is  injected  into  the  slave  laser  by  means  of  an  optical  isolator.  The  master  beam  enters  through 
the  escape  port  of  the  polarizer  placed  after  the  Faraday  rotator.  Locking  is  observed  on  a rather 
broad  power  range1  of  the  master  laser,  from  1 to  4 mW.  The  direction  of  the  master  laser  must 
be  carefully  adjusted  for  optimum  phase  noise  reduction. 


3 Phase  Noise  Detection  Scheme 

The  investigation  of  the  phase  noise  of  a laser  beam  requires  a phase-to-amplitude  converter,  i.e. 
a device  whose  complex  transmission  T depends  on  the  frequency  u.  In  this  work,  we  use  for  this 
purpose  the  reflection  off  an  empty  detuned  Fabry-P6rot  cavity  as  shown  in  Fig.2.  When  the  rear 
mirror  is  highly  reflecting,  this  system  has  the  advantage  over  a Mach-Zehnder  interferometer  that 
the  mean  Add  transmission  | T(u  = 0)  | does  not  depend  on  the  cavity  detuning  and  is  always 
equal  to  unity.  This  makes  shot-noise  reference  level  independent  of  the  analysed  quadrature. 
Phase  noise  analysis  is  then  carried  out  conveniently  for  frequencies  in  the  range,  of  the  cavity 
bandwidth. 

Explicit  expressions  of  the  quadrature  rotation  after  reflection  off  a detuned  Fabry-P6rot  cavity 
are  given  in  reference  [10].  A simple  way  to  understand  this  effect  is  to  have  in  mind  that  in  Fourier 
space,  the  quadrature  component  X(u>)  can  be  written  as 

X(u)  = (a(u>)  + a*{u))/y/  2 = (a(u)  + [a(-w)]t)/\/2. 

The  key  point  which  yields  a quadrature  rotation  is  that  the  various  frequency  components  at  0 
(mean  field),  u and  —u  do  not  undergo  the  same  phase  shift  when  the  laser  is  scanned  across 
the  resonance  peak  of  the  cavity.  The  quadrature  rotation  is  zero  in  two  cases  : when  the  laser 
is  tuned  exactly  on  resonance,  where  the  phase  shifts  for  both  frequency  components  ±u/  cancel 
out,  and  when  it  is  tuned  far  outside  the  peak,  where  all  frequency  components  undergo  the  same 
phase  shift  of  0 or  ir. 

In  our  set-up  the  Fabry- P^rot  cavity  has  a half-width  at  half-maximum  (HWHM)  of  8 MHz 
and  a finesse  of  7 — 125.  The  rear  mirror  is  highly  reflecting,  but  its  small  leaks  nevertheless 
allow  us  to  monitor  the  intracavity  intensity  to  adjust  the  mode  matching.  One  of  the  mirrors  is 
mounted  on  a piezo-electrical  transducer,  so  that  the  length  of  the  cavity  can  be  scanned. 

1It  should  be  mentionned  that  only  a small  fraction  (a  few  %)  of  this  injected  power  is  actually  coupled  to  the 
lasing  mode  of  the  diode  due  to  the  imperfect  mode  overlap. 
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4 Experimental  Results 


We  have  measured  the  quadrature  noise  of  a free-running  and  injection-locked  laser  diode.  These 
results  are  presented  in  Fig.3.  The  phase  noise  (quadrature  angle  ir/2  with  respect  to  the  mean 
field)  is  inferred  from  the  experimental  curves  by  fitting  them  with  a simple  model  (see  reference 
[10]).  This  model  has  a single  adjustable  parameter  which  is  the  excess  phase  noise. 

This  value  has  then  to  be  corrected  for  various  losses  : propagation  from  the  output  of  the 
laser  to  the  detectors  (3  dB),  scattering  losses  inside  the  analyzing  cavity  (3  dB  on  resonance), 
imperfect  mode-matching  to  the  cavity  (1  dB). 

The  phase  noise  inferred  at  the  laser  output  for  the  free-running  diode  and  the  injection-  locked 
scheme  are  respectively  of  82  dB,  and  46  dB  above  the  shot-noise  level. 

Let  us  compare  these  experimental  results  with  the  prediction  given  by  the  Schawlow-  Townes 
model  [11].  Within  this  model,  the  phase  noise  normalized  to  the  shot-noise  level  at  a noise 
angular  frequency  w = 2x/  is 


V#(w)  = 1 + 


8 Dio 

J2 


(1  + cJ)  = 


, | 2k8(1  + oz) 

a/2 


0) 


where  I0  is  the  flow  of  photon  outside  of  the  laser  (photons/sec),  k is  the  cavity  decay  rate  for 
intensity,  a is  the  line  enhancement  factor[12)  (also  called  phase-amplitude  coupling  coefficient), 
and  D is  the  Schawlow-Townes  phase  diffusion  coefficient  defined  as: 


(2) 


The  first  term  is  the  contribution  of  the  vacuum  fluctuation  (shot-noise)  and  the  second  term 
is  due  to  the  phase  diffusion  assuming  a random  walk  of  the  phase  in  the  laser. 

Using  the  value  of  k deduced  from  the  experiment2,  one  can  calculate  a theoretical  estimation 
of  the  phase  noise  if  the  factor  (1  + a2)  is  known.  Conversely,  by  using  the  experimental  value 
of  the  phase  noise,  one  can  deduce  a value  of  (1  + a2)  = 10,  which  is  in  agreemert  with  other 
measurements.  However,  the  linewidth  of  the  laser  diode  was  also  measured  directly  by  sending 
the  light  through  a Fabry-P6rot  cavity  with  a linewidth  (HWHM)  of  2 MHz.  We  obtained  D(  1 + 
a2)/(2ir)  = 2 MHz  (HWHM  linewidth).  Using  the  value  I0  = 2.5  x 1017  phot/sec  corresponding 
to  60  mW  laser  output,  the  above  model  predicts  D(  1 + a2)/(2n)  = /c2(l  -f  q2)/(8itI0)  = 50  kHz, 
which  is  significantly  smaller  than  the  measured  value.  This  discrepancy  could  be  attributed  to 
jitter  of  the  laser  frequency  due  to  power  supply  noise  and  thermal  fluctuations. 

In  the  injection  locking  case,  the  phase  noise  reduction  mechanism  relies  on  the  fact  that  the 
slave  laser  locks  its  phase  to  the  one  of  the  master  laser  [13].  The  phase  noise  of  this  master  laser  is 
therefore  of  great  importance.  In  this  experiment  we  have  used  a frequency-stabilized  Ti:Sapphire 
laser,  which  has  a linewidth  of  500  kHz  and  is  both  phase  and  intensity  shot-noise  limited  at  10 
MHz.  We  have  observed  a very  significant  phase  noise  reduction,  from  82  dB  to  46  dB  for  an 
injected  power  of  2 mW  (see  Fig.3(b)). 


3The  quantity  l/«  is  the  lifetime  of  the  photon  in  the  laser  diode  cavity,  calculated  from  the  measured  free 
spectral  range  of  AA  = 0.12  nm,  and  from  the  transmission  coefficient  of  the  output  mirrors  (R i = 95%  and 
.Rj  = 4%).  This  yields  k = (cAA/A2)ln{l/(Rji?2))  = 1.8  x 10u  s-‘. 
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Finally,  let  us  emphasize  that  the  quadrature  noise  detection  scheme  that  we  used  is  expected 
to  work  well  only  for  a true  single-mode  laser.  This  is  not  the  case  for  so-called  “single  mode”  laser 
diode,  for  which  weak  longitudinal  side-modes  are  very  noisy  and  can  play  therefore  an  important 
role  in  the  overall  noise  behaviour  [14].  As  long  as  the  intensity  noise  power  in  the  mair  mode 
is  small  with  respect  to  the  total  phase  noise  power,  which  is  generally  the  case  in  the  results 
described  above,  these  effects  can  be  neglected.  However,  one  has  to  be  cautious  in  some  cases. 
For  instance,  it  can  be  not  i .cd  that  the  experimental  trace  of  Fig.3(b)  exhibits  a slight  asymmetry 
around  its  basis.  This  effect  can  be  modelled  simply,  using  an  input  covariance  matrix  such  that 
the  mean  axis  of  the  noise  ellipse  is  not  exactly  the  phase  axis  (quadrature  angle  x/2)  but  is 
slightly  tilted.  In  our  experiments,  this  small  rotation  effect  has  been  observed  for  the  iqjection- 
locked  laser,  decreases  as  the  driving  current  increases,  and  the  dip  on  the  right-hand  side  was 
always  above  shot-noise  [15j.  It  is  likely  that  a detailed  analysis  of  this  effect  should  include  the 
contributions  of  the  small  modes,  since  intensity-phase  correlations  are  essential  in  this  process. 

The  intensity  noise  in  this  process  was  also  measured  and  intensity  squeezing  was  obtained  and 
we  have  another  paper  to  discuss  these  effects  in  details  (See  E-Giacobino's  paper  in  this  issue). 

5 Conclusion 

In  this  paper  we  have  reported  on  a detailed  experimental  analysis  of  phase  noise  of  commercial 
laser  diodes  at  room  temperature.  We  have  studied  the  free-running  diode  and  the  injection- 
locking diode.  The  main  result  is  that  laser  diodes  exhibit  a very  large  excess  phase  noise  (up  to 
80  dB  above  shot-noise)  and  in  the  injection-locking  scheme,  the  phase  noise  reduction  mechanism 
involves  the  master  laser,  and  using  a shot-noise  limited  frequency  stabilized  Ti:Sapphire  laser, 
we  observed  a reduction  of  the  phase  noise  from  82  dB  to  46  dB  above  shot-noise. 

We  believe  that  these  results  have  important  practical  implications  for  spectroscopy  and  quan- 
tum optics  experiments  involving  laser  diodes.  This  results  have  also  demonstrated  that  there  is 
still  a long  way  to  realize  the  squeezed  minimum  uncertainty  states  with  laser  diodes. 
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FIGURES 

Fig.l.  Injection-locking  scheme.  The  Faraday  rotator  rotates  the  linear  polarization  by  45°. 
PBS  is  a polarizing  beam  splitter.  The  master  laser  is  a frequency  stabilized  TkSapph  laser. 

Fig.2.  Phase  noise  detection  set-up.  Great  care  has  been  given  in  order  to  avoid  any  feedback 
from  the  analysing  cavity  to  the  laser,  and  optical  isolation  (01)  of  about  80  dB  has  been  used. 

The  rear  mirror  is  a high  reflector  and  its  position  is  controlled  by  a piezo  electrical  transducer 
(PZT). 

Fig  .3.  Raw  noise  power  at  10  MHz  as  the  laser  diode  is  scanned  across  the  peak  of  the  analysing 
Fabry-Perot  cavity,  (a)  for  the  free-running  laser  diode,  (b)  for  the  Ti:Sapph  injection-locked  laser 
diode.  The  laser  diode  driving  current  is  80  mA  The  reference  level  0 dB  is  the  shot-noise  level. 

The  resolution  bandwidth  is  1 MHz  with  a video  filter  of  10  kHz.  On  each  graph  the  thin  line  is 
the  best  fit  using  the  theoritical  expression.  The  small  peaks  on  the  sides  are  due  to  an  imperfect 
mode-matching. 
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Abstract 

In  this  paper  we  study  the  amplitude  Nth-power  squeezing  of  radiation  fields  in  the  degenerate  Raman 
process  by  using  the  modified  effective  Hamiltonian  apjmxich  recently  suggested  by  us.  We  found  that  if 
the  field  is  initially  in  a coherent  state  it  will  not  get  squeezing  for  any  Nth-power,  if  the  field  is  initially 
in  a squeezed  vacuum,  it  may  get  Nth-power  squeezing.  The  time  evolution  of  the  field  fluctuation  was 
discussed.  Its  dependences  on  power-order  N,  mean  photon  number  h,  and  squeezing  angle  { are  analyzed. 

1 Introduction 

Squeezed  states  of  radiation  fields  have  been  studied  considerably  in  recent  years.  Besides  the  normal 
squeezing!1!  it  is  also  possible  to  define  higher-outer  squeezing.  Hong  and  Mandell2!  defined  the  2Nth-order 
squeezing,  and  HiHeiy'3!  introduced  the  amplitude  squared  squeezing.  More  recently,  Zhang  et  a|M  suggested 
the  amplitude  Nth-power  squeezing(  ANPS),  which  includes  the  normal  squeezing  and  the  amplituide-squared 
squeezing  as  special  cases.  All  these  higher-order  squeezing  have  been  shown  to  be  independent  nonclas- 
sical  features  of  radiation  fields*5'.  ANPS  of  radiation  fields  has  been  studied  in  many  quantum  optics 
systems'4-12'. 

On  the  other  hand,  tire  degenerate  Raman  process(DRP)  is  one  of  the  most  interesting  two-photon 
interactions  between  atoms  and  radiation  fields,  and  has  been  studied  intensively'13-16'.  Usually,  this  process 
was  studied  by  the  full  microscopic  Hamiltonian  approadi(FMHA)!13~14!,  and  the  effective  Hamiltonian 
approach(EHA)'15'.  Generally  speaking,  FMHA  gives  exact  solution,  but  it  may  be  too  complicated  to  be 
used  in  some  situations.  Although  EHA  is  simpler  than  FMHA,  it  loses  a phase  factor,  it  can  not  be  used 
to  deal  with  the  quantities  involving  the  off-diagonal  elements  of  tire  density  matrix.  Tb  overcome  these 
shortages  we  have  suggested  a modified  effective  Hamiltonian  approach(MEHA)'16'. 

In  this  paper  we  use  MEHA  to  study  ANPS  of  radiation  fields  in  DRP. 

2 The  Degenerate  Raman  Process(DRP) 

The  DRP  refers  to  the  interaction  between  a A-type  three  level  atoms  and  a single  mode  of  a radiation 
field(Fig.l). 

The  modified  effective  Hamiltonian  for  DRP  is  I17' 

Rmeh  = Ren  + hs  (1) 

HEh  = Aa+«(|e  >v  ./I  + | y ><  ej)  (2) 

is  the  effective  Hamiltonian(when  the  detuning  Is  very  large,  one  can  eliminate  the  upper  level  adiabatically 
and  obtain  it)  and 

Hs  = -a+a(0i\g  ><  y\  + fo\e  ><  e|)  (3) 
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is  the  part  representing  the  ac  Stark  shift  of  atomic  levels,  fa  and  fa  are  the  Stark  parameters  for  levels 
|p  > and  |e  >,  respectively. 

If  the  initial  state  for  the  atom-field  system  is 

l*(0))  * £ Qn[Ca(Q)\g,n)  + C.(Q)|e,n)l  (4) 

n*0 

we  eaa  express  the  state  for  a later  time  as 

l*<0>  * £ <fe[C?(t)|g,»>  + C(t)|e,n)|  (5) 

H=0 

iFYom  the  time-dependent  Schrodinger  equation  we  can  obtain  C£{t)  and  C?(l). 

The  reduced  density  matrix  for  the  field  can  be  expressed  as 

P(t)=  £ #w(t)|«){«'|  (6) 

#w(t)  = *.&K£(t)Cf*(l)  + <%(t)C?*(t) I (7) 

Supposing  initially  the  atom  is  in  the  state  | g),  i«.  C,(0)  = i,  and  6,(0)  = U,  and  let}]  = 9)s$for 
shnplisity,  we  get 

/W(T)  = fe&expj-ifn  - n')T\cos{n  - wlyr  (8) 

in  which  T = At.  We  see  that  the  diagonal  elements  pnn  ate  independent  of  time  mid  just  the  photon 
distribution  function  of  initial  field. 

3 The  Amplitude  Nth-Power  Squeezing(ANPS) 

The  amplitude  Nth-power  squeezing  of  a radiation  field  is  defined  in  terms  of  the  following  quantities^! 

ZxW  = I(o*  + o+*),  Z*(iV)  = I(o*  - o+*)  (9) 

Zi(N)  and  Z?(N)  satisfy  the  commutation  relation  and  the  uncertainty  relation 

|2l(N),Z!<A0|  = (10) 

«AZ1(W))a)((AZ!(«));1)  > i|(|o",ll+'’|)|a  (11) 

The  field  is  said  to  be  Nth-ix>wer  squeezed  if 

<(A4(A0)a)  < }<(<**,  «+*i>  (t  = 1,2)  (12) 

Here  we  introduce  a parameter  named  squeezed  degree  S,(N) 

*{N)  = 7W)  (‘  = 1-2)  (W) 

where  C{N)  and  Di(N)  are  defined  as 

C(N)  = (|o*,o+*|),  A(N)  = 4 ((AZi(/V))2>  - <[o*  o+*]>  (14) 

Then  the  field  Is  Nth-power  squeezed  if  Di{N)  < 0,  < 0).  Si(N)  = -1  corresponds  to  100% 

squeezing.  In  the  following  section  we  will  study  ANPS  in  DRP.  We  will  consider  several  kinds  of  initial 
field  states. 
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4 ANPSinDRP 

4.1.  For  an  Initial  Coherent  State 

1“)  = £ tt  = «iei€e 

«=o 

= (15) 

then  we  have 

/£*  ( T ) = Qf,<&ezpH(n  - n')(T  - 4e)jcos(n  ~ n')T  (16) 

We  can  find 

Di(N)  = 4»Afsma(Arr)3t«2|iV(r  - <c)| 

Di(N)  = 4nwsm2(ArT)cos2{N(T  - 4c)}  (17) 

We  see  that  in  a degenerate  Raman  process  the  field  will  not  get  Nth-power  squeezing  if  it  is  initially  in  a 
coherent  state. 


4.2.  For  an  Initial  Squeezed  Vacuum 

oo 

|0»q)  = tet»|2n), 

1 


!l=0 


tot  - Oz.e”* 
il 


V2m  V»  + r 1 2'n-j- 1*  n n! 
where  n is  the  mean  photon  number  and  4 is  the  squeezing  angle  of  the  initial  field.  Then  we  have 

P2h;m{T)  = Q2nQwtxp\-i{u  - n'){2T  - 4)|cos(n  - ri)2T 


(18) 


(19) 


We  see  that  only  even-photon-uumber  states  can  be  found  in  a squeezed  vacuum.  Hie  photon-number 
distribution  function  is 

Pin  - Pin, "in  — QbiQiu  (20) 

For  N = odd  = 2 M - 1(M  = 1, 2, 3, ...)  we  can  find 


C(  1)  = 1 

Di(  1)  = 2{n  - |n(n  + l)]^cos(2T  - Ocos{2T)} 

Di(  1)  = 2 (ft  + {#*(»  + l)j*cos(2T  - S)cos{2T)}  (21) 

G'(3)  = 3(9n2  + 9ft  + 2) 

Z?i(3)  = C{n2(5«  + 3)  - 5|n(n  + l)]*cos(6jT  - 34)co.«(GT)} 

D2(  3)  = 6{ft2(5n  + 3)  + 5(n(n  + l)}hos(HT  - 34)cos(6T)}  (22) 

We  can  show  that  [D2(2M  - 1)]^*  = \D\{2M  - 1))^  can  be  smaller  than  zero,  but  (Z?t(2M  - l)k„*  = 
|D2(2M  — l)](=o  can  not  be  smaller  than  zero.  This  shows  that  we  can  have  squeezing  in  Z\{2M  - 1) 
components  for  4 = 0 and  in  £2(2M  - 1)  components  for  4 = n,  but  we  have  not  squeezing  in  Z\  (2M  — 1) 
components  for  4 = jt  and  in  Z2(2M  - 1)  components  for  4 = 0. 

For  N = even  = 2 M(M  = 1,2,3,...)  we  have 

C(  2)  = 2 (2n  + 1) 
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D\(2)  = 2ft{(3ft  + 1)  + (ft  + l)|3cos(4T  - 2^)cos(4T)  - 2cos3(2T  - ^)cof‘a(2T*)) } 

Bji 2)  = 2ft((3n  + i)  - (ft  + l)|3cojf(4T  - 2{)cos(4T)  + 2sin'J(2T  - ()cos2(2T)l)  (23) 

C(  4)  = 24  (10ft3  + 15ft2  + 7 ft  + 1) 

0i (4)  = 6ft2((35fi2  + 30ft  + 3)  + (ft  + l)2|35«Mi(8T  - 44)  - 6cosa(4T  - 20cosa(4T)J) 

0a(4)  = 6ft2 {(35ft2  + 30ft  + 3)  - (ft  + 1)2(35cos(8T  - 40  + Usin3(4T  - 20aw2(4T)l)  (24) 

We  can  show  that  (02(2Af  )](«*  * [0a(2M)|(*o  can  be  smaller  than  zero,  but  |0i(2M)j{aV  = [0i(2A#)](«o 
can  not  be  smaller  than  zero.  This  shows  that  we  can  have  squeezing  in  Z^{2M)  components  for  both  ( - 0 
and  £ = »,  but  we  can  not  get  squeezing  In  Z\(2M)  coin|>oneuts  for  £ = 0 anti  4 = ir. 

We  are  also  interested  in  the  optimal  squeezing. 

|5(l)|,«m  = 2{ft  - |ft(ft  + l)]i } 


|S(2)U» 


2ft 

2 ft  + 1 


l.S’(3)imm  = 


2{ft2(5ft  + 3)  - 5[ft(ft  + 1)|  t } 
9ft(ft  + 1)  + 2 


PWU. 


2ft2(5  ft  + 4) 

10ft3  + 15ft2  + 7ft  + 1 


(25) 


We  see  that  (S(AT)]mtn  -*  0 when  ft  1,  and  |6‘(W)|mm  — ♦ -1  (100%  squeezing)  when  ft  » 1. 
lb  see  the  features  of  the  held  fluctuation  more  clearly,  we  have  doue  numerical  calculation  and  drawn 
some  figures(Fig.2-10).  Prom  these  figures  we  see  the  follows: 

1.  Generally,  the  field  fluctuation  oscillates  periodically,  and  the  oscillation  frequency  is  proportional  to 
N(Fig.2-9). 

2.  For  a given  ft,  the  oscillation  amplitude  decreases  as  N increase  (Fig.2-5). 

3.  For  a given  N,  the  osclllatiou  amplitude  increases  as  ft  increases,  but  (S(iV)lmm  changes  smaller  as  ft 
increases  (Fig.6-9).  Smm  — * —1  when  ft  » l(Fig.lO). 


5 Conclusion 

In  this  paper  we  have  studied  ANPS  of  radiation  fields  in  DRP  by  using  MEHA.  We  found  that  if  the  field 
is  Initially  in  a coherent  state  it  will  not  get  squeezing  in  any  Nth-power;  if  the  field  is  initially  in  a squeezed 
vacuum,  it  may  get  Nth-power  squeezing.  The  relations  between  the  time  evolution  of  the  field  fluctuation 
with  N,  ft,  and  ( are  discussed. 
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Figiure  Captions 

Fig.l  Schematic  diagram  of  the  degenerate  A-lype  three-level  atom  interaction  with  a single-mode  field. 
ur.  frequency  of  field;  b:  atom  field  detuning. 

Fig.2  Si  vs  T.  ft=0.1  a:  N=l;  b:  N=3 

Fig-3  Si  vs  T.  n=1.0  a:  N=l;  b:  N=3 

Fig.4  5i>  vs  T.  ft =0.1  a:  N=2;  b:  N=4 

Fig.5  St  vs  T.  ft=1.0  a:  N=2;  b:  N=4 

Fig-6  Si(l)  vs  T.  a:  ft=0.1;  b:  ft  = 1.0;  c:  ft  = 5.0 

Fig.7  52(2)  vs  T.  a:  ft =0.1;  b:  ft  = 1.0;  c:  ft  = 5.0 

Fig.8  5i(3)  vs  T.  a:  ft=0.1;  b:  ft  = 1.0;  c:  ft  = 5.0 

Fig.9  S2(4)  vs  T.  a:  ft =0.1;  b:  ft  = 1.0;  c:  ft  = 5.0 

Fig.10  I5(iV)j,„in  vs  ft.  a,b,c,d  correspond*  to  N=l,2,3,4  espectively. 
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Abstract 

The  propagation  of  aa  intense  femtosecond  pnlse  in  a Raman-active  medium  is  analysed. 
An  analytic  solution  which  describes  in  explisit  form  the  evolution  of  the  light  poise  is 
derived.  The  field  of  an  intense  light  wave  undergoes  a substantial  transformation  as  the 
wave  propagates  through  the  medium.  The  nature  of  this  transformation  can  change  over 
time  scales  comparable  to  the  period  of  the  optical  oscillations.  As  a result,  the  pulse 
of  sufficiently  high  energy  divides  into  stretched  and  compressed  domains  where  the  field 
decreases  and  increases  respectively. 


1 Introduction 

The  physics  of  interaction  of  intense  ulirashort  light  pulses  with  nonlinear  media  has  attracted 
interest  because  of  progress  in  subpicosecond-range  laser  technology  and  the  attainment  of  laser 
b.-am  power  levels  of  terrawatt  range  (see,  for  example,  [1]).  The  light  pulse  dynamics  and  the 
medium  evolution  in  an  intense  field  differ  qualitatively  from  the  usual  picture  drawn  by  standard 
nonlinear-optics  perturbation  theory.  A fundamental  distinctive  feature  of  ultrashort  pulses  is 
that  their  duration  is  shorter  than  the  *»me  scale  of  the  response  of  the  medium,  so  the  interaction 
definitely  occurs  in  a coherent  regime.  * he  standard  approximation  of  a slowly  varying  amplitude 
and  a slowly  varying  phase  of  the  field  becomes  ineffective.  A description  of  the  interaction  based 
on  the  actual  (instantaneous)  field  values  is  appropriate  [2]. 

The  Raman--ctive  media  can  be  effectively  excited  by  a single  femtosecond  pulse  because  its 
wide  spectrum  initially  contains  intense  Stokes  and  anti-Stokes  components  of  the  field  [3.  2],  The 
qualitatively  new  interaction  regime,  so-called  self-scattering,  occurs  for  light  intensities  much 
lower  than  the  threshold  ones  for  ordinary  stimulated  Raman  scattering  developing  from  sponta 
neous  noise  [4].  The  estimations  testify  to  the  fact  that  the  effective  excitation  of  high  vibrational 
levels  and  even  the  dissociation  o»  molecules  in  the  field  of  an  ultrashort  electromagnetic  pulse 
can  be  observed  using  modern  femtosecond  lasers  [5]. 

On  the  other  hand,  the  shape  and  spectrum  of  femtosecond  pulse  should  undergo  a substan- 
tial transformation  as  it  propagates  through  the  Raman-active  medium.  The  description  of  pulse 
evolution  should  take  into  account  a substantial  redistribution  of  the  medium  level  populations 
during  the  pulse  duration  that  results  in  different  interaction  regimes  for  different  pulse  fractions: 
either  absorption  due  to  Stokes  scattering  or  amplification  e to  anti- 'Hokes  component  genera- 
tion become  predominant.  The  simplest  model  which  is  widely  used  ir.  the  theory  of  stimulated 
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Roman  scattering  and  includes  the  effect  of  medium  saturation  is  the  model  of  two- level  nonlin- 
ear oscillator.  Within  the  framework  of  this  model  wc  succeeded  to  describe  in  explicit  form  the 
evolution  of  high-power  femtosecond  pulse  in  Raman-active  medium. 


2 Solution  of  Wave  Equation 


We  shall  describe  the  dynamics  of  a Raman-active  medium  in  the  field  of  an  ultrashort  pulse  by 
a two-level  model  of  a nonlinear  oscillator  [6]: 


^ + ±^  + „>Q  = _ 
ai*  * t2  at  * v 


dp  p- po 

ai  r, 


0) 


Here  Q is  a normal  coordinate,  M is  the  reduced  mass,  ft  is  the  eigenfrequency  of  the  equivalent 
nonlinear  oscillator  (the  Stokes  shift),  T\  and  7j  are  relaxation  times,  the  coefficient  dafdQ  is  the 
derivative  of  the  polarizability  at  the  equilibrium  value  Q = Q&,  and  p is  the  difference  between 
the  populations  of  the  upper  and  lower  levels  (the  value  po  = p{t  — — oo)  corresponds  to  the  state 
of  the  system  before  the  beginning  of  the  interaction  with  the  field). 

Equations  (1)  are  to  be  solved  jointly  with  the  wave  equation.  In  the  case  at  hand,  in  which 
the  interaction  of  the  carrier  pulse  with  only  the  scattered  wave  propagating  in  the  same  direction 
is  taken  into  account,  the  wave  equation  can  be  written 

M \dE  _ 4*  dP 

dz  c dt  c dt 


with  macroscopic  nonlinear  polarization  of  the  medium  P = N EQ  induced  by  the  field 
E(z,t ),  where  N is  the  density  of  the  medium.  We  stress  that  the  quantity  E = E(z,t)  in  (1) 
is  the  instantaneous  value  of  the  pulse  field  strength,  not  its  envelope.  The  reduced  form  of  the 
wave  equation  (2)  is  provided  by  the  fact  that  the  stimulated  Raman  backward  scattering  is  very 
weak  owing  to  the  short  interaction  length  of  pulses  moving  in  different  directions  [6]. 

We  restrict  the  analysis  to  the  case  of  the  coherent  .oteraction,  in  which  the  pulse  duration 
does  not  exceed  the  time  scales  of  the  response  and  relaxation  of  the  medium  rp  < ft'1 . Tx,  T2' 
Material  equations  (1)  can  then  be  integrated  for  an  arbitrary  time  dependence  of  the  field 
E(z,t)  and  the  solution  looks  like  rotation  of  material  variables 

p(z,t)  = /Jocos*(z,<),  ^ = -po  Sign  (||)  8i" *(2,*)-  (3) 


The  phase  &(z,t)  of  the  material  variable  rotation  is  directly  proportional  to  the  energy  of  the 
pulse  fraction  which  has  passed  through  the  given  space  point  z up  to  the  given  time  t 

(2fiftA#)-,/a  f E2(z,t')dt'  (4) 

'Strictly  speaking  the  coherent  regime  of  interaction  h provided  by  the  condition  fto  = J|f|||(2hftM)-'/2£$  > 
Q,77~\Tf  i-e.,  the  analog  of  Rabi  frequency  of  the  two-level  oscillator  is  the  highest  frequency  of  the  problem. 
For  high-energy  femtosecond  pulses  ‘his  condition  as  well  as  inequality  rp  < ft-' , Tj,  7j  leads  to  the  solution 
(3).  (4). 


*(*.0  = 


da 

dQ 
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From  (3)  it  follows  a strong  nonlinear  dependence  of  polarization  on  the  pulse  field  and  the  wave 
equation  of  the  form 

+ ~ [l+^c  sin  <ft']  = -0£sin*,  (5) 

where  0 = § N | da/dQ  | (ftn/2Mr2),/2  is  the  inverse  length  of  induced  Raman  self-scattering. 

The  nonlinear  equation  (5)  allows  an  analytic  solution  describing  in  explicit  form  the  evolution 
of  the  pulse  shape  and  spectrum  [7]. 

Multiplying  (5)  by  E and  integrating  it  with  respect  to  time  one  can  easely  obtain  the  equation 
for  phase  ♦(*,*)  (i.e.,  for  current  pulse  energy) 

Tz  + IW  [*  + - I).  (6) 


Let  us  regard  the  pulse  field  E{z,t)  as  a function  of  the  spacial  variable  z and  the  phase 
i.e.,  E(z,l)  = E{z,  *?).  Taking  into  account  that  f7  = f“  + f§f~i  W = §§lk  ’ we  03X1  finaty 


rewrite  Eq.  (5)  in  the  following  form: 


ar  ar 

~ + 0(cos*  - 1)^  = -0Esin  ¥. 


(7) 


This  partial  differential  equation  can  be  easily  solved  by  integrating  along  characteristics  on 
which 

tan 

*(M)  tan— 2~ 

tan  — - — = — , (8) 


1 + 3z tan 


*o (?)  ’ 


E(z,t)  = 


1 +$z 


Eoin) 

;iz 

sin  #0(1?)  + yO  -cos^o(ri)) 


(9) 


where  (q)  is  the  given  phase  at  the  boundary  of  the  medium  (i.e.,  the  energy  of  the  pulse  fraction 
which  has  entered  the  medium)  which  is  connected  with  the  field  strength  at  the  boundary  by  the 
relation  ^oiv)  = jf^l  (2hQM)~1^2  E$(ti')  dr}'.  According  to  (8)  the  pulse  fraction  which  energy 

corresponds  to  the  pnase  = 2trn,  n = 1,2, .. . moves  through  the  Raman-active  medium  under 
conditions  of  self-indused  transparency,  when  the  energy  of  the  leading  part  of  2x-pulse  absorbed 
due  to  Stokes  scattering  completely  returns  to  the  trailing  part  of  the  pulse  due  to  anti-Stokes 
scattering.  In  this  case  the  spectrum  of  the  leading  part  of  the  pulse  becomes  enriched  by  long- 
wavelength  components  of  the  field  and  the  spectrum  of  the  trailing  part  - by  the  short-wavelength 
components.  This  analysis  generalizes  the  results  found  on  the  basis  of  numerical  calculations  [2]. 

The  characteristics  themselves  are  given  implicitly  by  the  expressions 


q + $(=.  17) 


t - z/r. 


<W~.  v = :1z 


f H 

sin  + -— ( I — cos  ^r.) 

J —x 

2 

(10) 


where  <!>(;:,  q)  is  the  nonlinear  delay  of  fne  individual  parts  of  the  pulse  as  it  moves  away  from  the 
boundary. 
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It  is  convenient  to  describe  the  evolution  of  the  pulse  shape  by  an  effective  frequency  u^z,l) 
of  the  pulse  field  oscillations.  The  value  w(z,t)  characterizes  the  density  of  field  oscillations  for 
different  parts  of  the  pulse  and  its  variation  as  the  pulse  propagates  through  the  medium.  It 
follows  from  (10)  that  if  we  fix  a small  fraction  of  the  pulse  its  duration  At  at  the  space  point  z is 
connected  with  that  one  Ar0  at  the  boundary  by  the  relation  Ar  = Ar0  (1  + dQ/drt) . The  value 
At  determines  the  field  oscillation  period  at  the  given  space  point  z,  hence  the  effective  frequency 
of  the  field  oscillations  transforms  in  accordance  with 


w(z,f) 


1 +$Z 


fix 

sin  *o  + ^-(1  - cos  #0) 

4M 


(ID 


3 Femtosecond  Pulse  Evolution  in  Raman-active  Medium 

It  can  be  seen  from  Eqs.  (9)  and  (11)  that  the  changes  in  the  field  E(z,t)  and  the  characteristic 
frequency  u;(z,t)  over  space  occur  identically.  At  the  beginning  of  the  pule?,  when  the  phase 
of  the  two-level  oscillator  satisfies  4o  € I (i.e.,  when  the  energy  of  the  pulse  fraction  which 
has  entered  the  medium  is  small),  there  are  decreases  in  the  field  strength  and  the  oscillation 
frequency:  E(z,t)  — £*»(»?)  (1  + /fz’ $0/2)-2 » «*Kz,f)  = Mb(9)(1  + /Jz$o/2)“2 • This  case  corre- 

sponds to  Stocks  scaterring.  Later,  when  the  phase  becomes  greater  than  r and  reaches  the  value 
arctan(— 2/0z),  the  field  and  its  frequency  increase.  The  generation  of  anti-Stokes  components  of 
the  field  thus  becomes  predominant.  At  $o  — r,  the  nature  of  the  pulse  transformation  changes 
again.  At  a given  point  in  space  at  different  times,  corresponding  to  different  characteristics  (10), 
we  thus  observe  oscillations  of  regimes  of  compression  and  stretching  of  the  field  oscillation  peri- 
ods. The  sequence  of  regimes  of  stretching  and  compression  of  the  pulse  with  increasing  value  of 
the  incident  energy  reverses  when  we  switch  from  an  ot  iginally  absorbing  medium  to  an  originally 
inverted  one. 
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A descriptive  vay  to  analyze  the  pulse  evolution  is  provided  by  Fig.  1.  It  is  seen  from  (9) 
and  (11)  that  the  nature  of  pulse  transformation  is  determined  by  the  sign  of  the  expression  in 

brackets  of  the  denominator  sin  cos  *0)  = 2sinJ  **  |(tan  • If  ♦ o < JT,  we 

have  (tan  for  any  distance  z from  the  medium  boundary.  It  means  that  the  energy 

of  such  pulses  can  be  only  absorbed  and  the  absorption  is  accompanied  by  the  increase  of  the  field 
oscillation  periods  for  any  pulse  fraction  (and  as  a result,  by  the  increase  of  pulse  duration)  and 
by  the  shift  of  the  pulse  spectrum  into  the  low-frequency  region  due  to  Stokes  scattering. 

If  x < $0  < 2r,  there  are  two  different  regimes  of  pulse  transformation.  The  leading  pulse 
fraction  0 < ♦<>  < < = arctan  (— 2/Rz)  undergoes  energy  absorption  and  stretching  of  the 

field  oscillation  periods  and  its  spectrum  becomes  enriched  with  low-frequency  components  of  the 
field.  The  field  in  the  trailing  pulse  fraction  amplifies  during  the  pulse  propagation,  the  oscillation 
periods  decrease  (that  results  in  the  compression  of  this  pulse  fraction)  and  the  spectrum  is 
enriched  with  high-frequency  components.  For  2r-pulse  all  the  energy  concentrates  in  the  trailing 
edge  whirl,  is  compressed  as  the  pulse  propagates  through  the  medium.  The  same  picture  takes 
place  for  pulse  fractions  2irn  < ♦<>  < 2*(n  + 1 ). 

Figure  2 shows  an  example  of  pulse  evolution  described  by  the  solution  (8)-(ll)  for  = 4x. 
The  input  pulse  represents  a two-period  fraction  of  a sine-shaped  signal.  Figure  illustrates  the 
time  dependence  of  the  pulse  field  at  different  distances  from  the  medium  boundary.  Thus,  the 
high-energy  pulse  is  devided  into  the  set  of  compressed  powerfull  2x-subpulses  the  maximum  field 
strength  and  inverse  width  of  which  at  large  distances  increase  ~ {$z)2  according  to  (8)-(  10). 
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Abstract 

Spontaneous  radiation  in  dissipative  gas  medium  such  as  plasmas  is  investigated  by 
Langevin  equations  and  the  modified  Weisskopf-Wigner  approximation.  Since  the  refrac- 
tive index  of  gas  medium  is  expected  to  be  nearly  unity,  we  shall  first  neglect  the  medium 
polarization  effect.  We  show'  that  absorption  in  plasmas  may  in  certain  case  modify  the 
Einstein  A coefficient  significantly  and  cause  a pit  in  the  A coefficient-density  curves  for 
relatively  low  temperature  plasmas  and  also  a pit  in  the  A coefficient-temperature  curves. 

In  the  next,  the  effect  of  medium  polarization  is  taken  into  account  in  addition.  To  our 
surprise,  its  effect  in  certain  case  is  quite  sigr'Scant.  The  dispersive  curves  show  different 
behavious  in  different  region  of  parameters. 


1 Introduction 

This  work  is  motivated  by  an  effect  called  by  the  original  authors!1'  as  “quenching  of  Einstein  A 
coefficient’1:  the  ratio  of  two  line  intensities  I(5805A)  and  1(312^)  from  a common  upper  level  of 
Civ  is  reduced  by  an  order  of  magnitude  when  the  eletron  density  Ne  changes  from  10,8/cm3  to 
10,9/cm3.  But  there  is  some  dispute  about  the  interpretation  of  their  experiments.  Our  work  is 
to  see  whether  this  effect  is  possible  theoretically. 

Physically,  spontaneous  emission  is  resulted  from  atom  (ion)  with  “vacuum”  electromagnetic 
field,  therefore  Einstrein  A coefficient  is  a characteristic  parameter  of  the  total  atom-field  system, 
not  just  of  atom  itself.  Its  value  may  be  different  for  different  enviroment,  such  as  cavity,  or,  in 
our  case,  the  dissipative  medium. 

Our  approach  is  based  on  Langevin  equations'2'.  We  don’t  use  Fermi  golden  rule  to  calculate 
the  emission  rate  as  did  by  Barnett  et  al'3',  because  the  radiating  ion  and  radiated  field  do  not 
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make  up  a dosed  system,  their  states  both  before  and  after  the  emission  process  are  not  stationary 
states. 

i.FVom  Lange vin  equations  an  emission  rate  operator  is  defined,  and  a part  of  it,  the  sponta- 
neous emission  rate  operator  may  be  separated  out. 

Since  the  refractive  index  n(uj)  of  gas  medium  is  expected  to  be  nearly  1,  we  shall  first,  in  Sec 
II,  neglect  the  effect  of  medium  polarization,  which  will  be  taken  into  consideration  in  Sec  III. 

2 The  effect  of  medium  absorption  on  Einstein  A coeffi- 
cient 

Since  in  this  section  we  take  n(u/)  = 1,  both  the  frequencies  and  wave  functions  of  light  modes  are 
the  same  as  in  vacuum.  The  reduction  of  Einstein  A coeffirient  is  therefore  not  by  the  alteration 
of  modes  of  e.m.  field  but  is  caused  by  alteration  of  dynamics:  the  relevant  operators  now  do 
not  obey  the  Heisenberg  equations  but  obey  Lange  vin  equations  instead.  We  shall  see  that  the 
frequency  dependence  of  photon  decay  parameter  will  play  an  importance  role  in  the  present  case. 

We  have  argued*4!  that  the  three-level  ion  problem  may  be  reduced  to  two-level  ion  problem, 
the  only  exception  is  the  calculation  of  population  numbers  among  the  levels,  in  which  all  the 
levels  involved  must  be  taken  into  account. 

In  considering  the  emission  of  a particular  ion,  the  whole  plasmas  other  than  the  radiating  ion 
will  be  regarded  as  a reservior,  its  effects  are  described  by  the  damping  and  fluctuation  terms  in 
the  Langevin  equations: 

«(a;)ajy(t)  + i^7S+(t)e_i(‘t'~'*l,t  + F^(t),  (1.1) 

fs+(l)  - + Et(!),  (1.2) 

i k> 

r,[S3(i)  - S*,|  + + M + £j(*)-  (1-3) 

k; 

where  S±  are  usual  atom  level-changing  operators,  S3  is  the  half  of  population  difference  operator: 
S3  = |(P2  - A).  *s  the  photon  absorption  operator  of  mode  (k,j),  j is  photon  polarization 
index.  The  free-varying  phase  factors  have  been  separated  out  from  the  photon  operators  and 
atom  level-changing  opralors. 

We  have  defined*2*  an  emission  rate  operator  i(t)  as  that  part  of  — which  is  caused  by 
the  interaction  with  photons,  with  the  result 

/(I)  = „(()S-(t)e-‘<'-">>'  + h.c..  (2) 

k i 

Solving  eq.(l.l)  to  get  and  substituting  it  into  eq.(2),  one  may  separate  out  the  sponta- 
neous emission  rate  operator  from  /(t): 

UO  = E M*  f S+(t')S.( + ft.c.  (3) 

k;  Jo 


“ - 
“ - 

- - 
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The  Weisskopf-Wigner  approximation  now  takes  the  modified  form*2* 

E = (7  + 2 i&j)6{t  - 1'),  for  t-t’>  0.  (4) 

kj 

Substituting  It  into  eq.(3),  we  get  immediataly 

/sp  = 75+(«)5.(0  = 7P2(0-  (5) 


Eq.(5),  after  taking  the  expecting  value,  is  just  the  Einstein  formula  f >r  spontaneous  emission 
with  7 as  the  new  A coefficient. 

Taking  real  part  of  eq.(4)  and  integrating  it  over  t'  from  -oo  to  t,  we  get*2* 

7/7  " ^ L,  (u  - m,)2  + (6) 

where  7 is  the  usual  Einstein  A coefficient  in  vacuum,  up  is  the  plasma  frequency  and  uw*  denotes 
a cut-off  frequency  representing  the  limit  of  dipole  approximation. 

We  see  that  7/7  is  determined  solely  by  photon  decay  parameter  k(u;),  with  no  direct  reference 
to  atomic  parameter.  This  is  contrary  to  the  conjectur  of  Aumayr  et  al^. 

When  k is  small  and  independent  of  w,  the  right  hand  side  of  eq.(6)  will  reduce  to  1. 

Actually,  in  plasmas,  k is  contributed  by  the  inverse  Bremstrahlung  of  free  electrons  and 
selfabsorption  of  ions  of  the  same  kind  as  the  radiator.  Both  are  or  dependent,  but  only  the  latter 
is  important  unless  at  very  high  plasma  electron  density  (~  1021/oti3)-  So  we  shall  only  consider 
the  latter,  which  will  be  denoted  by  k /(a?),  in  the  following. 

K/(u>)  is  expressed  by 


k/M  = 


7TC3Afj7(Pi  - P2)  rT 

*4  (u>  — wq)2  4-  jTj 


(7) 


where  AT/  represents  the  ion  density,  Fr  is  the  total  width  of  the  spectral  line,  Pi  and  P 2 are  the 
average  populations  of  the  lower  and  upper  levels.  We  have  approximated  the  line  profile  by  a 
Lorentzian  shape  in  eq.(7),  actually  the  profile  is  convolution  of  a homogeneous  broadening  (Stark 
broadening)  and  an  inhomogeneous  broadening  (Doppler  broadening). 

The  frequency  behavior  of  k;(u>)  is  characterized  by  a peak  at  u — uo-  It  is  this  behavior 
which  may  cause  significant  reduction  of  7/7. 

To  explain  this,  we  simulate  the  variation  of  kj  with  u>  by  a simple  stepwise  function 


Kl(uj)  = 


{ 


KO 


UJQ  < Ur'c 
<J  > Uc 


(8) 


with  ko  > k{,. 

If  in  the  whole  range  ki(l>)  either  equals  Ko  or  equals  k'0,  the  integral  in  the  eq.(6)  will  amount 
to  nujQ.  The  curve  has  a larger  height  but  a smaller  width  as  compared  with  that  of 

’ so  S^ves  f^e  same  integral  value  when  substituted  in  eq.(6).  But  the  situation  of 
stepwise  function  eq.(8)  is  different,  comparing  it  with  the  above  mentioned  constant  cases,  it  is 
not  difficult  to  understand  why  the  stepwise  function  will  reduce  the  integral  value. 
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One  may  use  k{ojq)  zt  kj(uq)  to  scale  the  integration  interval  of  important  contribution  in 
eq.(6).  If  ki(u)  drops  down  rapidly  in  this  region,  then  the  reduction  will  be  large.  Since  IY/2 
scales  the  interval  of  significant  variation  of  kj(u>),  it  follows  that  tha  ratio  of  these  two  scales 
r*r/2 K/(wb)  determines  the  amount  of  reduction  of  7/7.  The  smaller  the  value  of  IY/2#s/(wb),  the 
heavier  will  be  the  reduction. 

In  this  way,  we  see  that  the  atomic  parameters  do  affect  the  value  of  Einstein  A coefficient, 
but  in  an  indirect  way. 

The  numerical  results  are  as  follows.  For  line  A = 5805A,  7/7  is  almost  kept  to  be  nearly 
l in  the  whole  range  from  Nt  = 1015/cm3  to  Ne  = 1020 /cm3,  because  IY/2#e/(tJb)  is  large, 
since  the  factor  Px  — P2  in  eq.(7)  is  very  small  in  this  case.  The  result  for  line  A = 312A  is 
shown  in  Fig  1.  In  low  density  region,  IY  is  mainly  contributed  by  Dopper  broadening  so  that 
it  is  independent  of  Ne,  and  this  in  turn  makes  k/(cjq)  proportional  to  Ne.  Therefore  when  Ne 
increases,  IY/2k/(m))  becomes  smaller,  leading  to  the  drop  of  7/7.  But  when  Ne  goes  beyond  a 
value  about  1.5  x 10l8/cro3, 7/7  turns  up,  because  IY  is  gradually  dominated  by  Stark  broadening, 
so  that  it  is  proportional  to  Ne,  which  in  turn  leads  to  Ne>independence  of  k/(uq).  As  the  result, 
there  is  a pit  or  hollow  in  the  curve 

The  dependence  of  7/7  on  temperature  is  also  interesting.  By  a similar  analysis,  we  have 
argued^  that  there  will  be  also  a pit  or  hollow  in  the  curve  7/7-T. 


3 Einstein  A coefficient  with  index  of  refraction  taken 
into  account 


We  begin  our  discussion  by  deriving  the  plasmas’  refractive  index  from  microscopic  equations. 
First  we  omit  the  contribution  of  free  electrons  which  is  less  important. 

There  are  numerous  ions  in  the  plasmas,  the  effective  coupling  constant  for  ion  l and  e.m.  field 
has  a position-dependent  factor  e*k  x(,) . 

In  gas,  the  orientation  of  atomic  dipole  (d)2i  is  random,  yielding  independent  of  j, 

= = (9) 

where 

Uk  = kc. 


We  define  a collective  atomic  operator  as  usual 


;wo  = 

l 


»k  x«>  ;(0 


(10) 


the  equation  for  a}kj  (t)  will  be  of  the  form 

= *Wfc«lj(0  + (11) 

* / l\  A 

In  the  case  of  steady-state  plasmas,  we  may  approximate  the  S3  in  the  equation  of  S+,k>  by 
its  average  value  ^{P2  — Pi)  plus  a fluctuation  term.  This  leads  to 

~S+ik}(t)  = (ru/'o  - -[r)5+iiy(<)  + iGkNjV(Px  - P2)a[.{t)  + fluctuation  term.  (12) 
at  2 3 
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We  see  from  eqs.(ll)  and  (12)  that  and  turn  into  each  other. 

To  derive  the  expression  for  index  of  refraction  n,  we  may  assume,  as  usually  does  in  classical 
electrodynamics,  that  S+tkj  will  do  forced  vibration  following  except  a fluctuation  term!®!.  By 

this,  we  get  an  expression  for  5+itcj  from  eq.(12).  Substituting  it  into  eq.(ll),  yields 


U)k  + 


ttcVNW  - P2) 

2wq(w-  wo  - ^zF) 


(13) 


where  w denotes  the  actual  frequency  of 

According  to  the  definition,  the  real  part  of  what  inside  the  square  brackets  is  just  equal  to  w. 
Thus  we  get  an  equation  for  w: 


W — Wfc  + 


ircS  N,{Px-P2) 

2 u%  (w  - u>o)2  + jP 


(w  — Wo). 


The  expression  of  index  of  refraction  follows  immediately, 

N,(Pi  ~ fi) 

ojk  + 2w3  (w-u*)»  + }P» 


(w  - Wo). 


(14) 


(15) 


The  imaginary  part  of  what  inside  the  square  bracket  will  be  /c/(w).  The  expression  so  obtained 
for  K/(w)  is  the  same  as  eq.(7),  r*xcept  IV  is  replaced  by  I\  The  difference  lies  in  that  Iy  in  eq.(7) 
rheady  contains  the  contribution  of  Doppler  broadening. 

We  may  generalize  the  above  result  by  including  the  contribution  of  plasma  free  eletrons. 
Besides,  since  in  the  present  case  the  wave  number  k is  real  , the  operator  dj^  decays  with 
time,  S+yj  must  also  do  damped  vibration  accordingly.  This  means  that  w in  eq.(14)  must  be 
analytically  contiued  to  complex  value  which  will  be  denoted  by  ft: 


n — wit  + 


ttc37  N,(Pi  - P2) 
2u>q  (fi  - wq  - |irr) 


w' 


2(fi  - if) 


(16) 


in  whidh  T is  also  replaced  by  Tr  as  in  eq.(7). 

This  is  a third  order  equation  for  fi,  it  allows  us  to  derive  D = w + for  every  given  real  value 
of  w*(w*  = kc).  We  will  choose  the  root  whose  real  part  is  nearest  to  w*  for  photon.  In  the  case 
of  A » 5805 A,  no  problem  appears.  The  so  obtained  curve  w-w*  is  like  the  usual  dispersion  curve 
of  gas.  In  this  case  the  affection  of  medium  polarization  on  7 is  indeed  very  small. 

In  the  case  of  A = 312A,  the  situation  is  different.  For  certain  range  of  Ne,  the  dispersion 
curve  for  photon  and  for  collective  atomic  dipole  (5+ikj)  are  totally  mixed  in  the  resonance  region. 
This  means  the  quantum  of  the  polarization  field  has  coupled  to  photon  to  form  polaritons  as  in 
solids!6,7!.  In  this  case,  the  affection  of  medium  polarization  is  significant. 

The  occurence  of  such  situation  depends  on  the  relative  stn.  igth  of  coupling  and  damping. 
To  show  explicitly,  let  us  examine  the  simpler  case  without  contribution  of  free  electrons.  Now  fi 
satisfies  a second  order  equation.  The  two  roots  at  w*  = ufo  are 


n = w0  + -rv  i 
4 


(17) 
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where 


(18) 


just  the  product  of  the  two  couple  constants  between  dy  and  S+t y in  eqs.(ll)  and  (12). 

When  a < (weak  coupling),  the  real  part  of  the  two  roots  given  by  eq.(17)  equal  each 
other,  corresponding  to  the  usual  case  as  A = 5805A.  On  the  other  hand  when  a > (strong 
coupling),  the  real  parts  of  the  two  roots  are  different,  corresponding  to  the  situation  of  polariton 
formation.  It  is  interesting  to  note  that 


= Jx_ 

2a  K](ujq)  ’ 

therefore  the  two  conditions  < 1 and  a » almost  correspend  to  each  other.  Namely 
the  region  of  polariton  formation  will  cover  the  region  of  the  pit  discussed  in  last  section. 

This  work  is  a part  of  project  supported  by  National  Natural  Science  Foundation  of  China. 
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Figure  Caption 

1.  Dependence  of  y/y  on  x for  line  312A  of  ion  C/y.  x -■  iVe/1019cm~3,  T = 5et>. 
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Fig.  1 
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Abstract 

The  notion  of  atomic  coherent  states  is  extended  to  the  case  of  multilevel  atom  collective. 
Based  on  atomic  coherent  states,  a holomorphic  representation  for  atom  collective  states  and 
operators  is  defined.  An  example  is  given  to  illustrate  its  application. 


1 Introduction 

Atomic  coherent  states  have  been  introduced  in  quantum  optics  for  more  than  twenty  years*1-3*. 
They  are  the  analogue  of  boson  coherent  states  and  exhibit  approximate  classical  behavior  when 
the  mean  atom  numbers  on  the  relevant  levels  are  large.  But  until  now  such  states  are  only 
available  for  collective  of  two-level  atoms.  We  have  extended  this  formulation  to  multilevel  case*4*. 
Since  many  optical  processes  involve  atoms  of  three  or  more  levels,  it  is  expected  that  this  extension 
will  play  a role  in  the  theory  of  such  processes  as  cascade  superfluorescence  and  superradiant  lasing. 
In  addition,  like  the  photonic  counterparts^,  the  atomic  coherent  states  may  also  be  used  to  define 
a holomorphic  representation.  In  come  cases,  it  is  convenient  to  use  this  representation  to  treat 
the  collective  interaction  of  atoms  with  the  light  field. 

We  shall  give  a brief  introduction  of  our  work  in  the  following. 


2 Multilevel  atomic  coherent  states 

For  concreteness  let  us  consider  the  fully  symmetrical  states  of  N three-level  atoms.  In  Fock 
representation,  such  states  are  denoted  by  |ns,n2,ni),  where  ns,  n2,  ni  are  numbers  of  atoms  in 
the  upper,  middle  and  lower  level  respectively.  The  observab'es  of  1-th  atom  may  be  expressed 
oy  the  generators  5$  of  the  group  517(3),  where  s,*  are  level-change  operators  for  j £ k,  and  are 
population  operators  for  j = k.  The  collective  atomic  operators  Sjt  is  defined  as 

0) 

i=i 
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Each  atomic  coherent  state  in  this  subspace  is  characterized  by  two  complex  parameters  a and 

/* 

= irTiai»(iTimF^''^|W'°'0)-  (2) 

We  might  as  well  define  atomic  coherent  state  by  and  subsequently  by  (Renting  on 
10,0,  N).  This  latter  definition  is  somewhat  more  close  to  that  of  photon  coherent  state. 

The  meaning  of  parameters  a and  0 can  be  seen  from  the  expectation  values  of  (»»),  (ns), 
(n*)  and  (S**)  for  j f k: 

(ns)  : (n?)  : (nj)  = 1 : |a|2  : |a£|2,  (3) 


and  the  phase  of  a and  0 are  just  those  of  (Ssa)  and  ($u)  respectively. 

If  both  \a\  and  \0\  are  of  order  1,  namely  all  (ns),  (ns)  and  (m)  are  of  order  N.  then  all 

are  of  order  TWs  remits  confir  n that  atomic  coherent  states  tend  to 


display  classical  behavior  when  (n*)’s  grow  laige. 

The  states  with  different  a,  0 are  not  orthogonal  to  each  other.  But  they  form  an  overcomplete 
set  in  the  discussed  subspace.  We  have  found  the  weight  function 

(N  + 1)(N  + 2)  |a|* 


e(iam)  = 


[i  + |oP(i  + ;.n*)r 


(4) 


such  that 

f<ea<P0a\a\.m)\a.tri(afl\  = l.  (5) 

The  above  dicussion  can  be  extended  to  other  subspaces.  It  is  also  easy  to  be  extended  to 
atoms  with  more  levels*4!. 


3 Atomic  holomorphic  representation 


like  bosonic  case,  one  can  define  an  atomic  holomorphic  representation  based  on  atomic  coherent 
states.  We  shall  illustrate  this  interesting  concept  in  the  simplest  case,  a collective  of  two  level 
atoms,  and  consider  the  fully  symmetrical  subspace. 

A holomorphic  representation  employs  a holomorphic  function  /(»*)  which  is  analytic  in  the 
whole  a*  plane  to  represent  every  state  in  the  discossed  subspace. 

Actuf-ily,  /(a*)  is  a polynomial  of  order  N,  a vather  well  behaved  function.  Accordingly,  each 
atomic  operator  will  be  represented  by  a holomorphic  function  of  two  complex  variables  a*  and 
0.  Wc  shall  do  some  explanation  in  the  following. 

The  completness  of  the  two-level  atomic  coherent  states  in  the  discussed  subspace  is  expressed 


by 


1 = 


tf+1 


/ 


dPa 


(1  + |o|a)2 


|a)(a|. 


(6) 


By  this,  we  get 


l/> 


JV  + 1 
x 

AT+  1 


dPa 


/ (1  + |a|!)! 

r <Pa 

M 1 + 


laX°l/) 


|a|2)N/2+2 


/(a*)  |a), 


(7) 
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in  which 


/(<**)  = (1  + W2)"/,<o|/>  = (1  + |a|a)w/a  £>|W  - n,n)(N  - n.n| /),  (8) 

n«0 

where  |AT  — n,n)  denotes  the  Fock  state  in  the  fully  symmetric  subspace, 
invoking  the  well  known  value  of  (a\N  - n,n),  we  get 

/(«•)  = E /»(“')"  (9) 

RsO 

with 

f~=(n)  <Ar-n'nl/)'  CO) 

Similarly,  we  can  expand  any  atomic  operator  T by  |a)(/?|  as 

T = ~ / (l  + Jaj2)w/2+a  (1  + j^|2)W/2+2'r^a  Oi  l) 

T(a\0)=  jr  Ua’)T  (11-2) 

»Mt=l 

where 

Tra  = (JV-m|T|/V-n,n)^)  . (12) 

The  operation  of  T on  a state  | /)  is  described  as  follows.  Let 

! 9)  = 71/) 

then  the  holomorphic  representation  g(a*)  is  given  by 

»(<>•) =^/ 03) 

Futhermore  we  have  shown*4!  that  in  holomorphic  representation  the  collective  atomic  operators 
5+,  S-,  S3  may  be  also  represented  by  differential  operators  as  gg?,  (Na*  — q*2^t),  (y  — a’g^r) 
when  operating  from  left,  and  as  {N0  - /J2  J,),  (y  — /5g|)  when  operating  from  right. 

To  our  knowledge,  there  is  only  one  problem  which  have  been  solved  analytically  for  arbitrary 
value  of  N,  namely  a collective  of  two-level  atoms  in  an  external  field*6*’*7*.  This  problem  can 
be  solved  in  a comparatively  easier  way  by  our  formulation.  Let  us  see  the  simpler  case  of  no 
detuning. 

The  atomic  density  operator  p now  obeys  the  master  equation. 

^ = -tfi(5+  + S-,p|  + 7(25-/55+  - pS+S-  - 5+5-pJ.  (14) 
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Abstract 

The  active  microcavity  is  adopted  as  an  efficient  source  of  non-classical  light  By  tins 
device,  excited  by  a mode-locked  laser  at  a rate  of  ICO  MHz,  single-photons  are  generated 
ova-  a single  field  mode  with  a nondassicai  sub-poissonian  distribution  The  process  of 
adiabatic  recycling  within  a multi-step  Franck-Condon  molecular  optical-pumping 
mechanism,  characterized  in  our  case  by  a quantum  efficiency  very  dose  to  one,  implies  a 
pump  self-regularization  process  leading  to  a striking  n-squeezing  effect.  By  a replication  of 
the  basic  single-atom  excitation  process  a beam  of  quantum  photon  I n>-states  (Fock 
dates)  can  be  created.  The  new  process  represents  a significant  advance  in  the  modem 
fields  of  basic  quantum-mechanical  investigation,  quantum  communication  and  quantum 
cryptography 

1 Introduction 

The  generation  of  non-classical  light  is  an  important  topic  of  modem  physics  since  it  provides  the 
basic  tools  for  the  investigation  of  fundamental  processes  involving  the  quantum  interferometry  of 
partides.  Furthermore,  on  a more  technological  perspective,  the  realization  of  a reliable  source  of  this 
kind  of  radiation  is  today  considered  to  be  an  essential  feature  of  any  realistic  advanced  program 
involving  quantum  cryptographic  communication  and,  possibly  in  the  future,  quantum  computation  ,'2. 
For  this  purpose  the  method  of  pump  self-regularization  has  beat  adopted  in  the  past  within  a few 
dynamical  processes  to  provide  the  sub-poissonian  character  of  the  generated  light  3.  These 
essentially  are:  the  electron-charge  induced  antibunching  process  acting  within  the  excitation  of  a 
semiconductor  laser 4 and  the  Rabi  dynamics  in  resonant-fluorescence  with  excitation  of  single  atoms 
in  a beam,  in  a trap  or  in  a solid  host 5’6,7.  The  use  of  the  latter  process  is  very  difficult  in  practice 
because  of  the  delicate  high-resolution  spectroscopic  techniques  needed  for  the  resonant  excitation 
of  confined  single  atoms  in  space,  of  the  hard  problem  of  discriminating  a very  weak  beam  in  the 
presence  of  a strong  one  at  the  same  wavelength  and,  most  important,  of  the  inefficiency  of  the 
process  sine;  the  weak  resonan;  scattering  occurs  in  all  spatial  directions.  In  this  letter  we 
demonstrate  that  these  problems  can  indeed  be  overcome  by  a novel,  efficient  single-molecule 
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pump  seif-regularization  scheme  and  by  making  use  of  a smart  combination  of  optical  techniques 
partially  based  on  the  peculiar  properties  of  the  microcavity  in  the  contact  of  atomic  spontaneous 
emission  (SpE) The  result  is  a new,  efficient  generator  of  a non-classical  single-photon  state  that 
can  be  transformed  into  a quantum  Fock  |n>-state  generator. 


2 Experimental  setup 

Let  us  outline  our  method  by  referring  to  the  single-molecule  condition.  A single  Oxazine  720 
molecule  absorbing  and  emitting  radiation  at  A,  =2xc/co,  and  X=2xc/<d  respectively,  was  excited 
within  a single  longitudinal-mode  microcavity,  with  relevant  dimension  d=mX/2,  m=l,  finesse 
£*1600,  and  terminated  by  two  parallel,  plane  Bragg-reflectors  (or  mirrors,  i=I,2)  highly  reflecting  at 
X CM  In  1 2 «1)  and  transparent  at  X*  < X.  Because  of  this  last  property,  the  excitation  of  the 
molecule  could  indeed  be  localized  within  a small  volume  V*d*Sp  about  equal  to  X*  at  the  intersection 
of  the  cavity  active  layer  with  the  focal  region  of  a 3 cm  f-1  tens  collecting  the  excitation  from  a 
pulsed  laser  beam  operating  at  X,.  In  the  best  configuration  the  device  was  excited  by  a collision- 
pulse-mode-locked  (CPM)  laser  emitting  at  X,  * 615  nm  a sequence  of  equal  pulses,  referred  to  as 
“fit-pulses”,  with  duration  5t  = 0.1  ps,  energy  €=0.12  nJ,  rate  v=(l/At)=100  Mhz.  The  experiment  was 
also  ried  out,  successfully  but  with  far  more  critical  requirements  for  the  parameters  fit,  €,  at 
X,=532  nm,  with  a 5t=  5 nsec,  v=20  Hz,  pulsed  beam  SHG  by  a Nd-Yag  Q-switched  laser.  The 
selected  active  system  was  a molecular  solution  in  ethilene-glycol,  a very  viscous  solvent  at 
T-300°K  , with  concentration  in  the  range  p=10I2+10‘*  on'3,  absorption  cross-section 

op  (Xp)=21016  cm2  and  free-space  SpE  time  (Tt)o  * l/To»  4 nsec  at  the  emission  X=702  nm  at 
which  the  microcavity  is  tuned.  Furthermore,  very  important, the  selected  molecule  had  a singlet  four- 
level  optical  pumping  quantum  efficiency  r\  very  dose  to  one  9.  With  a calibrated  p and  well  stirred 
and  highly  filtered  solution,  to  avoid  any  molecular  clustering,  the  search  for  the  tingle-molecule 
excitation  condition  was  accomplished  by  transversal  displacements  of  the  lens  focus  in  the 
microcavity  active  plane.  Once  found,  this  condition  kept  fairly  stable  in  time  at  T*300°K  albeit  a 
long  term  stability  was  obtained  by  cooling  the  system  at  1Q°K  by  a closed-cycle  Joule-Thomson 
cryostat.  According  U a useful  property  of  the  microcavity  with  m=l  and  to  its  actual  geometry, 
the  light  emission  took  place  over  two  counter-propagating  plane-wave  modes  with  vectors  k and 
k’=  -k  orthogonal  to  the  mirror  9.  As  far  as  the  basic  dynamics  is  concerned,  since  the  quantum- 
efficiency  of  the  molecular  absorption-emission  cycle  is  q *1,  we  may  My  that  virtually  every 
pump  photon  extracted  from  the  laser  beam,  i.t.,  with  poissonuu.  statistics,  at  Xp  is  re-emitted  at  a 
different  X over  k or  k\  with  an  antibunched  character  because  of  pump-regularizatic  % and  then 
detected  Precisely,  the  overall  pump-regular  zation  arises  from  the  synergy  of  several  processes:  the 
short-pulse  excitation  of  a single  molecule  and  the  “cycle  self-reguiarization”  due  to  the  finite  time 
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taken  by  the  excitation  to  cycle  adiabatically  through  a 4-level  system  before  restoring  de-excitation, 
as  we  shall  see.  The  latter  process  may  be  somewhat  related  to  the  laser  squeezing  model  proposed 
by  Ritsch  ct  al.  I0.  The  statistical  character  of  the  output  beam  was  assessed  by  a Hanbury-Brown 
Twiss  (HBT)  apparatus  shown  in  Fig.1  while  detection  was  provided  by  two  cooled  (RCA31034-A) 
phototubes,  PMu,  with  quantum  efficiencies  $i«  £2  * 0.12,  average  noise  rae  *>  100  Hz.  The  data 
analysis  was  carried  out  with  a gated  SR400  photon-counter  or,  when  necessary,  by  charge 
integration  at  the  PM  anodes.  In  addition  to  tins  experiment,  an  equivalent  Hanbuiy  Brown-Twiss  test 
was  also  carried  out  by  adopting  an  active  microcavity  with  , with  no  use  of  any  external 

beam-splitter,  the  two  arms  of  the  HBT  interferometer  being  amply  provided  by  the  two  output 
modes  k,  k\  as  sho'vn  by  Fig.  1. 


Fig.  1.  Collision-Pulse-Mode-Locked  laser-excited  microcavity  and  Hanbury 
Brown-Twiss  apparatus. 

.Itese  ones  may  be  interpreted  as  corresponding  to  the  two  pure  momentum-states  that  form  the  baas 
of  the  quantum  superposition  representing  any  single-photon  cavity  excitation.  This  novel  experimental 
configuration  appears  conceptually  interesting  as  it  suggests  to  interpret  the  microcavity  as  a new 
kind  of  active  beam-splitter. 
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3 Quantum  description  of  the  antibunching  process 

Let’s  look  more  closely  at  the  coupling  process,  by  assuming  a symmetrical  cavity,  m-1  and  a 
momentum-state  superposition  of  the  polarized  emitted  photon  over  the  modes  k,  k*  with 
corresponding  mutually  commuting  operators:  ft  oft^,  I'eft^*  n. 

The  normal-ordered  Hamiltonian  of  the  system  is: 

H - ft©  6*6  + ft©{ft*  aV  ft*}  + Z*  ft® , ft„  - i hK , 6*  (ft’)-  - i hK  (ft*  + ft,f  ) ft-  + h.c.  (1) 

being  6 the  single-mode  pump  field  operator,  Kp  , K ac>Jr\  appropriate  coupling  parameters 
proportional  to  corresponding  Rabi  frequencies  Op,  Q,  t)*3  the  microcavity  field-enhancing  factor, 
is  | ixj  | (i  j = 0 to  3)  the  transition  operators  relative  to  the  4 -level  system  modelling  the  relevant 
features  of  the  Franck-Condon  dynamics  of  the  single  molecule.  The  system  evolution  is  simplified  by 
analyzing  it  separately  in  the  two  2-dimensional  Hilbert  subspaces  spanned  by  states  (|  1>,  1 2>), 
( |0>,  1 3>)  since  their  respective  dynamics  are  only  connected  by  a roto-vibrational  fast  relaxation 
process  via  a single  coupling  parameter:  y=l/T2  *5. 1QJ2  sec'1  12.  The  transition  operators  are. 
ft*s|ox3i,  (ft’)-*  1 1X2 1 in  the  subspaces  where  the  usual  spin  commutation  relations  hold  for 
primed  and  unprimed  operators.  This  allows  a detailed  study  of  the  main  features  of  the  evolution  of 
the  absorption-emission  cycle  responsible  for  the  seif-regularization  dynamics  3.  In  particular,  the 
SpE  from  level-3  is  characterized  by  a cavity-enhanced,  quasi-exponential  decay  parameter: 
r®2i|Q|J[C(A®)-C*(A<»)]  where  £(Aco)  is  the  complex  Heftier’ s function  13 : for  our  system:  y »T. 
By  assuming  that  at  the  initial  time  of  any  (square)  fit-pulse,  t =0,  the  molecular  excitation  is  in  the 
ground  state,  < ftu  >=1,  the  dynamics  is  analyzed  by  a Torrey  type  formulation  leading  to  the 
relevant  statistical  averages  involving  the  field  emitted  and  detected  at  the  retarded  time  t’=(t+z/c) 
by  a detector  placed  at  a distance  z from  the  center  of  the  cavity,  on  its  axis **4.  For  instance,  the 
intensity  <:I(t’):>  radiated  after  excitation  by  a sequence  of  equal  fit-pulses,  with  5t«rl  and  time 
interval  At  ev'1: 

<E- (z,  t’)  E+(z,  t’)  > = K repT<n+(t)ft-(t)>,  repTu(t)s  £nu(t- nAt)  w.  (2) 

-co 

For  t >8t  is  found: 

<ft+(t)ft-(t)>  - A{  1-  exp(-3yfit  12)  cos(X  fit)  + B exp(-3yfit  12)  sin(X  6t)}exp(-r  t),  (3) 

with:  X=[|fip| 2-  (y/2)*f , A - (3/2)[y  I fl,  | /( | Q f | ■ * +2y2)]2,  B *(  | Qp  1 2 - 5y2/2)/(3yX)  for  T«  y. 
Note  that  with  the  parameters  corresponding  to  the  CPM  excitation  in  our  experiment,  each  laser 
fit-pulse  is  a n-pulse  for  the  overall  dynamics,  since:  CVT2  *[6  cpe/(y  fit  Sp  ft®p)]  >1,  flp«5t « %. 
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St-pulse  is  a n-pulse  for  the  overall  dynamics,  since:  fip»T2*[6  0p6/(y  5t  Sp  /top)]  >1,  Qp«6t  « n. 

Then,  if  a single  molecule  interacts  with  that  pulse,  the  excitation  does  not  have  time  to  cycle  more 
than  once  within  the  4-level  system,  leading  to  the  emission  of  no  more  than  one  photon  for  each 
5t-pulse  This  is  precisely  the  origin  of  the  mechanism  of  self-regularization  and  determines  the 
antibunched  character  of  the  emitted  radiation  “ With  the  excitation  provided  by  longer  pulses 
5t»l/T,  the  ic-pulse  condition  becomes  very  critically  dependent  on  all  parameters  and  there  is  the 
possibility  of  multiple  cycles  within  6t  with  a Poisson-type  multiple  emission  9.  The  above  analysis 
is  completed  by  the  evaluation  of  the  degree  of  second-order  coherence: 

Ba'(t ) - <:i  (t')i  (t’+t):>/[ci  (t ’):>]*.  (4) 

This  relevant  quantity  is  evaluated,  as  usual,  by  first  expressing  the  emission  intensity  average 

<n+(t+t)K*(t+t)>  as  a linear  superposition  of  molecular  raising-lowering  operator  averages 
evaluated  at  time  t . Then,  the  second-order  correlation  function  appearing  at  the  numerator  of 
g<2)(x)  is  evaluated  with  the  help  of  the  quantum  regression  theorem  l6,17.  In  view  of  the  spontaneous 
emission  dynamics  involving  the  states  1 3>,  1 0>,  we  may  write  the  intensity  average  in  the  simple 
form: 

<jc+(t+t)jr(t+x)>  = pj  (x  ) + P2(x)»<Tt+(t)7T(t)>,  (5) 

where  pi  (x  ),  P2  (x  ) are  evaluated  by  solving  the  master  equation  accounting  for  the  emission 
process.  This  leads  to  a straightforward  evaluation  of  ga>(x  ).  This  quantity  is  given  here  for  a 
4-level  molecule,  for  x <At  and  for  two  extreme  5t-pulse  excitation  conditions,  8t«l/T  : 

(2) 

(a)  excitation  by  a single  6t-puise:  : g (x)=[  pt  (x  ) / Pi  (00  )]=[1-  exp(-  Tx)] 

(b)  excitation  by  a sequence  of  6t-pulses,  rateAf1  : g (x)=rAt  [l-  exp(-rx)]/[l-  exp(-TAt)]; 

I~At>l  We  see  that  in  both  cases  is  g<2>  (0)  = 0,  as  expected.  In  order  to  account  formally  for  the 

experimental  parameters  involved  in  the  HBT  test,  an  equivalent  quantum  photodetection  theory  may 

18 

be  conveniently  expressed  in  terms  of  the  coincidence  parameter  a introduced  by  Grangier  et  al.  . 
Within  the  context  of  our  work,  this  parameter  is  defined  in  terms  of  the  probabilities  of  registering,  by 
two  detection  channels  1,  2 relative  to  the  output  ports  of  the  HBT  beam-splitter,  coincidence-  and 
single-signals  for  each  6t-pulse  and  within  a gate  interval  At,  starting  at  t: 


(p,(<.At.)) 

(Pi(1'4t.))-(P:(,.4,1)) 


(6) 
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For  single  mode  excitation  of  the  beam  splitter,  At,«T  i , we  obtain  by  quantum  theory 3 : 


a(n)  « a(o.  At,)  = 


Tr 

IpN 

l-exp^a 

;*,)][!- «xp(-5,ak) 

II 

TrjpNjl-exp^aJa,)] 

•Tr(pN[l-exp(-^a;a2)]) 

(7) 


where  p represents  the  properties  of  the  source  field  and  N is  the  normal-ordering  operator.  By 
the  n-state  expansion:  pes2oPn|nXn|,  a is  finally  obtained  for  some  relevant  photon  distributions: 


1)  Chaotic:  Pn  =fiB /(l+fi),tn  o- 

j|0 

2)  Coherent.  PB  = — expC-fi)  a = 1 

3 ) Antibunched.  Pn=  8,-n  a=  (l-KK.T’-^R’f-CK.T’f-d^R’)8  ] . 

bring  R’=  I r | 2,  T’~  1 1 1 2 the  optical  parameters  of  the  (loss-less)  beam  splitter  and  IT  the  average 
number  of  photons  emitted  after  each  excitation  8t-p»lse.  By  a first  order  expansion  of  a,  the  second- 
order  correlation  function  may  be  expressed  in  the  form:  g (0)  = ( a - B(Tf  )]*[A(If ))'' , where: 


A(n)  = 


and. 


B(n) 


Tr[pa*a,]«Tr 

PS’S,] 

Tr[pN[l  - exp(-^aja,)] 
Tr{pN[l  - exp(-^aja,)] 

l)*Tfl 

1-ex 

pN[l-exp(-^a&)]} 

- a!a.ala2 } 

TrjpNfl-expf-^afa,) 
n— 1 is:  (0)  a a x 0. 

)*Tr| 

[pN[l  - exp(-^a|a2)]} 

(8) 

(9) 


4 Experimental  result 

The  parameter  a is  plotted  in  Fig.  2 for  the  three  cases  Vs.  IT  and  th?  molecular  p oc  n,  for  our 
experimental  conditions. 
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Fig.  2.  Coincidence  parameter  a (IT)  as  function  of  the  number  of  photons 
•x'  it  ed  after  each  exitation  pulse  and  of  the  molecular  concentration.  The  time-gate  of  the 
lrC'f  .pparatus  was:  Atg  = 1 nsec 

No-*’  ir  Fig.  2 the  good  experimental  verification  for  Tf>l  of  the  theoretical  curve  expressing  a 
(IT)  in  the  sub-pc  icsonian  condition,  viz.,  implying  the  pure  n-state  distribution:  PB=  8a  B.  These 
results  of  the  HBT  experiment  show  that  an  increasing  sub-Poisson  character  of  the  output 
radiation  is  gradually  established  for  p varying  over  two-order  of  magnitude,  leading  for  p»7«1014  cm'3 
to  the  striking  figure  a = ga)  (0 » *■-  0 for  n-W  =1.  This  last  result  has  been  obtained  at  T=300°K  with 
a 50%-50%  beam-splitter  within  a run  involving  a number  of  counts  equal  to  1.5»104  by  each 
detection  channel.  Within  this  run  no  coincidences  were  detected.  The  other  experimental  points  in 
Fig.  2 were  determined  approximately  by  the  same  number  of  counts. 


5 Conclusion 

All  this  provides  the  first  demonstration  that,  under  appropriate  conditions,  it  is  possible  to  conceive  a 
macroscopic  quantum  device  that  emits,  over  a single  output  radiation  mode  a single-photon  per 
pulse,  with  a quasi  deterministic  generation  of  a quantum  radiation  state,  at  repetition  rates  as 
high  as  100  Mnz  and  with  a quantum  efficiency  close  to  one.  This  result  leads  to  a still  more 
important  consequence.  The  single-molecule  excitation  process  could  be  straigthforwardly 
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reproduced  n-tunes  within  the  same  device  by  multiple  focusing  within  the  macroscopic 
.ransverse-extenaon  L of  the  sane  field  mode  19  Since  within  tint  mode  the  SpE  dynamics  of  the 
n excited  molecules  are  strongly  coupled  by  rdativistkally-causal,  superradiant  interactions  acting 
with  a retardation  time  tt  shorter  than  tin  coherence-time  t*  of  the  field  emitted  by  the  microcavity 
(with  f»l):  t,*Vo«2(X/c)Vfc<Tcn<X/c)f  then  the  indistinguishable  emitted  n stifle-photons  do  belong 
to  the  same  space-time  extension  of  the  output  field-mode,  i.e.,  they  form  a quantum  { n>-state  20 
The  experimental  realization  of  these  conditions  would  certainly  determine  a new  exciting 
endeavour  within  tin  quantum  optics  community.  Tin  prebntinary  results  of  our  investigation  in 
tins  direction  are  quite  encouraging  We  acknowledge  useful  discussions  with  P.  MHonni,  1. 
Franson  and  Y.  Shihl 


(•)  Present  address:  Max-Ptanck  Institut  fur  Quantenoptik,  Garching  D-85748,  Germany. 
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Abstract 

We  briefly  review  quantum  mechanical  and  semi-ciassicai  descriptions  of  experiments 
which  demonstrate  the  macroscopic  violation  of  the  three  Cauchy- Schwarz  inequalities: 

»!?(«)  > i;  »i?(0)  > »i?«.  (<  - <»);  IjSW  < #!?«>)  »S»(0). 

Our  measurements  demonstrate  the  violation,  at  macroscopic  intensities,  of  each  of  these 
inequalities.  We  show  that  their  violation,  although  weak,  can  be  demonstrated  through 
photodetector  current  covariance  measurements  on  correlated  sub-Poissonian  Poissonian, 
and  super  Poissonian  light  beams.  Such  beams  are  readily  generated  by  a tandem  array  of 
infrared-emitting  semiconductor  junction  diodes.  Our  measurements  utilise  an  electrically 
coupled  array  of  one  or  more  infrared-emitting  diodes,  optically  coupled  to  a detector  array. 
The  emitting  array  is  operated  in  such  a way  as  to  generate  highly  correlated  beams  of 
variable  photon  Fan  Factor.  Because  the  measurements  are  made  on  time  scales  long 
compared  with  the  first  order  coherence  time  and  with  detector  areas  large  compared  with 
the  corresponding  coherence  areas,  first  order  interference  effects  are  negligible. 

The  first  and  second  inequalities  are  violated,  as  expected,  when  a sub-Poissonian  light 
beam  is  split  and  the  intensity  fluctuations  of  the  two  split  beams  are  measured  by  two 
photodetectors  and  subsequently  cross- correlated. 

The  third  inequality  is  violated  by  bunched  (as  well  as  antibunched)  beams  of  equal 
intensity  provided  the  measured  cross  correlation  coefficient  exceeds  (F  - 1 )/F,  where  F is 
the  measured  Fano  Factor  of  each  beam.  We  also  investigate  the  violation  for  the  case  of 
unequal  beams. 


1 Theory  of  The  Macroscopic  Violation 

The  first  inequality  addresses  the  correlation  between  the  intensity  fluctuations  in  the  two  beams 
emerging  from  a 50/50  optical  beam  splitter.  Loudon^  gives  the  standard  quantum  result  for  a 
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single  mode  beam  with  mean  photon  number,  < n >: 

0t? (0)  =<  n(»  - 1)  > / < n >a  (1) 

and  Paul*2'  obtains  the  same  result  by  treating  the  photon  beam  as  a beam  of  classical  distin- 
guishable particles,  subject  to  Bernoulli  partition.  In  the  absence  of  interference  noise,  that  is 
for  a broadband,  multimode,  incoherent  source  on  time  scales  long  compared  with  the  coherence 
time  and  with  detector  areas  large  compared  with  the  coherence  area  (Teich^),  this  treatment  is 
justified  (as  it  is  also  for  a single  mode  situation).  It  is  evident  from  expansion  of  equation  (1) 
that  gn  may  be  written: 

ji?(0)  - 1 + (2) 

This  form  shows  that  any  violation,  (a  value  less  than  unity)  requires  sub- Poissonian  variance 
(F  < 1)  and  must  be  weak  in  the  macroscopic  limit  (n  > > 1).  Nevertheless  macroscopic 
violation  can  be  readily  demonstrated  in  a H anbury  Brown  type  experiment  using  a single  light 
emitting  diode  driven  from  a high  impedance  source  (Edwards^).  The  same  configuration  serves 
to  show  violation  of  the  second  inequality.  Both  these  violations  can  be  deduced  from  the  measured 
covariance  between  the  macroscopic  photocurrents  *j,  i2  for  the  split  beams. 

As  pointed  out  by  Loudon^,  violation  of  this  inequality  is  a fundamental  quantum  result 
resulting  from  the  photoelectric  detection  of  either  the  transmitted  or  the  reflected  photon.  As 
we  shall  see  however,  Loudon’s  assertion  that  “non-classical  effects  tend  to  be  most  marked  for 
beams  with  small  well  defined  numbers  of  photons”  is  (rather  surprisingly)  apparently  not  true 
for  the  third  inequality: 

taS’(o)l*  < *!?(o)*8'<o)  (3) 

which  is  violated  at  macroscopic  intensities  for  bunched  and  unbunched  beams  as  well  as  for  the 
antibunched  beams  for  which  the  first  inequality  is  weakly  violated  at  macroscopic  intensities. 

It  is  well  known  that  the  Cauchy-Schwarz  inequality  with  time  delay  t between  the  two  beams 
U,  HAM 

i«s;>(()i!  s *f?«y?(o),  (4) 

where  g\f  is  the  second-order  coherence  function.  For  t = 0,fe  have  the  following  inequality  if 
we  use  a “ classical  particle”  description^: 


< ni«2  >a  < »i(ni  - 1)  > < n2(n2  - 1)  > 

(<  ni  ><  n2  >)2  ~ < »i  >a  < n2  >2 


That  is 


< ntn3  >a<  (<  u|  > - < nx  >)(<  n,  > - < n2  >). 

In  order  to  violate  the  Cauchy-Schwarz  inequality,  we  should  have 

< win2  >2>  (<  nj  > - < ni  >)(<  n|  > - < »a  >). 

So  that  we  have 

F\F% (ra  — 1)+  < n > (2r^FiFj  + 2 — (Ft  + F2)]  + (Ft  + Fj)  — 1 > 0 


(5) 

(6) 

(7) 

(8) 
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where  r is  the  cross  correlation  coefficient  and  Ft  and  Fa  are  the  Fhao  Fhctors  hr  each  beam.  Fbr 
macroscopic  violation  (large  < n >): 


(2r^ F\Ft  + 2 — {Ft  + Fjj  > 0 (9) 

If  F\  **  F*  * Fc,  the  measured  Fkno  Factor,  we  may  obtain  the  following  result  from  inequality 

(8): 

(rF0  - F„  + 1)  > 0,  (10) 


hence 


r > 


Fo-l 
F0  • 

We  therefore  have  the  fiffiowing  violation  conditions: 


(11) 


1.  For  F0  = 1 (Poisskm),  all  positive  correlations,  i.e.  r > 0; 


2.  Fbr  Fc  < 1 ( Anti-bunched),  all  positive  correlations,  Le.  r > 0; 

3.  Fbr  Fo  > 1 (Bunched),  r > |(/e  - \)(F0\. 

This  case  is  shown  in  Figure  I. 


Figure  1:  Two  different  violation  regions,  I (F»  < 1)  and  n (F0  > 1). 
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2 Violation  For  Twin  Beams  Generated  by  Coupled  LED’s 

Figure  2 shows  the  arrangement  adapted  by  Edwards^*  to  generate  quantum  correlated  twin 
beams. 


Figure  2:  Series- connected  infrared  emitting  diodes  (L2656)  configured  to  generate 
positively  correlated  intensity  fluctuations. 


Prom  Figure  2,  we  have  *i  = *2  and  1/1  = 1/2,  so  iid  — *m  and  < *ui  > = < >•  The  correlation 

coefficient  is  given  by 

9 m • S 

(12) 

*W  ><  > 


< *u»tt  > 

**«  = 


7^1  — 


This  can  be  easily  shown  to  be 


Here  Fi  is  the  Fano  Factor  at  the  source  and 


(13) 


F0  = 1+irffl-l) 

is  the  Fano  Factor  measured  at  the  detectors  with  quantum  efficiency,  if. 
Recall  that  the  macroscopic  violation  for  Ft  = F2  = F0  was  given  by 


that  is 


. f.-i  -rffi  - 1) 

F.  F„ 


(14) 


(15) 

(16) 
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A violation  parameter,  A can  therefore  be  written  as 


A 


ru  - 


F9-  1 

Fo 


1 + r12  (0  < F.  < -) 


(17) 


3 Experimental  Results 

Referring  to  Figure  3,  these  measurements  were  performed  at  room  temperature  using  two  series 
connected  Hamamatsu  type  L2656  infrared  emitting  diodes.  The  Fano  factors  were  measured  as 
shown  with  a swept  frequency  spectrum  analyser.  Correlations  were  measured  digitally. 


Figure  3:  The  correlated  twin  beams  are  generated  by  light  emitting  diodes,  Dl,D2. 
Tungsten  lamps,  LI,  L2,  provide  shot  noise  reference  currents  in  the  pin  diode  detectors 
Pl,P2,  and  light  emitting  diodes,  respectively.  Switch,  S provides  unbunched  (UBN), 
bunched  (BN)  and  anti-bunched  (ABN)  twin  beams  with  detected  Fano  factors  mea- 
sured by  the  spectrum  analyser.  The  quantum  efficiencies  are  determined  directly  from 
the  measured  DC  currents. 
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Typical  results  are  shown  in  Figure  4,  together  with  a curve  showing  the  expected  values  of  the 
violation  parameter  for  a quantum  efficiency  of  10%,  as  employed  for  all  measurements  with  the 
exception  of  the  left  hand  point  (12%).  These  results  are  in  good  agreement  with  the  theory. 


Figure  4:  Experimental  violation  of  the  Canchy-Schwan  Inequalities. 


4 Conclusions 

We  have  extended  theorist  concerning  violation  of  the  Cauchy-Schwars  inequalities  (CS1).  We 
have  derived  a simple  condition  for  the  macroscopic  violation  of  a CSI  for  twin  incoherent  light 
beams  using  a “classical  particle”  model.  We  have  shown  that  this  CSI  is  violated  for  positively 
correlated,  bunched,  incoherent  twin  beams. 
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Abstract 

A model  of  a single-mode  field,  initially  prepared  in  a coherent  state,  coupled  to  a two-level 
atom  surrounded  by  a nonlinear  Kerr-like  medium  contained  inside  a very  good  quality  cavity 
is  considered.  We  derive  the  photon  number-phase  uncertainty  relation  in  the  evolution  of 
the  field  for  a weak  and  strong  nonlinear  coupling  respectively,  within  the  Hermltian  phase 
operator  formalism  of  Pegg  and  Barnett,  and  discuss  the  effects  of  nonlinear  coupling  of  thr 
Kerr-like  medium  on  photon  number-phase  uncertainty  relation  of  the  field. 


1 Introduction 

Recently,  Agarwal  et  al(l]  have  considered  the  propagation  of  a single-mode  resonant  field  through 
a nonlinear  Kerr-medium.  Buzek  et  al[2]  have  dealed  with  a combination  of  two  models:  the 
Jaynes-Cummings  model  (JCM)  describing  the  interaction  of  a single-mode  cavity  field  with  a 
single  two-level  atom,  and  a nonlinear  Kerr-like  medium  inside  a cavity  which  may  be  modelled 
by  an  anharmonic  oscillator [1,3].  Particularly,  they  have  showed  that  with  increasing  nonlinear 
coupling  the  period  between  the  revivals  of  the  atomic  inversion  is  shortened  and  its  time  evolution 
becomes  more  regular.  Besides,  they  also  described  the  squeezing  of  the  cavity  mode  and  the  time 
evolution  of  the  photon-number  distribution. 

As  is  well-known,  the  phase  properties  of  light  field  is  very  important  in  quantum  optics.  Lately, 
Pegg  and  Bamett[4-6]  have  shown  that  an  Hermitian  phase  operator  of  radiation  field  exists.  It 
can  be  constructed  from  the  phase  states.  This  new  phase  operator  formalism  makes  it  possible 
to  describe  the  quantum  properties  of  optical  phase  in  a fully  quantum  mechanics.  Gerry[7]  has 
studied  the  phase  fluctuations  of  coherent  light  interacting  with  the  anharmonic  oscillator  using 
the  Hermitian  phase  operator.  Gantsog  et  ol[8,9]  have  studied  the  phase  properties  of  self-squeezed 
states  generated  by  the  anharmonic  oscillator,  elliptically  polarized  light  propagating  through  a 
Kerr  medium  and  a damped  anharmonic  oscillator  using  the  Hermitian  phase  operator. 
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In  this  paper  we  consider  a generalized  JCM  with  an  additional  Kerr-like  medium,  namely,  a 
combined  model  that  comprises  the  JCM  and  the  anharmonic  oscillator  model  (AOM)  used  to 
describe  a Kerr  medium.  We  deal  with  not  only  the  field-Kerr  medium  interaction,  but  also  the 
field-atom  interaction.  We  derive  the  photon  number-phase  uncertainty  relation  in  the  evolution 
of  the  field  for  a weak  and  strong  nonlinear  coupling  respectively,  within  the  Hermitian  phase 
operator  formalism  of  Pegg  and  Barnett,  and  discuss  the  effects  of  nonlinear  coupling  of  the  Kerr 
medium  on  the  number-phase  uncertainty  relation  of  the  field. 

2 The  model 

We  consider  a model  which  consists  of  a single  two-level  atom  surrounded  by  a nonlinear  Kerr-like 
medium  contained  in  a high-Q  single-mode  cavity.  The  cavity  mode  is  coupled  to  the  Kerr-like 
medium  as  well  as  to  the  two-level  atom.  The  Kerr-like  medium  can  be  modelled  as  an  anharmonic 
oscillator  (1,3).  In  the  adiabatic  limit,  the  effective  Hamiltonian  of  the  system  involving  only  the 
photon  and  atomic  operators  in  rotating- wave  approximation,  is[l,2] 

He/f  = Ma+a  + 5)  + huoS*  + &xa+2a3  + hg{S+a  + a+5"),  (2.1) 

mt 

where  a and  a+  are  the  annihilation  and  creation  opreators  of  the  field  mode,  and  S*  are  the 
spin-flip  and  inversion  operators  of  the  atom  respectively,  g is  the  field-atom  coupling  constant 
and  x describes  the  strength  of  the  quadratic  nonlinearity  modelling  the  Kerr  medium,  u4>  is  the 
frequency  of  the  atomic  transition,  the  frequency  u is 

u = uf-  A 2/(u/fc  - uf ),  (2.2) 

Where  u>j  and  u>k  are  the  frequency  of  the  field  mode  and  the  anharmonic  oscillator  modelling  the 
Kerr  medium  respectively,  and  A is  the  field-Kerr  medium  coupling  constant. 

To  isolate  the  effects  of  the  nonlinear  coupling  of  the  Kerr  medium  from  that  of  the  finite 
detuning,  we  restrict  in  the  case  of  the  resonance  (i.e.,u^  = u).  Let  us  assume  that  the  atom  is 
initially  in  the  excited  state  \e  > and  the  field  mode  is  prepared  in  a coherent  state  j * >.  The 
initial  state  vector  j^(0)  > of  the  system  is 

IV'(O)  >=  |q  > ®|e  >=  6„e,n4|n,e  >,  (2.3) 

n=0 

where 

b„  = exp(-n/2)(hn/n!),/J.  (2.4) 

In  the  interaction  picture,  the  state  vector  of  the  system  at  a later  time  t is  found  from  the 
Hamiltonian  (2.1)  to  be 


MO  >=  £iHe<,‘'Je"'X"2‘-{(C0S(^n *0  + s»n(^n„xf)]|n,e  > 


n=0 


(2.5) 
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where  \g  > is  the  ground  state  of  the  atom,  is  the  generalized  Rabi  frequency  defined  by 

ftn*  = (V(n  + 1)  + 4xV]‘/a,  (2.6) 

It  is  obvious  that,  for  x = 0,  the  state  vector  | ip(t)  > given  by  Eq.(2.5)  describes  the  dynamics  of 
the  ordinary  JCM. 


3 The  phase  variance  of  the  cavity  field 


Based  on  the  Hermitian  phase  formalism  of  Pegg  and  Barnett[4-6],  The  complete  set  of  s + 1 
orthonormal  phase  state  is  defined  by 

\0m  >=  7 = ^ exp(indm)|n  >,  (3.1) 

vs+1^  0 


where  dm  = 60+2nm/(s+  l),m  = 0, 1,2,  • • • ,s,  and  6m  is  an  arbitrary  real  number.  The  Hermitian 
phase  operator  is  given  by 

= E ><  <3  2) 

m=o 

Clearly,  phase  state  \9m  > are  eigenstates  of  with  the  eigenvalues  dm-  The  eigenvalues  6m  are 
restricted  to  lie  within  a phase  window  between  do  and  (do  + 2tt).  It  has  to  be  noted  That,  after 
all  expectation  values  of  the  phase  variables  associated  with  the  phase  properties  of  the  field  have 
been  calculated  in  the  finite  (s  + 1) -dimensional  space,  s is  allowed  to  tend  to  infinity.  The  phase 
distribution  of  the  state  given  by  Eq.(2.5)  is 

p(dm,t)  = \ < dm\m  > I2,  (3.3) 

with  the  expectation  value  and  the  variance 

<4>,>=5>m/»(0m,t),  (3.4) 

m 

< A4>2  >=  £(0m-  < 6*  >)2m„,  t).  (3.5) 

m 

We  choose  the  reference  phase  80  = 0 - ns/(s  + 1),  and  introduce  a new  phase  label  n = m - s/2, 
which  goes  in  integer  steps  from  (—s/2)  to  (s/2).  Then  the  phase  distribution  becomes  symmetric 
in  /z.  In  the  limit  as  s tends  to  infinity,  the  continuous  phase  variable  can  be  introduced  replacing 
fi2n/(s  + 1)  by  d and  2 ir/(s  + 1)  by  d.0.  Then  we  can  find  a continuous  phase  distribution 

P(d,  t)  = ^-{1  + 2 2 k»M4nn'  cos[(n  - n')d  + (n2  - n'2)xt) 

n>«' 


where 


+J sin[(n  - n')d  + (n2  - n2)xt]]}, 


1^  %V(n+  l)(n'  + l)  + 4x2nn'  } . ,1 

* — sin(-f2, 


(3.6) 


i4n„'  = cos(-Qnxt)  cos(-Qu>xt)  + 


Qnx^n'x 
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coe{-(Kif^)  — (2xw  /ft^K)  inl-Q^^).  (3.7) 

Tile  function  P{9,t)  is  normalized  so  that 

J^P(0,t)dB  = l.  (3.8) 

If  the  mean  photon  number  in  the  field  is  large,  ft  » I,  the  coefficient  Aw  in  Bq.(2.4)  can  be  well 
approximated  by  a continuous  Gaussian  distribution 

Aw  = (2*ft)-l/4  exp[-(ft  - n)*/4rlj.  (3.9) 

If  Eq.(3,9)  is  substituted  into  Eq.(3.6)  and  the  summation  in  Eq.(3.6)  is  replaced  by  an  appropriate 
integral  over  the  variable  n,  (me  can  approximately  work  the  phase  distribution. 

We  will  consider  two  limit  cases: 

(1) The  weak  nonlinear  coupling  which  is  defined  by  the  condition  » x3*3,  with  ft  » 1. 

In  this  case  the  generalized  Rabi  frequency  can  be  approximated  as 

fl««sl(#)w+»(»)-,/,I(t  + i«J).  (3.10) 

where 

e,  = feW/(»ft),/».  (3.11) 

Than  using  Eqs.(3,9)  and  (3.10)  and  replacing  the  summation  in  Eq.(3.6)  by  an  appropriate 
integral  over  n , we  obtain 

™ *» = • «* + £*)e^-rn^¥|2ftx' + <«  - 

+(1  - ex)  «p[- 7 - [»'(+(»  + ^)*ll}-  (3.12) 

According  to  Eqs.(3.4)  and  (3.5),  using  Gq.(3.12),  and  taking  into  account  6m  = 9 4-  P,  we  can 
directly  find  an  expectation  value  of  the  phase  operator  and  its  variance 

< 4#  >=  0 + " 4ftex)»  (3*13) 

< A«}  >=  jj  + ^(1  + lttlej).  (3.14) 

(2) The  strong  nonlinear  coupling  which  is  defined  by  the  condition  g*n  « x*ft2.  with  ft  » 1. 
In  this  case  the  generalized  Rabi  frequency  can  be  approximated  as 

ft-  « 2x*(l  + iej),  (3.15) 

where 

£»  = (3.16) 
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Then,  we  find 


m t)  = ^-(1  + 1 expl-rTI|L^(»  + 2ftxt)»J  (3.17) 

<$#>=/?-  2Hx«,  (3.18) 

< A$J  >=  ^ + 4fl(*e)2.  (3.19) 

We  see  that  the  average  value  of  the  phase  is  not  equal  to  the  initial  quantity  /?,  and  the 
phase  variance  is  always  enhanced.  For  the  weak  nonliuer  coupling,  the  enhancement  of  the  phase 
variance  is  proportional  to  (yt)2/4n,  this  is  similar  to  that  of  the  resonance  field  in  coherent  state 
JCM(IO).  For  the  strong  nonlinear  coupling,  the  enhancement  of  the  phase  variance  is  proportional 
to  4ft(x*)2-  Obviously,  the  enhancement  of  the  phase  variance  in  the  strong  nonlinear  coupling 
case  is  larger  than  that  in  the  weak  nonlinear  coupling  case. 


4 The  number-phase  uncertainty  relation 

It  is  not  difficult  to  calculate  the  variance  of  the  photon-number  for  the  state  given  by  Eq.(2.5). 
Using  n = a'4' a,  for  the  weak  nonlinear  coupling  we  obtain 

< (An)2  >=<  ft*  > — < n >2«  n + 'Jftgt  exp[— (yt)a/2j  sin(2\/%t).  (4.1) 

iFtom  Eqs.(3.14)  and  (4.1),  we  find  that  the  number-phase  uncertainty  relation  is 

< (An)2  ><  A$J  >«s  i + -(yt)2{l  + 16f*£^  + 16Vnyt£j[exp(-(yt)2/2)ffln(2>/ftgt)}.  (4.2) 

For  the  strong  nonlinear  coupling,  we  find 

< (An)2  >«»  a + 2n*te|  exp[-2fi(xt)2}  sin(2ftxt),  (4.3) 

< (An)2  ><  A4>|  >«  ^ + 4n2(*t)2{l  + 2*teJ  exp[-2n(x<)2| sin(2nxt)}.  (4.4) 

We  see  that,  the  uncertainty  product  during  the  evolution  is  expanded.  The  expansion  of  the 
uncertainty  product  is  fast  in  strong  nonlinear  coupling  case.  This  is  similar  to  that  erf  the 
self-squeezed  state  generated  by  the  anharmonk  oscillator  [8].  This  occurs  because  both  the  field- 
atom  interaction [1 1]  and  the  field-Kerr  medium  interaction  are  nonlinear,  moreover  the  nonlinear 
interaction  strength  of  the  latter  is  larger  than  that  of  the  former. 


5 Summary 

In  the  present  paper  we  consider  a generalized  JCM  in  the  presence  an  additional  Kerr-like 
medium,  we  have  derived  the  photon  number-phase  uncertainty  relation  in  the  evolution  of  a 
resonant  field  for  a weak  and  strong  nonlinear  coupling,  within  the  Hermitian  phase  operator 
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formalism  of  Pegg  and  Barnett.  We  have  shown  that  the  nonlinear  coupling  erf  the  cavity  mode  to 
Kerr-like  medium  leads  to  the  enhancement  of  the  phase  variance  erf  the  field  and  the  expansion  erf 
the  uncertainty  product.  Particularly,  the  expansion  erf  the  uncertainty  product  is  fast  in  strong 
nonlinear  coupling  case.  We  have  indicated  that  this  is  similar  to  that  erf  the  self-squeezed  state 
generated  by  the  enharmonic  oscillator.  We  have  also  indicated  that  the  nonlinear  interaction 
strength  erf  the  field- Kerr  medium  is  larger  than  that  erf  the  field-atom. 

Acknowledgments 

This  work  is  supported  by  the  National  Natural  Science  Fbundation  of  China. 

References 

[1]  G.S.Agarwal  and  R.R-Puri,  Phys.Rev.AJK),  2969(1989). 

[2]  V.Buiek  mid  I.Jex,  Optics  Comm.78,  125(1990). 

[3]  B.Yurke  and  D.Stoler,  Phys.Rev.Lett.57,  13(1986). 

[4]  D.T.Pegg  and  S.M.Bamett,  Europhys  Lett.6,  483(1988). 

[5]  S.M.Bamett  and  D.T.Pegg,  J.Mod.Opt.36,  7(1989). 

[6]  D.T.Pegg  and  S.M.Bamett,  Phys.Rev.A39,  1965(1989). 

[7]  C.C.Gerry,  Optics  Comm. 75,  168(1990). 

[8]  Ts.Gantsog  and  R.  Tanai,  J.Mod.  Opt.38,  1021(1991);ibid,38,  1537(1991). 

[9j  Ts.Gantsog  and  Tanas,  Phys.Rev.A44,  2086(1991). 

[10]  A.F.Fan,  Optics  Comm.98,  340(1993). 

[11]  A.F.Fan,  Z.W.Wang  and  N.C.Sun,  Acta  Phys.Sin.44,  536(1995). 


586 


NEXT 

DOCUMENT 


The  quantum  phase-dynamical  properties  of  the  squeezed  vacuum 
state  intensity-couple  interacting  with  the  atom 

Pan  An-fu 

Department  of  Opto-dectronxes  Science  end  Technology, 

Sichuan  University,  Chengdu  610064,  China 
and 

China  CenXer  of  Advanced  Science  and  Technology  (World  Laboratory), 

P.O.Box  87 SO,  Beijing  100080,  China 

Sun  Nian-diun 

Southwest  Institute  of  Technical  Physics.  Chengdu  610041,  China 

Zhou  Xin 

Dept,  of  Opto- electronics  Science  and  Technology,  Sichuan  University,  Chengdu  610064,  China 

Abstract 

The  Phase-dynamical  properties  of  the  squeezed  vacuum  state  intensity-couple  interact- 
ing with  the  two-level  atom  in  an  ideal  cavity  are  studied  using  the  Hennitian  phase  operator 
formalism.  Exact  general  expressions  for  the  phase  distribution  and  the  associated  expec- 
tation value  and  variance  of  the  phase  operator  have  been  derived,  we  have  also  obtained 
the  analytic  results  of  the  phase  variance  for  two  special  cases-weakly  and  strongly  squeezed 
vacuum.  The  results  calculated  numerically  show  that  squeezing  has  a significant  effect  on 
the  phase  properties  of  squeezed  vacuum. 


1 Introduction 

Hie  squeezed  state  exhibits  phase  sensitive  noise  properties.  Therefore,  it  is  important  to  examine 
the  phase  properties  of  squeezed  state  of  light.  Recently,  Sanders  et  alflj,  and  Yao(2),  and  Fan  et 
al{3]  have  studied  phase  properties  of  the  ideal  squeezed  state  using  Suss  kind  and  Glogower  phase- 
operator  formal  ism  [4].  Vaccaro  et  al(5]  have  re-examined  the  phase  properties  of  the  squeezed 
vacuum  state,  particularly,  the  weakly  squeezed  vacuum  state  using  the  phase-operator  formalism 
of  Pegg  and  Bamett[6-8].  However,  they  have  not  considered  the  field-atom  interaction.  Dung 
et  al(9]  and  Fan  et  al[10-ll]  have  studied  the  phase  properties  of  a coherent  light  interacting 
with  a two-level  atom.  Buzek(12)  has  studied  the  time  evolution  of  the  squeezing  and  the  atomic 
population  inversion  in  the  Jaynes-  Cummings  model (J CM)  with  intensity-dependent  coupling 
with  the  squeezed  vacuum  state. 

In  the  present  paper,  we  will  study  phase  properties  in  the  JCM  with  intensity-dependent 
coupling  with  a light  field  initially  prepared  in  the  squeezed  vacuum  state  using  Pegg-Bamett 
phase-operator  formalism.  The  results  calculated  numerically  show  that  in  such  a model  how  the 
squeezing  have  an  effect  on  phase  properties. 
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2 The  model 


The  model  Hamiltonian  for  the  JCM  with  the  intensity-dependent  ooupling  in  the  rotating-wave 
apnraximatkm  is  1 131 

H = hwtS*  + + hg(S+R  + S~R+)t  (2.1) 

elm  N — o+o, R = tv/fitR*  — a'*’  and  a is  the  creation  ami  annihilation  operation  of 

the  field  mode  of  frequency  v,S*  and  5*  aiethe  peeudospin  operators  for  the  two-level  atom  of 
frequency  <*>,  g to  the  atom-field  ooupling  constant  The  commutation  relations  for  N,R  and  R* 
am 

\R,R+]  = 2N  + l,[RtN)  = R,[K*,N)  * -H+.  (2.2) 

life  assume  the  initial  state  of  the  fight  field  to  be  the  squeezed  vacuum  Mate  |0,(  >=  5(0(0  >, 
where  5(0  is  the  aqueeae  operator  and  ( is  complex  squeeze  parameter. 

s(t) = «pl5(C«*  - {«w)|.  (M) 

t = KI^.«-  = KI./>=a». 

0 < r < oo,0  < P <2*.  (2.4) 

We  can  foul  the  |n  > state  representat  on  of  the  Mate  |0,£  > (14) : 

|0.{>-E<wa»>.  (2.5) 

<3.  = (2.6) 

If  the  atom  is  supposed  to  be  in  the  excited  state  |e  > at  the  initial  time,  then  the  initial  state 
|*(0)  > of  the  system  is 

|*(0)  >=  |0,(  > ®|e  >=  £ >.  (2.7) 

In  the  resonant  case,  the  exact  solution  for  an  initial  state  |9(0)  > given  by  Eq.(2.7),  is 
|*(t)  >=  £ exp[— »(£^  -f  2nAu;)t]  'Q«(oos((2n + l)gt]|e,  2n  > -i sin[(2n  + 2n  + 1 >J,  (2.8) 

imO 

where  E»  is  the  energy  of  excited  Mate  of  the  atom. 

3 The  phase  properties 

Accooding  to  Pegg  and  Baraettffo8],  the  Hermitian  phase  operatin’  operates  on  a (s  + 1)  - 
dimensional  subspace  spanned  by  (s  + 1)  number  states.  The  value  of  s can  be  made  arbitrary 
large.  A complete  set  of  (s  + 1)  orthonormal  phase  states  is  defined  by 

|0m  >=  («  + l)1/a  51  «P(w*0m)|n  >, 


(3-D 


where  phase  9m  = 90  + 2 wm/(s  + l),m  = 0,1, 2,***  ,s.  The  Hennitian  phase  operator  Is 

$#=  £ ><  ^J.«o(32) 

The  phase  Mates  |0m  > are  eigenstates  of  #e  with  the  eigenvalues  6m.  We  see  that  the  eigenvalues 
0U  are  restricted  to  fie  within  a phase  window  6q  and  flb  + 2v,  where  ds  is  an  arbitrary  real 
number.  It  has  to  be  noted  that  after  all  expectation  values  of  phase  variables  of  Bgjht  field  hare 
been  calculated  in  the  finit  («+ 1)  dimensional  space,  s is  allowed  to  tend  to  infinity.  The  phase 
distribution  of  the  Mate  given  by  Eq.(2.8),  is 

m»«)=i«u*M>i*.  (m) 

with  the  expectation  value  and  the  variance 

(3.4) 

m 

< >=  E(<u-  < ♦*  >fP» U.«).  (3.5) 

Now  we  choose  the  reference  phase  9q  — tf  — *sf(a  + 1),  and  introduced  a new  phase  label 
p = m - a/2,  which  ranges  in  integer  steps  from  —a/2  and  s/2.  When  s tends  to  infinity  we 
replace  p2s/(s  H 1)  by  dd  and  2 r/(s  + 1)  by  9.  Then  we  find  a continuous  phase  distribution 

mr)  = i<l  + 2Sechr  £ tanhr)1^  oo»p(n  - nTflan^n  - ■.»), 

(3.6) 

where  r — gttP(0mtT)  is  normalized  according  to 

f'Py.rW  = 1.  (3.7) 

The  numerical  calculation  results  of  formula  (3.6)  are  shown  in  Fig.1.  In  Fig.l,  the  phase  dis- 
tributions are  plotted  against  9 in  the  polar  coordinate  system.  It  is  seen  from  Fig.1,  that  as 
r = 0,  the  phase  distribution  has  always  circle  shape  for  any  values  of  r.  As  r is  not  equal  to 
aero,  the  bifurcation  of  the  phase  distribution  appears.  At  t = 0,  as  r is  increased,  the  circle 
shape  splits  into  two  separate  leaves  (Fig.  1(a)).  As  the  interaction  is  turned  on,  this  circle  shape 
splits  into  four  separate  leaves  which  rotate  and  change  its  shape  (Fig.  1(b)  and  (c)).  The  larger 
tile  squeezing  parameter  is,  the  more  obvious  the  phase  distribution  splits.  At  r = w/2,  the  four 
satellite  distributions  become  again  two  satellite  distributions  and  rotate  by  r/2  from  the  state  of 
r = 0(Fig.l(d)).  At  r s toe  shape  of  P{9,  r)  is  the  same  as  that  at  r = 0 (Fig.  1(a)),  and  so  on. 

Using  Eq.(3.6),  and  replacing  the  summation  in  Eqs.(3.4)  and  (3.5)  by  an  approrite  integral 
for  toe  variable  9 , over  toe  range  -*  to  *,  and  taking  into  accout  9^-9- f q,  in  the  limit  as  a 
tends  to  infinity,  we  obtain 

< i.  >- 1| « 0/2,  (3.8) 

< A*}  >=  j + sechr  £ ~ ' (“J  •**' r)*M'  (n-,i»)»  «*>((2(n  - »>),  (3.9) 
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The  numerical  calculation  results  of  the  variance  of  phase  given  by  formula  (3.9)  are  illustrated 
in  Fig. 2 (a).  As  r = 0,  the  phase  variance  of  vacuum  state  is  equal  to  ir3/3.  which  reflects  random 
phase  character.  As  r ^ 0,  the  phase  variance  shows  periodic  oscilation  around  **/$.  The  largo* 
the  squeezing  parameter  is,  the  larger  the  osdllational  amplitude  of  phase  variance  is.  The  phase 
variance  is  calculated  numerically  as  a function  of  r and  plotted  in  Fig.3  for  different  values  of  r. 
We  see  that  the  variance  is  departure  from  tt3/3  as  r is  increased. 

In  the  limits  rtf  small  r (weakly  squeezed  vacuum)  and  larger  r (strongly  squeezed  vacuum), 
from  Eq.(3.9),  we  can  find  respectively 

< >=  (1/3)tt*  - 2 l/3r cos(2t)  + l/4(3/8)1'V  cos(4r)  + 0(r3),  (3.10) 


< >-  ^7r2  - Ai  cos(2r)  + 7A2  cos(4r)  - oos(6r)  + ^zA*  cos(8r)  + 

o 4 9 16 


At  = tanh3r(l-^ 


A . ■ fy  1 coshr  ,11. 

5 cosh3  r 3 ooshr  . 5 cosh3  r 


12  sinh  r 


3 coshr  5 cosh3r  1 \ 

8 sinh2  r 12  sinh4  r + 12  sinh2  r ’ 


. ,s  . 3 cosh6  r 5 cosh3 r 21  coshr  3cosh4r  1 oosh2r  5 1 

8 sinh6 r 16 sinh4 r 64 sinh^r  "**  8anh®r  2 sinh4r  + 8 sinh2 r ’ 

A — ta  h4  (\  39  cosher  63  cosh6 r 245 cosh3 r 539  coshr 

1 12  sinh3  r 224  sinh6  r 896  sinh4  r 1792  sinh2  r 

39  cosh6r  51  cosh4  r 61  cosh2  r 73  1 

^112  sinh6  r ^ 112  sinh4  r 112  sinh4  r + 112  sinh2  r * 


(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 


The  numerical  calculation  results  of  the  variance  of  phase  given  by  formulas  (3.10)  and  (3.11) 
are  illustrated  in  Fig.2(b).  We  see  that  Fig.2(b)  coincides  well  with  Fig.2(a)  plotted  by  exact 
formula  (3.9). 
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Fig.l.  The  phase  distribution  P(9,  r)  plotted 
against  9 in  the  polar  coordinate  system  for  various 
values  of  r and  different  values  of  r. 


Fig.2.  Plot  of  the  phase  variance  < > as  a 

function  of  r for  different  values  of  r.  (a)  according 
to  exact  formula  (3.9),  (b)  according  to  approxi- 
mate formula  (3.10)  for  r = 0.2, 0.5  and  (3.11)  for 
r = 1,5. 


0 1 2 3 4 5 


Fig.3.  Plot  of  the  phase  variance  < > as  a 

function  of  r for  different  values  of  r. 


4 Conclusion 

Using  the  Hermltian  phase-operator  formalism,  the  phase  propetles  of  the  squeezed  vacuum  Intenslty- 
couple  interacting  with  an  atom  have  been  obtained.  We  have  found  that  the  bifurcation  of  the  phase 
distribution  appears  as  squeezing  parameter  Is  not  equal  to  sera  At  the  Initial  time  the  phase  distribution 
splits  into  two  symmetric  distributions,  that  is,  two  satellite  leaves  In  a polar  representation.  As  the 
interaction  is  turned  on,  the  phase  distribution  splits  Into  four  symmetric  distribution,  that  is,  four 
satellite  leaves  which  rotate  and  change  Its  shape  in  a polar  representation.  At  the  scaled  time  r =<=  gt  * 
*/2,  the  four  satellite  leaves  become  again  two  satellite  leaves  and  rotate  by  w/2  from  the  state  of  r = 0. 
We  have  also  found  that  the  phase  variance  shows  periodic  oscilation  around  ir^/3  as  squeezing  parameter 
is  not  equal  to  zero.  This  reflects  the  fact  that  the  squeezed  vacuum  has  the  non-random  phase  character 
because  of  the  squeezing. 
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Abstract 

We  have  investigated  the  intensity  noise  of  single  mode  laser  diodes,  either  free- running  or 
using  different  types  of  line  narrowing  techniques  at  room  temperature.  We  have  measured  an 
intensity  squeezing  of  1.2  dB  with  grating-extended  cavity  lasers,  and  1.4  dB  with  injection 
locked  lasers  (respectively  1.6  dB  and  2.3  dB  inferred  at  the  laser  output).  We  have  observed 
that  the  intensity  noise  of  a free-running  nominally  single  mode  laser  diode  results  from  a 
cancellation  effect  between  large  anticorrelated  fluctuations  of  the  main  mode  and  of  weak 
longitudinal  side  modes.  Reducing  the  side  modes  by  line  narrowing  techniques  results  in 
intensity  squeezing. 


1 Introduction 

Quant  t un  noise  in  the  intensity  of  a light  beam  can  be  viewed  as  the  result  of  the  random  distri- 
bution of  photons  in  the  beam.  It  can  be  fully  suppressed  if  the  field  is  in  a particular  state  where 
the  number  of  photons  is  known  perfectly,  a photon  number  state.  The  reduction  of  the  intensity 
noise  below  the  standard  quantum  noise  is  then  done  at  the  expense  of  increased  fluctuations  in 
the  phase,  which  is  completely  undetermined  for  a number  state.  Photon  number  states  contain- 
ing more  than  one  photon  have  never  been  produced.  However,  specific  non  classical  states  of 
the  light  in  which  the  intensity  fluctuations  are  reduced  have  been  generated  using  several  kinds 
of  methods.  One  of  them  relies  on  the  fact  that  part  of  the  quantum  noise  in  the  laser  emission 
comes  from  the  random  character  of  the  pumping  process,  which  can  be  suppressed  in  some  cases. 

Quantum  noise  reduction  ir.  laser  emission  based  on  pump  noise  suppression  was  first  predicted 
in  1984  [1].  Semiconductor  lasers  are  particularly  well  suited  for  the  implementation  of  this  idea  [2]. 
Furthermore,  laser  diodes  are  widely  used  and  are  considered  as  powerful  and  convenient  tools  in 
the  field  of  telecommunications  [3)  and  spectroscopy  [4].  Their  main  advantages  are  compactness. 
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energy  efficiency,  tunability.  and  low  intensity  noise.  It  is  the  latter  property  that  can  be  brought 
into  the  quantum  domain  by  driving  the  laser  with  a current  whose  noise  is  well  below  shot-noise. 

Since  the  noise  in  an  electrical  current  is  limited  by  thermal  noise,  it  is  easy  to  haw  a noise 
in  the  driving  current  that  is  well  below  shot  noise.  If  the  quantum  efficiency  of  the  carrier  to 
photon  conversion  is  high  enough,  the  electron  statistics  of  the  pumping  can  be  transferred  to  the 
light  emission,  yielding  sub-poissonian  operation  of  the  laser.  Quantum  noise  in  the  intensity  of 
constant-current-driven  laser  diodes  was  observed  for  the  first  time  by  Machida  et  al  in  1987  (5). 
and  further  improved  to  8.3  dB  in  1991  [6J.  But  the  very  mechanisms  capable  of  explaining  why 
some  laser  diodes  and  not  others  generate  sub-shot -noise  light  remained  unclear. 

Actually,  other  factors  than  the  constant  current  supply  can  be  important  for  the  noise  re- 
duction. In  1993.  intensity  squeezing  was  observed  with  so-called  ‘‘single  mode"  commercial  laser 
diodes  by  Steel  and  his  group  [7.8].  It  was  shown  that  line  narrowing  techniques  greatly  helped  in 
the  noise  reduction  by  further  suppressing  the  weak  but  very  noisy  longitudinal  side  modes.  We 
have  investigated  intensity  noise  of  laser  diodes,  using  various  methods  for  line  narrowing,  includ- 
ing injection-locking  with  another  diode  laser  and  feedback  from  an  external  grating.  The  best 
intensity  squeezing  at  room  temperature  was  1.4  dB  (2.3  dB  when  collected  from  the  detection 
efficiency),  and  was  obtained  with  injection-locking. 

In  order  to  explore  the  role  of  the  line  narrowing  processes  in  squeezing  more  precisely,  we 
have  investigated  the  noise  properties  of  the  individual  side  modes.  The  arguments  given  in  refs 
[7.  8]  tended  to  suggest  that  the  less  powerful  these  side  modes  are.  the  less  they  will  contribute 
to  the  total  intensity  noise.  However,  this  argument  ignores  possible  correlations  between  the 
modes,  which  were  demonstrated  for  instance  by  Inuue  et  al  [9]  for  multimode  semiconductor- 
lasers.  We  have  shown  that  the  noise  of  the  free-running  diode  lasers  results  from  a cancellation 
effect  between  very  large  anticorrelated  fluctuations  of  the  main  mode  on  one  hand,  and  of  many 
weak  longitudinal  side  modes  on  the  other  hand.  When  line-narrowing  techniques  are  used, 
the  total  intensity  noise  goes  below  the  shot-noise  level  [7.  8.  10].  but  we  show  that,  in  some 
cases,  the  sub-Poissonian  character  of  the  light  can  be  due  to  a cancellation  effect  between  large 
anticorrelated  noises  of  the  various  modes.  Thus  sub-shot-noise  operation  of  these  lasers  does  not 
always  correspond  to  single  mode  squeezing. 

2 Experimental  set-up 

The  laser  diodes  we  have  used  are  index-guided  quantum  well  GaAlAs  laser  diodes  (model  SDL 
5422-Hl  and  SDL  5411-Gl).  Appropriate  electrical  filtering  is  used  on  the  power  supply  in  order 
to  stabilize  the  current.  The  free-running  laser  diodes  have  a low  threshold  of  18  mA  and  a 
differential  quantum  efficiency  (slope  above  threshold)  of  66%.  The  operating  current  in  the 
experiments  described  below  is  typically  5 to  7 times  larger  than  the  threshold  current,  and  the 
resulting  high  overall  quantum  efficiency  is  at  the  origin  of  squeezing.  Xo  squeezing  was  found  in 
similar  experiments  performed  on  laser  diodes  with  higher  threshold  (80  mA).  which  operate  only 
twice  above  their  threshold. 

The  quantum  noise  in  the  intensity  is  measured  in  the  standard  way  with  a balanced  detection 
[11].  The  beam  going  out  of  the  laser  is  split  in  two  equal  parts  by  a beamsplitter.  Each  output 
of  the  beamsplitter  is  sent  into  a high  efficiency  (90%)  photodiode.  The  amplified  AC  signals, 
proportional  to  the  noise  signals,  are  either  subtracted  or  added  by  a RF  +/-  power  combiner  to 
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measure  the  shot-noise  (in  the  difference  position)  and  the  intensity  noise  'in  the  sum  position). 
We  have  then  s >nt  the  laser  beam  through  a high  resolution  monochromator  (Jobin-Yvon  HR1000) 
which  allowed  us  to  clearly  separate  the  different  modes.  We  have  measured  the  noise  both  before 
and  after  the  spectrometer. 


3 Intensity  squeezing 

Intensity  squeezing  in  the  laser  diodes  was  obtained  by  using  constant  current  supply  and  line- 
narrowing techniques,  either  cavity  extension  with  an  external  grating,  or  injection-locking  with 
another  laser. 
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Figure  1:  (a)  external  grating  stabilization  scheme;  (b)  injection  locking  scheme 

The  extended-cavity  laser  diode  is  shown  in  Fig.  1.  The  beam  going  out  of  the  laser  diode  is 
collimated  with  a / = 8 mm  objective  placed  in  front  of  the  output  facet  of  the  diode.  The  cavity 
is  extended  to  10  cm  with  a reflection  holographic  grating  reflecting  the  first  order  into  the  cavity, 
while  the  0 order  goes  out  of  the  cavity  (Littrow  configuration).  The  efficiency  of  the  grating  is 
60%  in  the  0 order  (output  coupling)  and  24%  in  the  first  order  (feedback  to  the  laser),  with  16% 
losses.  The  alignment  of  the  grating  is  critical.  When  it  is  achieved,  the  threshold  of  the  laser  is 
lowered  from  18  to  13  mA  and  the  DC  power  of  the  side  modes  goes  down  to  -60  dB  below  the  DC 
power  c.  e main  mode,  while  the  total  intensity  noise  is  decreased  below  the  shot -noise  level. 

The  'tion-locking  scheme  is  depicted  in  Fig.  1(b).  The  master  laser  is  either  an  external- 
grating  ui  ode  laser  or  a Ti:Sapphire  laser.  It  is  inject*.!  into  the  slave  laser  by  means  of  an  optical 
isolator.  The  master  beam  enters  through  the  escape  port  of  the  polarizer  placed  aftt  r the  Faradav 
rotator.  Locking  is  observed  on  a rather  broad  power  range  of  the  master  laser,  from  1 to  4 mW. 

We  have  investigated  intensity  squeezing  in  the  two  cases  described  above.  Noise  spectra  were 
recorded  for  various  supply  currents.  Squeezing  was  observed  for  currents  higher  than  50  mA 
{I /It h — 2.8)  for  the  injected  laser  and  30  mA  (///«,  = 2.4)  for  the  extended  cavity  laser,  at  noise 
frequencies  from  1 to  30  MHz  (limited  by  our  detection  bandwidth).  The  noise,  measured  with  a 
resolution  bandwidth  of  1 MHz.  was  nearly  constant  from  7 MHz  to  30  MHz. 
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The  optimum  squeezing  was  observed  in  the  injection-locking  scheme.  At  7 MHz.  with  a 
driving  current  of  130  mA.  we  obtained  a noise  reduction  of  27%.  i.e.  1.4  dB.  Taking  into  account 
the  total  detection  quantum  efficiency  of  65%  from  the  laser  output  power  to  the  photodiode 
current  (through  the  optical  isolator),  we  infer  a value  of  2.3  dB  at  the  output  of  the  laser  diode. 

The  best  squeezing  obtained  with  the  grating-extended  cavity  is  25%  (1.2  dB)  at  30  MHz  and 
110  mA.  freon  which  we  infer  a 1.6  dB  noise  reduction  at  the  output  of  the  grating.  The  fact  that 
the  squeezing  is  better  with  the  injection-locking  scheme  can  be  attributed  to  the  large  losses  due 
to  the  grating. 

These  numbers  are  similar  to  those  of  refs.  [7,  8J.  They  are  below  the  theoretical  maxima 
expected  from  the  quantum  efficiency  of  the  laser,  which  are  respectively  of  58%  (3.8  dB)  at 
130  mA  for  the  injected  laser  and  42%  (2.4  dB)  at  110  mA  for  the  grating-extended  cavity. 
Actually,  the  ratio  between  the  intensity  squeezing  and  the  current-to-current  efficiency  goes 
towards  a maximum  asymptotical  value  of  0.75.  instead  of  the  expected  unity  value.  The  authors 
quoted  above  obtained  comparable  values  for  this  ratio.  This  non-unity  value  can  be  attributed 
to  additional  noise  sources  in  the  semiconductor  devices  which  are  not  included  in  the  simple 
theoretical  prediction  mentionned  above. 

4 Intermode  correlat  on 


Figure  2:  Power  of  individual  longitudinal  modes  for  a dr  iving  cur  rent  of  80  mA.  On  the  x-axis  each 
mode  is  labelled  by  a number,  the  number  0 corresponding  to  the  main  mode.  (•  : free- running 
laser,  o : injection-locked  laser  * : extended  cavity  laser). 

The  free-running  laser  diodes  apparently  operates  on  a single  mode.  However,  the  longitudinal 
side  modes  have  a non  negligible  power,  the  closest  ones  being  only  -10  to  -25  dB  below  the  main 
mode  (Fig.  2).  For  the  free-running  laser,  the  power  of  one  of  the  first  side  modes  is  typically  -25 
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dB  lower  than  the  one  of  the  main  mode  (see  Fig.  2).  and  the  total  power  in  the  side  modes  is 
about  -18  dB  below  the  main  mode. 

As  far  as  the  noise  of  the  individual  modes  is  concerned,  we  have  observed  that  the  intensity 
noise  of  the  main  mode  alone  is  much  higner  than  the  total  intensity  noise.  For  example,  for  a 
driving  current  of  80  mA  the  main  mode  exhibits  an  excess  noise  of  4-  39  dB.  while  the  total 
intensity  noise  is  only  2 dB  above  SNL.  The  intensity  noise  of  the  sidemodes  is  then  expected 
to  be  comparable  to  the  intensity  noise  of  the  main  mode  despite  their  much  weaker  power.  To 
check  this  assumption,  we  compared  the  noise  of  the  main  mode  alone  to  the  noise  of  the  main 
mode  plus  two  side  modes,  four  side  modes,  etc.  For  this  measurement,  the  output  slit  of  the 
spectrometer  was  kept  centered  on  the  main  mode,  and  was  progressively  opened.  Figure  3 shows 
that  the  intensity  noise  decreases,  with  steps  corresponding  to  the  point  where  symmetrical  side 
modes  enter  the  detector.  This  clearly  demonstrates  that  the  observed  total  intensity  fluctuations 
results  from  a cancellation  effect  between  the  wry  large  anticorrelated  fluctuations  of  the  main 
mode  and  of  the  side  modes.  In  fact,  all  of  the  160  side  modes  displayed  in  Fig.  2 contribute  to 
some  extent  to  this  cancellation  effect. 


Figure  3:  Intensity  noise  of  the  free-running  laser  diode,  referred  to  the  shot  noise,  as  the  output 
slit  is  opened.  In  the  first  section,  only  the  main  mode  is  detected,  while  the  two  steps  correspond 
to  the  entrance  of  the  two  couples  of  side  modes  (-1.1)  and  (-2.2).  The  straight  line  at  2 dB  shows 
the  total  intensity  noise  level  (measured  before  the  spectrometer). 

As  can  be  seen  from  Fig.  2.  the  power  of  the  first  side  modes  of  the  injection-locked  laser  is 
reduced  down  to  less  than  -45  dB  below  the  main  mode,  while  the  total  power  in  the  side  modes 
is  -30  dB  below  the  main  mode.  The  total  intensity  noise  referred  at  the  laser  output  is  now 
squeezed  by  -2.3  dB  below  SNL  (see  [10j).  while  the  intensity  noise  of  the  main  mode  alone  is  still 
well  above  the  quantum  limit.  The  total  intensity  noise  of  the  injection-locked  laser  again  results 
from  a cancellation  effect  among  anti  correlated  fluctuations  of  the  main  and  side  modes.  In  this 
case  the  sub-Poissonian  intensity  noise  is  not  single  mode  squeezing. 

For  the  iaser  in  the  extended  cavity  configuration,  the  side  modes  are  suppressed  Blither,  to 
about  -55  dB  below  the  main  mode  (see  Fig.  2).  which  corresponds  to  a total  side  mode  power  of 
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-35  dB  below  the  main  mode.  In  that  case,  we  haw  noticed  virtually  no  difference  between  the 
total  intensity  noise  and  the  noise  of  the  main  mode  alone.  In  this  case,  and  only  in  this  case,  it 
can  be  concluded  that  the  side  modes  are  actually  negligible,  and  that  true  single-mode  squeezing 
is  generated. 
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Abstract 

The  competition  effects  among  the  processes  of  atomic  ionization,  optical  pumped  stim- 
ulated radiation(OPSR), four-wave  frequency  mixing  (FWFM)  and  molecular  stimulated  dif- 
fuse band  radiation  at  the  atomic  two-photon  resonance  of  3S  -*  AD  in  Nat  — Na  mixture 
were  observed.  The  dip  at  the  two-photon  resonance  in  the  excitation  spectrum  for  the 
diffuse-band  radiation  was  interpreted  as  suppression  of  population  in  4 D state. 


1 Introduction 

The  generating  and  utilizing  of  molecular  diffuse-band  radiation  is  an  important  subject  for  study- 
ing exdmer  lasers  and  atomic-molecular  physics.  The  various  mechanisms  of  producing  molecular 
diffuse-band  stimulated  radiaton  were  developed,  for  example,  in  atomic-molecular  system  the 
stimulated  radiation  from  high-lying  triple  state  to  low  triple  state  could  be  obtained  by  two- 
photon  resonantly  exciting  atoms  then  following  collision  between  atoms  in  high-lying  excited 
state  and  molecules  in  the  ground  state!1-2!.  This  is  an  efficient  process  of  producing  diffuse-band 
stimulated  radiaton.  However  there  are  others  processes  accompanying  process  of  two-photon  res- 
onantly exciting  atoms:  The  photo-ionization  process  following  two-photon  resonance,the  stimu- 
lated radiation  starting  from  high-lying  excited  state  of  atoms, four-wave  frequency  mixing  process. 
The  competition  effect  occuring  in  above  processes  resulted  in  decreasing  molecular  diffuse-  band 
stimulated  radiation.  In  this  paper, we  not  only  finded  optimum  condition  of  producing  molecular 
diffuse-band  stimulated  radiation  but  also  understand  dearly  the  interaction  among  nonlinear 
processes  through  studying  the  competition  effect. 


2 Experiment 

The  laser  beam  from  a Nd:YAG  pumped  dye  laser(Quanta  Ray  DCR-3D,PDL-2)  was  focused  into 
the  center  of  the  crossed  heat-pipe  oven  by  an  optical  system.  Using  RD590  dye,  the  output  energy 

0 Project  Supported  by  the  National  Natural  Science  Fundation  of  China 
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of  the  tunable  dye  laser  was  about  40  mJ  at  the  wavelength  region  from  565  nm  to  591  nm  with  fine 
width  about  0.1  cm'1  and  pulse  width  of  8ns.  The  mixture  vapor  of  atomic  and  molecular  sodium 
was  produced  by  the  heat-pipe  oven  containing  pure  sodium  sample,  the  (tensities  of  atomic  and 
molecular  sodium  woe  detennained  by  the  temperature  of  the  oven  center.  An  ionization  detector 
was  installed  in  the  heat-pipe  oven  to  measure  photo-ionization  signal  when  optical  signal  bong 
detected.  The  buffer  gas  was  not  filled  in  the  oven.  The  radiation  from  the  forward  direction  of 
the  oven  was  received  after  passing  the  monochromater,  then  photo-  electric  signal  was  fed  into 
channel  B of  the  BOXCAR.  At  the  same  time  the  ionization  signal  produced  from  two-photon 
resonance  three-photon  ionization  was  introduced  by  a resistance  of  10KS1  and  sort  to  channel  A 
of  the  BOXCAR  The  optical  and  the  ionization  signals  were  monitored  by  oscilloscope  I and  2 
respectively.  The  BOXCAR  and  the  two  oscilloscopes  were  trigged  by  a photo-electric  detector  as 
receiving  a small  pulse  signal  of  the  laser.  Because  of  the  different  time  decay  behavior  for  optical 
and  ionization  signals,  the  different  time  delay  and  gate  widths  of  two  gates  were  chosen  to  get 
the  higher  signal-  noise  rate  of  the  average  value  of  the  signals.  All  measurements  were  performed 
under  the  condition  that  the  laser  energy  was  stabilized,  which  was  guaranteed  through  monitored 
laser  energy  in  the  experiment.  The  error,  which  is  brought  about  by  the  fluctuation  of  the  sample 
temperature,  could  be  reduced  with  the  help  of  high  accuracy  of  the  temperature  controller. 

3 Results  and  discussion 

The  part  of  energy-level  diagram  of  atomic  and  molecular  sodium  is  shown  in  Fig.l.  After  atomic 
sodium  transition  from  the  ground  state  35  to  AD  state  produced  by  two-  photon  excitation 
corresponding  to  laser  wavelength  of  578.7  nm  .there  are  some  possible  processes: 

(1)  The  two-photon  resonance  three-photon  ionization  through  the  atoms  in  the  AD  state  absorbing 
one  more  photon. 

Na(AD)  + hu  Na*  + e‘  (1) 

(2)  The  optical  pumped  stimulated  radiation  owing  to  population  inversion  between  4 D and  3 P 
states,  4 D and  4P  states. 


JVa(4D)  Na(AP)  + /u/(2.33/rm)  (2) 

Na(4D)  ,ad^°"  Na(3P)  + hu(568.6nm,  568.8nm)  (3) 

(3)  The  four-wave  frequency  mixing  by  n mliear  interaction  between  pumping  wave  and  optical 
stimulated  radiation  wave  in  the  sodium  vapor: 


hum  - 2 hi/i  - hum  (4) 

where,  ui,  umyultl  are  the  frequencies  of  pumping  optical  wave, optical  pumped  stimulated  idia- 
tion  wave  and  coherent  radiation  wave  respectively 

(4)  The  diffuse-band  stimulated  radiation  generated  by  transition  from  high-lying  triplet  state 
populated  through  collision  between  atoms  in  4 D state  and  molecules  in  the  ground  state. 

Na'AD)  + A’MX'EJ-)  to,^°n  Aa2(lA9,23nff)  + ;Va(35)  (5) 
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Nati'li,)  “T  N'tffa,) 


(6) 


Afa2(2*IIf)  r*d^*lo“  /Va*(a3£*)  + ht/(around436.0nm)  (7) 

To  understand  the  competition  among  the  reaction  processes  above  under  different  tempera- 
ture, the  four  kinds  of  signal  were  measured  respectively.  The  change  of  excitation  spectrum  mea- 
sured with  temperature  for  producing  the  diffuse-band  stimulated  radiation  of  molecular  sodium 
are  shown  in  Fig.2.  For  the  ionization  signals  .optical  pumped  stimulated  radiation  signal,  mear 
surements  which  is  similar  to  Fig.2.were  also  done  and  the  changes  erf  those  signals  at  different 
temperatures  were  also  obtained. The  result  showed  clealydhe  optimum  temperature  was  different 
for  producing  the  above  signals.  For  example,  the  diffuse-band  signal  gradually  approached  zoo  at 
low  temperature. But  with  increasing  of  the  temperature,  it  not  only  increased  at  the  two-photon 
resonance  exciting  of  35  — * 4 D,  but  also  could  be  observed  in  the  certain  wavelength  region  corre- 
sponding to  offset  of  35  — * 4 D. When  oven  temperature  arrived  380®C,  the  diffuse- band  radiation 
signal  reached  maximum.  As  the  temperature  continusly  increases  (350  - 370°),  the  diffuse-band 
signal  at  the  position  of  atomic  resonant  excitation  weakened.  However,  it  rose  cm  two  sides  of 
resonant  excitation  of  atoms.  As  the  temperature  was  above  410°C,  the  peak  of  atomic  resonant 
excitation  disappeared.  At  450®C,the  “dip”  appeared  at  the  position  of  atomic  resonant  excitation. 
Such  a phenomenon  has  been  observed  in  our  previous  work  about  molecular  potassium^-^. 

The  changes  of  various  signals  generated  by  two-  photon  resonant  excitation  of  atoms(35  — » AD) 
with  temperature  were  shown  in  Fig.3.  Within  the  temperature  below  310°C,  there  were  two  pro- 
cesses of  atomic  ionization  and  molecular  diffuse-band  radiation  but  OPSR  and  FWFM  signals 
weakened,  the  ionization  signal  started  to  increase  at  150°.  It  reached  the  maximum  at  the  250®C, 
but  diffuse-band  signal  decreased;  When  the  temperature  was  above  250C,  the  ionization  signal 
started  to  decreas,  but  the  diffuse-band  signal  increased. When  the  ionization  vanished  at  340°C, 
the  diffuse-band  signal  reached  the  maximum.  Apparently,  there  was  the  competition  between 
two-photon  resonance  three-  photon  ionization  and  the  collisional  population  from  excited  state 
atoms  to  molecules. 

In  the  range  of  340  - 500°,  the  ionization  signal  weakened  but  OPSR  and  FWFM  signals  started 
to  increase, at  390°  both  of  them  reached  the  maximum  value,  the  diffuse-band  signals  started  to 
fall  from  the  maximum  value.  When  the  temperature  continused  to  increase,  OPSR  and  FWFM 
signals  reduced.  This  fact  shown  tl.at  in  the  temperature  of  340®  to  500®C,  there  were  apparent 
competition.?  among  the  processes  described  in  eq.(l)  to  eq.(4b).  The  presence  of  OPSR  mid 
FWFM  depopulated  atoms  in  4 D state.  This  led  to  decrease  the  population  in  high-lying  states 
of  molecule.  The  transmission  spectrum  of  laser  light  passing  the  sodium  vapor  is  shown  in  Fig.4. 
There  was  a intense  absorption  at  the  two-photon  resonance  excitation  of  atom  but  the  diffuse- 
band  radiation  was  still  small.  This  could  also  indicated  that  the  population  in  AD  state  was 
suppresed  by  other  reaction  processes. 

We  should  notice  that  with  rising  of  temperature,  the  density  of  molecular  sodium  increased 
too.  So  the  diffuse-band  radiation  by  two-photon  exciting  Na?  in  wider  rage  of  pumping  wave- 
length could  be  produced.  This  have  been  proved  in  our  previous  paper  I5*.  In  the  present  experi- 
ment, the  diffuse-band  stimulated  radiation  could  be  detected  in  the  excitation  wavelength  range 
of  577-580  nrn.  It  increased  with  temperature  as  shown  apparently  in  Fig.2.  At  low  tempera- 
tures, the  diffuse-band  radiation  signal  were  composed  of  the  intense  signal  got  by  two-photon 
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excitation  of  Na  and  the  weaken  signal  got  by  two-photon  excitation  of  fVa3;  with  increasing  of 
temperature,  the  signal  of  Nti2  also  increased.  At  high  tempwerature,  the  diffuse-  band  signal 
produced  by  two-photon  excitation  of  Na 2 was  large.  At  the  position  of  two-photon  resonant 
absorption  of  atoms, the  possible  reason  for  the  appearence  of  “dip"  can  be  as  follows:  (1)  The 
two-photon  absorption  of  atomic  sodium  decreased  the  excitation  of  Afa3.(2)  After  atomic  sodium 
being  populated  in  AD  state,  the  collisional  transfer  from  atoms  to  molecules  was  decreased. 


4 Conclusion 

The  competition  among  the  processes  in  producing  diffuse-band  by  the  collisional  transfer  of  energy 
from  atoms  to  molecules,  four-wave  frequency  mixing  and  three-photon  ionization  were  studied 
in  experiment.  At  lower  temperatures,  there  was  mainly  the  competition  between  diffuse-band 
stimulated  radiation  and  two-photon  resonance  three-  photon  ionization  of  atomsjAt  high  tem- 
peratures, there  was  the  interaction  among  the  diffuse-band  stimulated  radiation,  optical  pumped 
stimulated  radiation  and  four-wave  frequency  mixing;  At  further  higher  temperatures,  the  “dip” 
at  the  position  of  two-photon  excitation  of  atoms  for  excitation  spectrum  of  producing  diffuse- 
band  radiation  resulted  from  the  coherent  process  of  optical  pumped  stimulated  radiation  and 
four-wave  frequency  mixing  supressing  the  non  coherent  process  of  collisional  transfer  energy  from 
atoms  to  molecules. 
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Captions  of  Figure 

Fig.l.  The  part  of  energy-level  diagram  of  Na2  Mid  Na. 

Fig.2.  The  excitation  spectra  for  generating  diffuse  band  radiation  from  transition 

of2*ntf-*a3£+ 

Fig.3.  'Hie  dependence  of  four  kinds  of  signal  on  temperature  for  two-photon 
transition  35  — * 4 D. 

Fig.4.  TVansmission  spectrum  in  sodium  vapor  at  450°C. 
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Abstract 

We  discuss  a system  comprising  a nonlinear  Kerr  medium  in  a cavity  driven  by  an  external 
coherent  field  directly  or  through  the  parametric  process.  We  assume  that  the  system  is 
initially  in  the  vacuum  stab;,  and  we  show  that  under  appropriate  conditions,  i.e.,  properly 
chosen  detuning  and  intensity  of  the  driving  field,  the  one  or  two-photon  lock  states  of  the 
electromagnetic  field  can  be.  achieved. 


1 One-photon  state  generation 

The  model  discussed  here  contains  a nonlinear  Kerr  medium,  described  as  an  anharmonic  oscil- 
lator, placed  in  a lossless  cavity  driven  by  an  external  coherent  field.  The  coupling  of  the  cavity 
field  with  the  external  field  is  governed  by  the  following  Hamiltonian  in  the  interaction  picture 
(we  use  units  of  h = 1): 

= e (d  + of)  , (1) 

where  e denotes  the  strength  of  the  coupling,  whereas  a and  a*  are  the  annihilation  and  creation 
operators  of  the  cavity  field,  respectively.  The  Hamiltonian  corresponding  to  the  dynamics  of  the 
nonlinear  Kerr  medium  in  the  cavity  can  be  written  as  follows  : 

jft(A-l)  , (2) 

where  A is  proportional  to  the  third-order  nonlinear  susceptibility  of  the  medium  and  n is  the 
photon  number  operator.  Our  aim  here  is  to  determine  the  time  evolution  of  the  system.  We 
assume  that  the  system  is  initially  in  the  vacuum  state  |0).  Moreover,  we  assume  that  the  external 
field  driving  the  cavity  according  to  (1)  is  weak,  i.e.  (<  A.  In  consequence,  we  can  treat  the 
problem  perturbatively  with  respect  to  the  small  parameter  e. 

Let  us  express  the  state  of  the  system  in  a Fock  basis: 

!*(<)>  = £«■;(<)  W ■ (3) 

jaO 

This  state  vecto.  ^oe ys  the  Schrodinger  equation  with  the  Hamiltonians  expressed  by  eqs.  (1,2): 

4 l*<‘»  “(**•"•  •*««.)  I*(‘»  ■ (4) 
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Applying  the  standard  procedure  to  the  state  vector  (3)  and  the  Hamiltonians  (1,2),  we  obtain  a 
set  of  equations  for  the  probability  amplitudes  ay.  Although  thiB  set  of  equations  is  infinite,  it  can 
be  shown  [1]  that  due  to  the  degeneracy  of  the  Hamiltonian  (2)  and  the  weakness  of  the  driving 
field  the  system  dynamics  is  restricted  to  the  subspace  of  the  degenerate  states.  In  consequence, 
the  evolution  of  the  systems  starts  from  the  vacuum  |0)  and  the  only  state  that  can  be  essentially 
populated  with  the  driving  field,  according  to  (1),  is  the  one  photon  state  |1).  The  crucial  point  of 
our  considerations  is  the  fact  that  the  unperturbed  Hamiltonian  for  the  Kerr  process  (2)  produces 
degenerate  states  |0)  and  |1).  In  practice,  we  deal  hoe  with  a situation  analogous  to  that  discussed 
in  the  paper  [2]  and  we  can  write  the  following  equations  of  motion  for  the  probability  amplitudes: 


* ^ «°(0  = t<»i  , 

*^ai(0  = cao  • (5) 


Assuming  ao (t  = 0)  = 1 and  at(t  = 0)  = 0 we  get  the  following  solution  for  the  probability 
amplitudes 


Oq  = tcos(d)  , 

Oi  = sin(d)  . (6) 

We  treat  eq.(6)  as  the  zero-order  solution.  For  this  order  the  amplitude  a2  = 0.  To  obtain  the 
formula  for  02  we  need  higher  order  solutions.  We  write  the  first-order  formula  for  o2: 

02  = - ^ sin  (d)  + 0(c2)  , (7) 

where  we  have  removed  all  terms  proportional  to  e2.  Obviously,  we  are  in  a position  to  perform 
this  perturbative  procedure  due  to  the  fact  that  the  coupling  (1)  is  weak,  i.e.  (e  <C  A).  Moreover, 
since  we  are  interested  in  finding  the  time  evolution  of  the  probabilities  rather  than  the  amplitudes 
ay,  we  neglect  the  influence  of  the  dynamics  of  the  state  |2)  on  the  system  as  being  proportional 
to  e*. 

To  verify  these  results  we  shall  now  perform  a numerical  experiment  and  compare  its  results 
with  those  based  on  formulas  (6).  This  will  be  done  similarly  as  in  the  paper  [3]. 

The  history  of  our  system  is  governed  by  the  unitary  evolution  operator  U(t)  defined  as  follows: 

U{t)  * exp(-tfft)  . (8) 

Hence,  the  state  vector  |$(t))  for  arbitrary  time  f can  be  expressed  as: 

!•(«)>  - 0(0  H».  (9) 

For  numerical  calculations  we  use  the  number  state  basis,  which  is  truncated  as  to  obtain  sufficient 
numerical  accuracy. 

Fig.  1 shows  the  probabilities  of  finding  the  system  in  the  vacuum  |0)  and 
one-photon  states  1).  We  assume  that  for  the  time  t s 0 the  field  was  in  the  vacuum  state 
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(ao(<  = 0)  = 1),  and  that  the  coupling  (1)  is  weak,  i.e.,  e — ?r/50  < A (in  units  of  A = 1). 


F1G.1  Analytical  solutions  for  the  probabilities  of  the  vacuum  (solid  line)  and  one- 
photon  (dotted  line)  states,  and  the  mean  number  of  photons  (circle  marks)  obtained 
from  the  numerical  experiment.  The  parameter  t = tt/50  (all  parameters  are  measured 
in  units  of  A = 1).  X-marks  correspond  to  the  probabilities  found  in  the  numerical 
experiment. 

We  see  that  our  analytical  results  (solid  and  dashed  lines)  agree  perfectly  with  those  generated  in 
the  numerical  experiment  (star  marks).  The  system  starts  to  evolve  from  the  vacuum  and  after 
the  time  t ~ 25  the  probability  |2  = 1.  This  means  that  at  this  moment  of  time  the  field  is  in 
the  pure  one-photon  state.  For  longer  times  the  system  returns  to  its  initial  state  and  starts  to 
evolve  in  the  same  way  as  from  t = 0.  Moreover,  we  have  plotted  in  Fig.l  the  time  dependence 
for  the  mean  number  of  photons  n(t)  (dotted  line) 

n(t)  = W = 0)|  O'a'aU  |#(t  = 0))  (10) 

found  in  our  numerical  experiment.  It  is  seen  that  the  behavior  of  n(<)  reflects  the  evolution  of 
the  probabilities  and  oscillates  between  0 ad  1.  One  should  keep  in  mind,  however,  that  if  we 
increase  the  strength  of  the  external  coupling  the  picture  changes  drastically.  For  this  situation 
the  perturbation  procedure  breaks  down.  In  consequence,  as  it  is  visible  from  the  numerical 
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experiment,  higher  n-photon  Pock  states  start  to  play  a significant  role.  Fig.2  shows  the  probability 
amplitudes  for  t — x/15.  We  see  that  the  influence  of  the  amplitude  corresponding  to  the  two- 
photon  state  becomes  visible  and  perturbs  the  dynamics  of  the  vacuum  and  one-photon  states 
significantly.  Of  course,  results  of  the  numerical  experiment  become  different  from  those  obtained 
analytically  under  assumption  of  week  coupling. 


FIG.  2.  The  probability  amplitudes  corresponding  to  the  vacuum  (solid  line),  one- 
photon  (dotted  line)  and  two-photon  (dashed  line)  states.  The  strength  c = x/15  and 
the  remaining  parameters  are  the  same  as  in  Fig.l. 


2 Two-photon  state  generation 

Now,  we  consider  a system  containing  the  nonlinear  Kerr  medium  which  is  parametrically  excited 
by  the  electromagnetic  field.  The  parametric  excitation  seems  to  be  more  suitable  for  the  experi- 
mental realization  of  the  model  than  the  previous  one.  In  this  case  the  system  is  governed  by  the 
following  Hamiltonian: 

ff  =|n(n -2) + <((«»)’ + («)>)  , (11) 

where  the  n(n  - 1)  is  replaced  by  n(n  - 2).  This  replacement  can  be  justified  by  the  appropriate 
choice  of  the  detuning.  With  such  a choice  of  the  detuning  the  states  |0)  and  |2)  are  degenerate, 
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and  the  parametric  process,  second  term  in  (11),  couples  resonantly  the  two  states  This  suggests 
that  the  dynamics  of  the  system  will  be  restricted  to  the  two  states  if  the  coupling  is  sufficiently 
weak.  Except  for  a special  choice  of  the  detuning,  the  system  discussed  here  resembles  that 
discussed  by  Milburn  [4],  and  Milburn  and  Holmes  (5].  However,  their  model  involved  series  of 
ultra-short  excitations,  whereas  in  this  paper  we  assume  continuous  excitation. 

Applying  the  same  procedure  as  that  for  the  one-photon  state  generation  case  we  get  the 
following  equations  for  the  probability  amplitudes: 

*— ao(t)  = o/2aa  , 

= e\/5ao  • (12) 

We  again  assume  that  ao(£  = 0)  = 1.  In  consequence  the  solutions  for  the  amplitudes  oo  and  a2, 
to  which  the  dynamics  is  restricted,  are  of  the  following  form: 

oo  = i cos  (<vfc)  . 

a2  = sin  . (13) 


FIG.  3.  Analytical  solutions  for  the  probabilities  of  the  vacuum  (solid  line)  and 
two-photon  (dotted  line)  states,  and  the  numerically  found  mean  number  of  photons 
(dashed  line).  The  parameters  t = ff/50,  X = 1.  Marks  correspond  to  the  numerical 
experiment  results. 
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Obviously,  formulas  (13)  are  the  aero-order  solutions  analogously  as  for  the  one-photon  state 
(eq.(6)).  Moreover,  we  shall  perform  numerical  experiment  and  compare  ‘ts  results  with  those 
of  eq.(13)  again.  For  this  case  the  unitary  evolution  operator  0 is  constructed  on  the  basis  of 
the  Hamiltonian  defined  in  (11).  Fig.3  depicts  the  probability  amplitudes  for  the  vacuum  |0) 
and  two-photon  states  |2)  obtained  from  the  eq.(13)  and  from  the  numerical  experiment.  We 
see  very  good  agreement  between  the  perturbative  analytical  results  and  those  obtained  from 
the  experiment  again.  Hie  system  starts  its  evolution  from  the  vacuum  state  and  after  the  time 
f * wf  2y/2*  ~ 17.7  the  two-photon  Fock  state  is  reached.  Moreover,  the  numerical  results 

show  that  the  \ robability  for  the  four-photon  |4)  state  is  proportional  to  eJ  cl  3 • 10~3  and  can  be 
neglected  for  the  case  discussed  here. 

3 Conclusions 

We  have  shown  here  that  it  is  possible  to  generate  the  one-photon  and  two  photon  Fock  states  by 
the  use  of  nonlinear  Kerr  media  placed  in  a lossless  cavity  driven  by  a week  external  field.  Hus 
generation  is  associated  with  resonant  transitions  between  two  Fock  states  and  can  be  described 
analytically  using  standard  perturbative  procedure.  Moreover,  we  have  performed  numerical  ex- 
periments that  show  very  good  agreement  with  the  analytical  solutions.  Of  course,  our  considera- 
tions are  based  on  a very  simple  model,  and  one  should  realize  that  many  difficulties,  for  instance 
damping  processes,  can  obscure  the  model  and  make  it  difficult  to  realize  in  practical  experiments. 
Although  it  was  not  the  aim  of  this  paper  to  investigate  the  influence  of  such  obstacles,  one  should 
keep  in  mind  the  fact  of  their  existence.  A short  discussion  of  these  problems  was  given  in  [3]. 
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L The  general  process  in  laser 

The  general  process  in  lasers  is  defined  in  the  photon  number  representation*** . 

^ = *(«  - #§!«*  + + f*s«' )pn  (1) 

where  « is  the  matrix  change  operational  *p*  = p, - p*,  and  pi,  #§>,-■•  are  the  coeffi- 
cients. In  the  way  as  previous  paper*1*,  we  dedaced  the  generating  function  G0(z,C) 
for  eq.(l) 

Go(M)  = £*%v(0  = «*p{^0*o(*-  U-  /*(*-!)*  + •")*}  (2) 

With  the  aid  of  generating  function  G0(z,l)  the  mean  photon  number  < » >o  and  variance 
of  photon  number  < (An)*  >0  can  be  evaluated 

< n >0=  / po(t)dt  ^ 

< (An)*  >0=  (l  - 2ft|)  < n >0 

Now  we  include  the  cavity  dumping  in  the  treatment,  the  equation  (I)  reads 

^ = po(«  ~ p »«*  + • •)  + *(-*A»  + (*  + l)^+i)  (4) 

After  some  tedious  caculation,  finally  we  arrive  at 

< (An)*  >=  (1  - pi)  < n >o  (5) 
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Eq.5  Aon  that  when  the  cavity  dissipation  b introduced,  the  vuitatt  < (An)*  > tani 
out  to  be  smaller  by  a factor  (1 — p,)  than  it  would  be  for  a Poisson  distribution.  However, 
whew  the  cavity  dissipation  be  moved,  the  factor  should  be  (I  - 2p,)  according  to  eq.  (3). 

We  note  that  in  view  of  the  noise  redaction  the  only  coeffckat  evolved  is  p,  in  ex- 
putbn.  Three  dominant  eoaiees  of  noise  eoatxfbating  to  the  laser  ontpat  are  pump  fluc- 
tuations, spontnaeoas  enhsbn,  and  vaccam  fluctuation  entering  the  cavity  through  the 
mbior.  We  may  evalaate  the  fraction  p(s)  by  treating  tike  interaction  between  atoms  and 
field  a dosed  system  first , then  take  the  vaccam  flactaatioa  into  account  by  introducing 
cavity  damping  c. 

For  the  atom-field  system,  if  there  b any  variation  in  atoms  exdted  Am  = m—  < m >, 
this  mot  reflect  on  the  photons  created  An  — a-  < * >,  so  that  we  have 

Am  = An,  < (An)*  >=<  (Am)9  > (6) 


For  example,  the  three  -level  system  shown  hi  Fig.l(a),  JV,  < JV,,JV,,  the  excitation 
probability  p and  de-excitation  probability  q of  one  atom  satisfy  the  relations  of  stationary 
solution 

- N*  - *»  m 

9 Ni+Ni'  f“jv,+jv. 

The  pnbabflity  of  a = JV,  + JV,  atoms,  m in  excited  state,  («  — m)  in  the  ground  state, 
obeys  the  binomial  distribution 

al 


Mm> 

This  yields  the  factorial  moment  of  atoms 


fV’ 


(«) 


< (Am)*  >=s<  m > (1  - p) 


(») 


below  tiie  threshold,  JV,  < (JV,  + JV,),p,  < i,  Poisson 
above  the  threshold,  JV,  > JV,,  p,  = p/2  > 1/4,  sub-Poisson 

We  have  a photon  noise  reduction  factor  1/2  < 1 - p,  < 3/4  (with  cavity  damping). 
Similarly  for  a four-level  system  (Fig.l(b))  JV4  a*  0,p  s JV,/(JV,  + JV,)  < l,q  = JV,/(JV,  + 
JV,)  ae  1,  this  b essentially  a Poisson  distribution. 


II.  The  dissipative  cohrent  state  and  quantum  interference 

The  coherent  state  is  defined  as  the  eigenstate  of  annihiration  operator  a for  a harmonic 
oscillator,  what  Is  the  eigenstate  of  annihiration  operator  a for  the  harmonic  oscillator  with 
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dissipation?  If  we  use  the  classical  solution  a = ae~vt~iUt  for  the  annihiration  operator, 
evidently  the  commutation  relation  [a,  a1)  = 1 is  violated. 


do  V 

s = (-.n--).  + F 


Jo 


(1) 


(2) 


o»  = + r r»(iy = atc(-.Q/*,/«H  + ^ 

Jo 

The  dissipative  coherent  state  |o  ><  corresponding  to  the  dissipative  harmonic  oscillator 
may  be  defined  as 

a|or  >*=  (or  + 0)|o  >* 

4 < o|ot  = (or*  + f}*)4  < Ofj 

The  states  |a  >4,  4 < o|  satisfying  the  definition  can  be  expresed  as 


(3) 


|o  >4-  e*V't"|o  > 

4 < or|  =<  o|e*t-e',-t 


(4) 


Here  a,  o*,  |a  >,  < a|  are  the  usual  operators  and  coherent  stats  of  harmonic  oscillator 
without  dissipation,  the  operators  /?,  act  on  the  heat  bath  only  but  nothing  to  do  with 
jo  >,  < o|. 

4 < o|0(a,  a^)|o  > 4 = 0(a*  + 0*, o + ff)  (6) 

The  "quantum  interference  between  two  wave  packets"  studied  here  we  mean  that 
there  are  two  wave  packets  fa  with  it’s  centers  initially  located  at  x — ±x0,  the 
temporal  evolution  of  ^1,  i>i  assumes1^71 

1>i{x,t)  = J^exp|-^(x  — x0  cos  fit)*  — *(^t  + xxo rinOt  - ^sin2fl<)j 
Vs  2 2 4 

(«) 

fa{x,t)  = t/^exp[-^(x  + x0  cos  fit)*  - »(^t  - xxosinQt  ~ sin  2Qf )] 

The  superposition  of  ^i,  fa  gives 

^(x,t)  = -^|^|(x,<)  + ^j(x,t)J  (7) 

and  the  probability  density  7(x,t)  is 


J(x,t)  = |y>(x,<)|*  = /,  + /*  + 2\,/7|/,eos0 


(8) 
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where 

It  = — exp(-(x- xocosni)*) 

/»  = exp[— (x  + x0  cos  tit)1]  (9) 


9 — 2xx0  sin  fit 

The  density  distribution  /(x,  ()  is  depicted  in  Fig.2. 

Now  we  consider  the  influence  on  quantum  interference  when  the  damping  v is  taken 
into  account.  In  the  weak  damping  limit,  i.e.  vt  < 1,  the  classical  solution  a = a0t  vt/i  ,at 
may  be  use  to  evaluate  the  probability  /f(x,<),  because  the  violation  of  commutation 
relation  [a,  e*J  = 1 is  not  seriously. 

/f  (e,  t)  — /if  + I*c  + 2\//lc/jc  cos  0C  (10) 

where 

/if  = ^exp(-(x-  xoe'^cosnt)1) 

It  f = ^ expj— (x  + XqC-^^  cosOt  )*)  (11) 


9t  = 2xx0exp(-*'t/2)sinOt 

If  we  use  the  quantum  Langevin  aquation's  solution  (2)  and  rewrite  a,  a*  as 

a = (a0  + £)exp(-iOt  - i/t/2),  /9  =/  exp[(*fi  + i//2)l']F(t')dt# 

Jo 

at  = (a'0  + p)exp{HU  - rt/2),  = /'exp[(-iO  + «c/2)l')Ft  (l')A' 

» o 

From  eq.  (12),  setting  y0  = 0,  we  derive 

* =r  x0e~^/i  cos  lit  + A cos  fit  + As sin  fit 


where 


$ = X{ie~vt,i  sin  fit  + A ie  sin  fit  + Aje  cos  fit 


a + a* 

a - o* 

2 ’ 

»"-s r 

. 0 + P< 

A.=  2 . 

A 

A,=  -2. 

(12) 


(13) 
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Refering  to  (11),  (13),  naturally  leads  to  the  following  formula  for  quantum  Langevin 
equation's  solution. 

/»  = Iii  + Ih  + 2^//jf/jf  costf, 

/,f  = ^ej£p( -(*-*)*! 

= ^cxp(-(jr  + *)*l  (14) 

9,  = 2x9 

The  mean  amplitude  and  variance  of  vacuum  fluctuation  A^-**/*,  can  be  find 

out 

< A ,e_1'1/*  > = < A,e_‘,,/'*  >=  0 


< (A,«-'‘/,)>  > =t  ^ < ( /,/’(^')e,,D+*,/,)‘'<ft,  + /‘  > 

4/o  / o 

(15) 

= jjnw+jxi-.-) 

< (A, < -'’)>  > = i(n„  + i)(i-«-) 

From  equ.  (15)  we  write  out  immediately  the  distribution  functions  /(Ale"W//*),  /(Aj«_w/*) 

/( A,e~‘,’,/*)  = 1 eXp ^-l*-**^?* 

+ *)(1  - «-*)  P K>+|)(1  -«-*'*). 


/(A,e-^/»)  = 


exp  - 


(Aig~yt/>)> 

K + })(1  -«“*) 


Via  /(Aie-^/*),  /(Aje_|,,/*)  and  (14)  the  expectation  value  of  density  operator  < /f  (*,  <)  > 
can  be  find  out 


= /|(*,l)  + /|(*,l)  + /.(*,«) 
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where 


/»(*,0  = 


2*^1  + K,  + 1/2)(1  - c-«) 


exp 


(x  - Xo t~*,%  cos  Of)* 


l-M»w+l/2)(l-e-^). 


= 


___________  . _ {*+*0* COS  0t)» 

2*^1  + (»„  4-  1/2)(1  - e-*)  *1  1 + (**w  + 1/2)(1  — e-1*) 


/»(*,«)  = — , - - - exp(-[l4-("w4-  ^)(l-e  ^x*} 


(18) 


x exp 


r *oe_W  cos*  Of  . 

rr+fc+p -«--)] 0 


If  the  vaccum  is  squeezed  to  a degree  of  lap, the  variance  of  Ale-1*/*,  Ai*-**/*  reads 


as 


< (A,e-'V  >=  jK  + i)(:  - •-") 
<(A*T«'*)>  >=  i-(^+i)(l -«-'•) 


(19) 


The  expectation  value  for  squeezed  vac  cum  fluctuation  < l,(x,t)  > assumes  a similar 
formula  as  (17) 

< f.(*,  0 = /|.(*,  f ) 4-  Iu(*,  0 4-  /•«(*,  0 (20) 

where 

■ft*(**f)  = 


<*y/U 


2x'  ''iu  4-  })(1  - e-,,|)(sm*0l  4'#»,cos*  Of)  4-fi 


x exp 


/*,(*,()  = 


p(c.  - x^e~v*1*  cos  Of)8 

[ (*»u>  4-  f )(l  - e_,<)(s»n*  Of  4-  ft*  cos* Of ) -f  ft 

<*y/P 

2 nyj (»w  4-  |)(1  - e^Jfsin*  Of  + ft * cos*  Of)  4*  ft 


(21a) 


x exp 


ji(x  + x0<  cos  Of)* 


(«ur  4-  j)(l  — <_w)(sinJ  Of  4-  ft*  cos*  Of)  + ft 
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MM) 


*\/(n»+  |)(1  - e-^sin*  fit  + p>eos*fit)  + p 


x rxJ  + (■»  + *)»(! -«-«)»)  ] 

\ (»«  + j)(l  ~ e ^)(sin*  01  + #** cos*  Ot)  + ft  J 

f z*(nM  + f )(1  — + sin1 0<  + p4  cos*  Of) 

****  | (an*  Ot  + #**  cos*  nt)((nw  + 1)(1  - e_^)(sinJ  0(  + p*  cos*  Ol)  + p] 

T P*oe-1* co#*  ^ 1 

(nw  + |)(1  - e~w)(8*ai  Ot  + f»*  cos*  00  + / j 


l [(nw  + \)(l  - t~*) + p\2xziit~,n/l antlt  J 
X C06  \ (»w  + ,)(1  ~ «“*)(«»*  Of  + 1»*  cos*  Of)  + ft  J 

(21b) 

The  calculation  results  for  /,(*,!)  are  shown  in  Fig. 3 and  a comparison  between  I, 
and  /,,  Ie  shown  in  Fig.4. 
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Fig.  1(a)  Three  Level  System 
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Fig.  1(b)  Four  - Level  System 
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Abstract 

The  mobility  of  electrons  in  laser  radiated  DNA  is  closed  to  the  energy  transfer  and 
energy  migration  of  a biological  molecule.  Arrhenius  (1]  has  studied  the  conductivity  of  the 
electrons  in  a biological  molecule.  But  his  result  is  far  from  the  experimental  result  and 
meanwhile  the  relation  between  some  parameters  in  his  theory  and  the  micro- quantities  in 
DNA  is  not  very  clear.  In  this  paper,  we  propose  a new  phonon  model  of  electron  mobility 
in  DNA  and  use  Lippman-Schwinger  equation  and  S-matrix  theory  to  study  the  mobility  of 
electrons  in  DNA  crystal.  The  result  is  relatively  close  to  the  experiment  result  and  some 
parameters  in  Arrhenius  theory  are  explained  in  our  work. 


1 Introduction 

Using  paramagnetic  resonance  method,  Gordy  has  studied  DNA  and  found  that  DNA  has  the 
property  of  semiconductor.  Then  Duchene[2’  measured  the  energy  gap  of  DNA  in  273-313  K and 
found  the  energy  gap  is  less  than  2ev.  Based  on  above  experiment  results,  Arrhenius  deduced 
the  equation  of  electron  conductivity  in  biological  molecule.  But  his  result  is  not  close  to  the 
experimental  result.  We  find  that  the  basic  reason  of  this  difference  is  that  his  explanation  of 
electron  transfer  is  not  right.  We  think  that  Pullmam's  consideration  of  the  DNA  molecule  being 
a kind  of  DNA  crystal  is  good[3j.  We  think  that  with  electrons  being  excited  to  the  low  energy 
level  in  the  conduction  band,  the  electrons  will  act  strongly  with  optic  frequency  branch  of  DNA 
oscillation.  Potential  trough  will  form  in  the  area  where  the  electrons  are.  So  these  electrons 
will  pass  the  DN  A crystal  with  the  phonon  cloud  and  electron  and  associated  phonon  cloud  is  so 
called  polaron.  This  is  our  phonon  model  of  electron  mobility  in  DNA.  Using  Lippman  - Schwinger 
equation  . we  get  the  electron  mobility  and  our  result  is  more  close  to  the  experiment  result  than 
Arrhenius'. 

2 Mobility  of  Electron  in  DNA 

By  means  of  S matrix  in  quantum  field  theory  and  Lippman-Schwinger  equation [4] [5]  the  polaron- 
phonon  scattering  has  been  discussed  and  the  scattering  amplitude  expressed  by  use  of  matrix 
elements  of  initial  and  find  eigen  states  of  hamiltonian.  Then  we  calculate'the  mobility  of  electron 
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in  DNA  crystals  in  terms  of  Lee's  hamiltonian  and  Gurari’s  polaxon  wave  function[6]  . Lee's 
hamiltonian[7]  for  electron  phonon  interaction  is  as  fellows: 


H = 5>J«VW  + £{W"  + vw«£e-k'} 

k k 


V2 

2m 


(1) 


V^  = ^2~ 


,i,4*a  . 


me4  . 1 1 

« = (-5—  )*(— 5 - ~ 
2u  n 2 e0 


(2) 

(3) 


where  a£  and  ak  -creation  and  annihlation  operators  for  free  phonons, u>  -the  branch  frequency 
of  the  phonon  for  DNA  crystal  vibration,  V the  volume  of  DNA  crystal,  n coefficients  of 
refraction, c0  static  dielectric  constant, k wave  vector  of  the  phonon. r and  V coordinates  and 
impulse  operator  of  the  electron  respectively. 

Gurari’s  wave  function  for  polaron  with  impulse  po  and  energy  p2/2m*  may  be  written 


l _ . 

V’(Po)  = V^eip{i(p  - 2^  aj^kk)  • r}o(po)<A> 

k 


(4) 


«k<Ai  = 0 

< <M<k  >=  l 

k 

/k  = -i(4w«)i/fc(l  + k2  -2k-p) 


(5) 

(6) 

(7) 

(8) 


Finally  with  the  add  of  Lippman-Schwinger  equation  the  expression  for  mobility  p of  the 
electron  is  derived  which  is  the  function  of  matrix  elements  relating  to  initial  and  final  states  of 
scattering  particles  and  eigen  state  of  hamiltonian  as  well 


zctu)  m m 


(9) 


where  \ Boltzmann  constant,  T - absolute  temperature, m* — effective  mass  of  polaron  and 
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Gl(x)  = a7Tx{2[; 


/(«)  = 
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(1  + *?)2  (1  + X*)'  Ox 


dGi(x) 

( )X  = Xr 
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ll  + X2  + |1  - X2 
in  which  zr  is  the  root  of  the  following  equation 


1 -t  2z 

z2(l  + z2)  2x3  9 z2  - 1 


z2  = 


1 


l-Gi(x) 


(10) 

(11) 

(12) 


Even  if  it  is  difficult  to  accurately  measure  the  m and  m*,  we  still  show  that  the  result  given  in 
this  paper  is  better  than  that  given  by  Arrhenius. 
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3 Conclusion 


In  our  electron  ’nobility  ('({nation  (9)  f(o)  is  a slow- variation  function  . o is  coupling  constant  of 
electron-phonon  , w is  optical  frequency  of  DNA  oscillation  and  in  is  DNA  lattice  mass.  Using 
visible  light  , Szent  could  not  find  the  electron  mobility  but  when  h«'  used  the  light  of  300(M. 
he  found  the  phenomenon.  Now  we  can  use  laser  beam  ( wavelength  j 30 00 A ) to  observe  the 
move.  This  is  the  result  induced  by  iiiultiphoton  process.  Our  result  explain  some  parameters 
in  Arrhenius'  result.  The  radiation  of  laser  on  DNA  will  not  only  cause  the  change  of  election 
mobility  in  DNA  but  also  cause  Onsager  nonlinear  transfer  induced  by  the  temperature  variation 
and  result  in  the  change  in  the  co-transport  system  of  DNA.  This  changed  DNA  may  bring  about 
the  abnormal  development  of  cells  and  cause'  the  occurrence;  of  cancer. 
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Abstract 

In  this  paper,  by  the  use  of  quantum  biology  and  quantum  optics,  the  laser  induced  po- 
tential variation  of  cell  membrane  has  been  studied.  Theoretically  , we  have  found  a method 
of  calculating  the  monophoton  and  multiphoton  processes  in  the  formation  of  the  anomalous 
potential  of  cell  membrane.  In  contrast  with  the  experimental  results  , our  numerical  result 
is  in  the  same  order.  Therefore  , we  have  found  the  possibility  of  cancer  caused  by  the  laser 
induced  anomalous  cell  potential. 


1 Introduction 

The  ions  of  A'ci  + , A'  + . CaT  + . Cl~  and  electrons  exist  outside  and  inside  a cell  membrane.  The 
distributions  of  those  ions  are  different  between  the  two  sides[lj.  Therefore  the  membrane  potential 
is  related  to  the  unsymmetrical  ion  distribution.  The  electric  field  caused  by  the  ion  distribution 
will  impose  a force  on  the  charged  particles  passing  through  the  membrane.  The  balance  of 
ion  concentration  gradient,  potential  gradient  , Na-pump  and  Ca-pump  is  the  key  condition  of 
forming  a normal  co-transport  system.  Under  this  balance,  the  free  radicals.  DNA.  RNA  and  ATP 
can  normally  transport  [2] [3].  Our  study  is  to  find  the  laser  induced  variation  of  cell  membrane 
potential.  The  result  shows  that  the  anomalous  potential  variation  will  do  harm  to  the  normal 
co-transport  system  and  may  promote  the  occurrence  of  an  abnormal  cell  or  a cancer  cell. 


2 Multiphoton  Process  and  Anomalous  Potential  of  Cell 
Membrane 

By  means  of  quantum  optics  and  quantum  biology,  it  is  a new  approach  to  study  the  occurrence 
of  cancer  induced  by  the  anomalous  membrane  potential  of  laser  radiated  cells.  Smith [4]  and 
Bloch[5]  have  proposed  a method  for  calculating  the  density  of  two-photon  photoelectric  current 
which  is  too  local  to  explain  the  multiphoton  photoelectric  current  of  biological  cell  membrane. 

In  the  present  paper  the  steps  adopted  for  solving  this  problem  are  1)  the  forced  oscillation 
is  induced  by  the  interaction  of  laser  radiation  field -electrons  in  the  cell:  2)  due  to  the  fact  that 
exists  the  surface  potential  of  cell  membrane,  the  electron  in  forced  oscillation  absorbs  photon  and 
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transition  occurs.  On  the  cell  membrane  exists  a potential  uA(z  > 0),  at  the  same  time  laser 
radiation  propagates  along  axis  z and  the  vector  potential  of  electromagnetic  field  is 


Ax  = a cos(kz  - <jjt) 

(1) 

Ay  = A,  = 0 

(2) 

Schrodinger  equation  may  be  derived 

• ft  ” cA|!  “"W1-'1 

(3) 

On  account  of  that  energy  distribution  of  electrons  in  a cell  at  the  ordinary  temperature  is  not 
different  far  from  that  at  the  absolute  zero,  Fermi  energy  ujj  is  about  several  euxtron-volts  and 
the  velocity  of  electrons  would  bo  much  smaller  than  that  of  light,  w e have  the  solution  of  the 
equation 


<A(r.  t)  - f.'ip(tp  • r - i(tp  -t 
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V . r * D 

- — r )t  exp  — sin  « 
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where* 


Cp  ~ (p2/ 2/1 ) — U>a  U — kz  - U)t 

A = (p,k/fj  - ~>)2/4(fc2/2//)2 


D = (ca!pc)pt/{k2/ 2/t) 


D - {c2a2  / 4 pc2)/ (k2  / 2 p) 


The*  wave  function  illustrates  that  the;  electron  in  laser  radiatiem  field  has  a translation  motion 
and  forced  oscillation.  Its  transition  Hamiltonian  under  the  action  of  the  second  quantization 
electromagnetic  fiolel  is  as  follows: 


■ pt 


-iwjjOikr 


+ a ’ • pc" 


^e-ek  r' 


(5) 


where  o'" . a operators  for  the  cre-ation  and  annihilation  respectively.  — photon  frequency  char- 

actcrized  by  wave  vex  tor.  Finally  we  obtain  the  demsity  of  photoelectric  current  for  monophoton 
process  ( n — 1 ) 

. c3/i2ujr  f\  * 

J 1 “ -Vtol) / - (2  \‘U  (6) 

4 h.Jx=7, 

and  for  multiphoton  process  (?)  = 2.3.4.-  • ■) 


j,  =< « 9,-;r  rM><(2" - -i*-’  /‘mm - e’m 
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where 


Rn(()  = 


e(x-e)3n 
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A(j  — Ipc.  £ — Aq Pi,  x - 2Aowa/c 
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6 — // Ao,  = 2At)u >f/c,  i)  --  2\quj/c 

As  for  the  integral  limit  we  take  zero  if  (x~ ni])  < 0 otherwise  should  take  y/\  - t/.  / the  effective 
thickness  for  cell  membrane,  N(u)  — [o2cjjAt A^rj/8jrc  -the  photon  numbe*r  passing  through  area 
Act  within  time  interval  At. 

3 Conclusions 

Using  our  theory  of  monophoton  and  multiphonton  process  . we  calculate  tl  * membrane  potential 
of  an  Ehrilich  cell[3].  The*  conditions  are:  the  power  of  laser  is  50mw;  the  energy  of  photon  is 
1.48ev  and  the  focus  area  is  10-3cm2  . The  theoretical  result  of  the  anomalous  potential  is  lOmv. 
In  comparison  with  the  normal  potential  of  an  Ehrlich  e:ell(40mv).  which  is  measured  by  a micro- 
probe. the  difference  of  these  two  potentials  is  obvious.  This  change*  of  membrane  potential  may 
cause  about  8 percent  change  in  the  Na f distribution.  This  change  will  seriously  disorder  the 
normal  cell  transport  system  and  result  in  the:  abnormality  of  a cell.  Above*  process  will  cause 
diffusions  and  result  in  the  changes  of  material  transport  in  the*  cell.  This  passive  transport  has 
been  studied  [6]  and  the  influence  of  the  passive*  transport  and  co-transport  will  be:  studie'd  further. 
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Abfttract 

The  development  of  radically  new  technological  and  economically  efficient  methods  for 
obtaining  chemical  products  and  for  producing  new  materials  with  specific  properties  requires 
the  study  of  physical  and  chemical  processes  proceeding  at  temperature  of  103  to  104K, 
temperature  range  of  low  temperature  plasma.  In  our  paper,  by  means  of  Wigner  matrix  o 
quantum  statistical  theory,  a formula  is  derived  for  the  energy  of  quantum  coherent  oscillatioi 
of  electron  ground  state  in  laser  plasma  at  low  temperature.  The  collective  behavior  wo  i,d 
be  important  in  ion  and  ion-molecule  reactions. 


1 Introduction 

The  low  temperature  plasma  is  characterized  by  a partial  or  complete  ionization  of  atoms  and 
molecules,  naturally  such  a plasma  is  quasi-neutral.  Great  opportunities  for  obtaining  such  a 
plasma,  which  from  a chemist’s  viewpoint  is  temperature  range,  have  arisen  as  a result  for  studies 
in  the  field  of  laser (1].  Because  of  the  development  of  laser  techniques,  the  problem  of  chemical 
reactions  in  a plasma  was  found  to  be  realizable  at  a substantially  new  technological  level  than 
was  possible  many  years  ago  when  the  first  rather  timid  and  technically  imperfect  attempts  were 
undertaken  in  this  field.  At  present,  the  low  temperature  planma  affords  the  possibility  of  con- 
ducting chemical  processes  at  temperature  up  to  104if,  at  pressures  ranging  from  10~4  to  104atm. 
under  both  equilibrium  and  noneqrilibrium  conuitions.  The  character  of  chemical  conversions 
that  occur  at  temperature  of  the  order  of  several  thousand  degrees  is  largely  determined  by  ther- 
modynamic properties  of  substances  which  take  part  in  a reaction  at  one  or  another  of  its  stage. 
Given  reliable  thermodynamic  constants,  it  should  be  possible  to  determine,  in  most  cases,  optimal 
temperature  conditions  for  reactions,  values  of  product  yields  expected,  and  energy  indices  of  the 
process.  At  the  same  time,  the  course  of  reaction  depends,  as  a rule,  not  only  on  the  thermody- 
namic properties  of  a reacting  system.  Prior  to  converting  to  equilibrium  state,  determined  by  the 
thermodynamics  of  reaction,  the  system  experiences  a series  of  intermediate  stages.  The  Tate  at 
which  the  system  goes  through  these  stages  is  determined  by  the  kinetics  of  the  process.  That  is. 
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the  rate  of  achieving  equilibrium  energy  distribution  according  t<»  dcgnvs  of  freedom  is  determined 
by  physical  kinetics  and  the  rate  of  achieving  equilibrium  chemical  composition  i Jetoi mined  by 
chemical  kinetics [2].  In  this  case,  the  p.asma  chemical  reactions  are  characterized  by  the  strong 
mutual  effects  of  the  factors  of  the  physical  and  chemical  kinetics.  The  terminal  rate  of  setting  up 
equilibrium  energy  distribution  according  to  different  degree  of  freedom  in  some  east's  limits  t Im- 
possibility of  using  the  classical  or  quantum  methods  of  chemical  kinetics  based  on  assumption 
about  energy  distribution  in  the  reacting  system.  In  this  paper,  the  energy  of  coherent  oscillation 
of  electron  ground  stale  in  laser  plasma  is  derived  in  the  presence  of  neutralizing  background. 
Laser  field  and  collective  cohesion  behavior  in  laser  plasma  would  1m*  important  in  above  physical 
and  chemical  kinetic.-. 

2 Quantum  Cohesion  Oscillation  of  Electron  Ground  State 

We  shall  study  assemblies  of  charged  particle  in  conditions  such  that  the  laws  of  classical  mechanics 
are  no  longer  an  adequate  approximation  and  quantum  effects  become  important  or  even  dominant. 
The  long  range  Coulomb  interaction  retain,  of  course,  their  main  properties,  which  have  been 
investigated  in  detail  However,  tin  manifestation  of  these  properties  will  in  general  be  different 
because  the  Coulomb  effects  are  combined  with  and  corrected  by  quantum  mechanical  effects. 
The  most  convenient  method  for  doing  this  is  the  method  of  second  quantization.  In  this  paper  a 
formula  is  derived  for  tic  energy  of  quantum  coherent  oscillation  of  electron  ground  state  in  laser 
plasma  at  low  tempeiatur»*  by  means  of  Wigncr  matrix  of  quantum  statistical  theory.  It  shows 
the  chaug*  of  structure  of  the  ground  state  in  *he  presence  of  long  range  Coulomb  interactions. 
We  consider  the  model  of  a gas  of  charged  particles  in  the  presence  of  a continuous  neutralizing 
background.  The  Hamiltonian  of  this  system  is  : 

H — y (ftk)e(fik) 

k 

< wypq  > ( 1 ) 

k I P <1 

wheie  k - - q are  wave  vi  ctors,  d^/ik!  and  d(fik)  are  respectively  creation  and  destruction  oper- 
ators of  the  particle  with  momentum  hk.  the  normalized  one  particle  wave  function  is 

|k  ><  k x >=  x|k  > (2) 

where  il  is  volume.  Therefore  the  matrix  is 

< k’ £ tkd-lfikMfikhk  >=  hJk2/2m  (3) 

k 

where  in  is  the  mass  of  the  particle. 

< kl|l  ;pq  > ^k+l-p-q  — f8ir  ;fl)[Vjk-q  * ^Ujk-p  .^k^-l-p-^  (d) 

l'k  is  the  Fourier  transform  of  the  long  range  potential.  Using  Wignrr  matrixl3]  and  Weyl  rule  4] 
the  collective  part  of  correlation  energy  E of  particles  becomes: 

E ~ (/i/8x3r)(l  4)  / i/i/tj'1..  ;i)  / dk  f <Lu  6( w + *.’„) -•  <5(u;  - u;„)i  (5) 

A ‘ Jk<k,  J<\  ' 
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where  k,.  is  a critical  value  of  k.  e is  the  absolute  value  of  electron  charge  . ujv  is  quantized  oscillator 
fr**qiiency.  Hence  the  final  result  is 


E 


~ I 

11  Jk<kr  2 


8itjl 


where  n is  average  number  density. 


(6) 


3 Conclusions 

This  result  has  a extremely  suggestive  form.  It  shows  that  the  collective  contribution  to  the 
ground  state  energy  is  precisely  the  energy  of  a collection  of  quantized  oscillators  of  frequency  u;p. 
It  confirms  quantitatively  the  remark,  showing  how  deep  is  the  change  of  structure  of  the  ground 
state  in  the  presence  of  long  rang*'  interaction.  Tin-  latter  organize  the  motion  of  the  particle  in 
such  a way  that  a significant  part  of  the  ground  state  eneigy  comes  from  large  groups  of  particle 
oscillating  in  phase  5 ‘6  . This  cohesion  is  perhaps  tin*  most  characteristic  feature  of  the  collective 
behavior  of  charged  particle.  Tin*  rat**  of  ionization  at  a sufficiently  high  electron  concentration 
is  determined  by  that  of  Kinetic  energy  transfer  to  electron  in  elastic  collisions.  In  tin*  case  of 
plasma  produced  by  ionizing  irradiation  of  a cold  gas.  ionization  will  be  ensured  by  a group  of 
fast  el**ctrons  with  an  energy  imparted  bv  emission,  where  as  collisions  of  electrons  with  heavy 
particles  will  d rcase  the  kinetic  energy  of  electron  to  those  inducing  no  ionization. 
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Abstract 

A generalized  exact  optical  bright  solitary  wave  solution  in  a three  dimensional  dispersive 
linear  medium  is  presented.  The  most  interesting  property  of  the  solution  is  that  it  can  exist 
in  the  normal  group-velocity-  dispersion  (GVD)  region.  In  addition,  another  peculiar  feature 
is  that  it  may  achieve  a condition  of  “zero-dispersion*’  to  the  media  so  that  a solitary  wave 
of  arbitrarily  small  amplitude  may  be  propagated  with  no  dependence  on  its  pulse  width. 


1 Introduction 

It  is  well  known  that  there  exist  undistorted  travelling  wave  solutions  with  arbitrarily  shape 
in  bulk  linear  media  in  the  absence  of  dispersion  effects.  We-can  call  such  a travelling  wave 
solitary  wave  or  soliton  on  the  analogy  of  its  definition  in  nonlinear  science.  In  the  presence  of 
GVD,  it  has  been  proved  that  transmission  of  solitary  wave  or  soliton  can  be  achieved  in  cubic 
nonlinear  medic.  [1.2].  This  research  for  optical  solitons  has  attracted  considerable  attention 
because  of  not  only  the  properties  of  preserving  their  shape  and  energy  during  propagation 
through  a medium  but  their  potential  applications  in  ultra-high  bit-rate  optical  communication 
and  ultrafast  signal-routing  systems  [3{.  Mathematically,  these  optical  solitons  are  a particular 
solution  of  the  (l-f-l)-dimensional  nonlinear  Schrodinger  equation  (NLSE)  or  the  equations, 
which  can  be  transformed  into  (1  + 1)-  dimensional  NLSE.  As  is  well-known,  there  exist  two 
kinds  of  solitons  in  the  (l+l)-dimensional  NLSE:  bright  and  dark  solitons  [lj.  In  physics,  optical 
solitons  can  be  classified  as  temporal  and  spatial  solitons.  In  the  case  of  temporal  solitons,  the 
GVD  is  balanced  by  self-  phase  modulation.  In  the  spatial  domain,  a spatial  soliton  is  better 
known  as  a “self-trapped  beam”,  in  which  the  self-focusing  effect  counteracts  the  diffraction  [4|. 
In  fac+  the  spare-time  analogy  between  dispersion  pulse  compression  in  time  and  optical-beam 
focusing  in  space  has  been  pointed  out  early  in  1969  [5-6].  When  only  diffraction  or  dispersion 
effects  are  considered,  their  governing  equations  are  of  the  same  structure  under  appropriate 
conditions.  Now  the  four  kinds  of  solitons  (i.e.  temporal  bright,  spatial  bright,  temporal  dark. 
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spatial  dark  solitons)  have  been  observed  experimentally  in  optical  fibers  or  in  waveguides  [2,7- 
13).  Besides  the  (l+l)-dimensiona!  NLSE,  it  is  necessary  to  deal  with  the  higher-dimensional 
wave  equation  when  a pulse  propagate  in  optical  media  under  the  combined  effect  of  diffraction 
and  dispersion.  In  this  case,  one  would  expect  that  there  exist  the  so-called  light-bullets  (i.c. 
stable,  nondiffracting  and  nondispersing  optical  pulses)  under  certain  conditions  (14).  However, 
in  contrast  to  (l-hl)-dimensional  NLSE,  such  a spatio-temporal  solitonic  solution  has  not  yet 
been  found  even  in  theory  due  to  the  mathematical  complexity  of  the  higher-  dimensional  wave 
equations.  On  the  other  hand,  the  attempts  of  searching  for  multidimensional  solitonic  solutions 
in  other  kinds  of  optical  media,  such  as  exponential  and  quadratic  media,  have  also  been  made 
[15-17].  Recently,  we  have  proved,  for  the  first  time  to  our  knowledge,  that  an  envelope  solitary 
wave  solution  mar  exist  in  a two  dimensional  dispersive  linear  medium  under  certain  appropriate 
conditions  by  taking  into  account  the  transverse  effect  and  dispersion  effect  simultaneously  [18]. 
In  this  paper,  we  will  generalize  the  results  in  a three  dimensional  dispersive  linear  medium. 
It  is  proved  that  undistorted  transmission  of  optical  pulses  in  the  above  mentioned  media  may 
be  realized  even  in  the  presence  of  GVD  under  appropriate  conditions.  Unlike  the  conventional 
bright  solitary  wave  in  cubic  nonlinear  media,  the  present  bright  solitary  wave  solution  can  be 
obtained  in  the  normal  (positive)  GVD  region.  In  addition,  a peculiar  feature  of  the  solution 
is  that  it  may  achieve  a condition  of  “zero-dispersion”  to  the  media  so  that  a solitary  wave  of 
arbitrarily  small  amplitude  may  be  propagated  with  no  dependence  on  its  pulse  width. 


2 Governing  Wave  Equation 


In  the  development  that  follows,  we  consider  the  propagation  of  pulses  which  are  narrowly 
centered  about  a given  frequency  u,'o,  and  assume  that  the  refractive  index  is  a slowly 

varying  function  of  in  the  vicinity  of  u/0  (which  is  generally  true  in  situations  of  -practical 
interest).  It  is  convenient  to  represent  the  electric  field  intensity  E(F,t)  by  a product  of  an 
envelope  and  a rapidly  oscillating  terms: 

E(r,t)  = eA(f,*)e,(«i'“-'0,)  (1) 


where  e is  the  polarization  unit  vector  assumed  to  remain  unchanged  during  pulse  propagation, 
q the  reference  constant  of  propagation  along  z direction  and  u0  the  carrier  center  frequency. 
Here  we  have  restricted  the  development  to  be  a scalar  complex  envelope  function  A(F,  t). 

Now  let  us  consider  the  propagation  of  an  optical  pulse  described  by  Eq.(l)  in  bulk  dispersive 
homogeneous  linear  media.  After  removing  the  terms  describing  inhomogeneity  and  nonlinearity 
of  media  in  Ref.  (I5j,  we  can  obtain  the  governing  equation  for  the  complex  envelope  function 
A(r,t).  This  three  spatial  and  one  temporal  dimensions  (3  H)  linear  wave  equation  with  the 
GVD  term  included  can  be  written  in  the  form 


v2  - (k'J  + koQ^  ~ + kl 


d_ 

dt‘ 


A{r,t)  = 0, 


(2) 


where  k ~ +>n(*j)jc  is  the  wave  number,  the  primes  indicate  the  derivatives  with  respect  to 
and  the  subscript  0 indicates  evaluation  at  the  carrier  center  frequency  ^v. . Here,  as  is  well 


636 


known  (see,  c.g.,lj),  k‘  is  expanded  around  u0  in  Taylor  series  and  only  terms  up  to  second 
order  are  kept  under  the  weak  dispersion  approximation  (;.e.,  the  refractive  index  is  a slowly 
varying  function  of  u;0). 

It  is  well-known  that  in  the  absence  of  GVD  ( k ^ = 0),  there  are  ■‘complete”  solitary  wave 
solutions  in  Eq.(2).  If  the  GvD  does  exist  (k0  0),  there  will  be  no  “complete”  solitary  wave 

solutions  in  Eq.(2).  It  is  generally  believed  that  the  pulse  shape  will  be  distorted  during  its 
propagation.  However,  one  will  see  in  the  following  analysis  that  there  may  exist  steady-state 
envelope  solitary  wave  solutions  in  Eq.(2)  under  the  combined  action  of  transverse  and  dispersion 
effects. 


3 A solitary  wave  solution  and  its  property 

In  order  to  obtain  a o-  deal  envelope  solitary  wave  solution,  let’s  introduce  an  ansatz  with  a 
hyperbolic  secant  function  profile 

A(r,t)  = A0Sech(~  ° ' -)t,i/r'tAwt|,  (3) 

where  Ao  is  the  maximum  amplitude  of  the  optical  envelope  solitary  wave  solution.  The  param- 
eter a is  the  inverse  of  the  group  velocity,  3 describes  the  change  of  the  wave  vector,  and  Au;  is 
the  frequency  shift. 

After  substituting  the  ansatz  (3)  into  Eq.(2),  we  can  obtain  three  equations  for  the  parameters 
d,  3' , and  Au;: 

a - a = k'f  + k0kQ,  (4) 

a0'  = (k'J  + fcofco)  Au;  - k0k'0,  (5) 

0'  • 0‘  = (k2  -I-  kok0)&u2  - 2kokQ&u  + kl  (6) 

where  the  parameter  Q — {PuPi,Pz}  has  been  replaced  by  p'  — {Pi, 02,03  4-  q}- 
If  all  of  the  parameters  are  reasonably  chosen,  we  can  expect  to  obtain  the  optical  solitary 
wave  solutions  described  by  Eq.(3).  Fortunately,  one  can  prove  that  all  of  the  parameters  may 
physically  choose  reasonable  value.  Therefore,  an  optical  envelope  solitary  wave  solution  can 
exist  in  Eq.(2) . 

According  to  the  vector  relation  ; a J|  3'  > d • 3' , substituting  Eq.(4)-(6)  into  the  relation,  after 
tedious  algebra  calculation,  we  can  obtain  the  condition: 

ko  > 0.  (7) 

This  means  that  it  is  only  in  the  normal  (positive)  dispersion  region  that  the’,  may  exist  opti- 
cal envelope  solitary  wave  solutions  in  a dispersive  linear  medium.  This  prop,  rty  is  contrary  to 
that  of  (l  + l)-dimensional  NLSE,  in  which  the  sech-like  solitary  wave  solu  : e;;;st  ordy  in  the 

anomalous  (negative)  GVD  region.  The  existence  of  present  solitary  wave  solutrn  indicates  that 
the  physical  effects  of  transverse  confinement  seems  to  counteract  the  effect  of  nomal  GVD. 
From  Eq.(4)-(6)  one  can  see  that  the  parameters  Aa  and  r are  not  included  in  them.  Tnis 
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implies  that  the  maximum  amplitude  Aq  is  independent  of  pulse  half-width  r.  Therefore,  the 
optical  envelope  solitary  wave  solution  (3)  may  propagate  through  a medium  with  an  arbitrarily 
small  amplitude.  This  means,  such  a solitary  wave  has  no  limitation  of  threshold. 

Additionaly,  in  normal  case,  there  is  always  dispersion  in  a practical  medium,  that  means  0, 
this  will  lead  to  that  the  relation  | a ||  (3'  |/  a •/?'  is  always  satisfied.  This  implies  that  the  prop- 
agating direction  of  envelope  amplitude  does  not  coincide  with  that  of  wavefront.  Therefore, 
the  optical  envelope  solitary  wave  solution  (3)  represents  an  inhomogeneous  wave.  The  angle  9 
of  the  two  directions  between  envelope  amplitude  and  phase  can  be  written  by: 

« l 

9 = arccos  I — 

ii*n /n 

Comparing  with  the  nonlinear  method  of  utilizing  the  nonlinear  dependence  of  refractive  on  pulse 
intensity  suggested  by  Hasegawa  and  Tappert,  the  present  one  has  three  features  as  follows:  For 
the  first,  the  optical  bright  solitary  wave  can  be  achieved  in  the  normal  (positive)  GVD  region. 
This  feature  can  greatly  extend  the  range  of  optical  wavelength  for  realizing  transmission  of  the 
bright  solitary-wave.  It  is  unnecessary  to  search  for  special  light  source,  of  which  the  wavelength 
lies  in  the  range  of  anomalous  GVD  for  optical  guide  materials.  For  the  second,  it  may  achieve 
a condition  of  “zero-dispersion”,  in  which  a solitary  wave  of  arbitrarily  small  amplitude  may 
propagate  with  no  dependence  on  its  pulse  width.  While  the  pulse  amplitude  A0  is  proportional 
to  the  inverse  of  pulse  half-width  t for  the  nonlinear  refractive  index  case.  This  implies  that 
the  pulse  intensity  will  increases  rapidly  with  the  decrease  of  pulse  half-width  (to  the  second 
order).  Therefore,  in  realizing  ultra-high  bit-rate  optical  soliton  communications,  it  will  finally 
meet  the  limit  set  by  the  damage  threshold  of  optical  guide  materials  and  other  nonlinear 
effects.  This  difficulty  may  be  overcome  easily  in  our  case  as  one  may  achieve  ultra-high  bit-rate 
transmission  of  pulses  in  optical  soliton  communication  systems,  in  which  the  pulse  half-width 
is  narrow  enough  while  the  intensity  still  keeps  at  a low  level.  Besides  above  mentioned,  it 
may  conveniently  utilize  all  of  the  advantages  of  linear  techniques  (e.g.  wavelength  division 
multiplex) in  the  future  optical  soliton  communication  systems.  However,  it  should  be  noted 
that  this  solitary  wave  is  homogeneous.  What  influence  on  the  optical  communication  is  it?  It 
should  be  considered  in  the  next  work. 


4 Conclusion 

In  conclusion,  We  have  obtained  an  optical  envelope  optical  solitary  wave  solution  in  (3+1)- 
dimensionat  dispersive  linear  wave  equation.  It  is  of  the  following  features: 

1)  It  is  only  in  the  normal  (positive)  dispersion  range  that  there  exists  the  solitary  wave  solution 
described  by  (3)  in  a dispersive  linear  medium. 

2)  The  optical  envelope  solitary  wave  solution  represents  an  inhomogeneous  wave. 

3)  It  may  achieve  a condition  of  “zero-dispersion” , in  which  a solitary  wave  of  arbitrarily  small 
amplitude  may  be  propagated  with  no  dependence  on  its  pulse  width. 
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